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2 Brief description

One of the most important metrics in general relativity is the Kerr-Newman
solution that describes the gravitational and electromagnetic fields of a rotat-
ing charged mass. For astrophysical purposes, however, it is necessary to take
into account the effects due to the moment of inertia of the object. To attack
this problem we have derived exact solutions of Einstein-Maxwell equations
which posses an infinite set of gravitational and electromagnetic multipole
moments. Several analysis have been performed that investigate the physi-
cal effects generated by a rotating deformed mass distribution in which the
angular momentum and the quadrupole determine the dominant multipole
moments.

In this connection, we propose an approximate method based upon the
Hartle formalism to study slowly rotating stars in hydrostatic equilibrium
in the framework of Newtonian gravity. All the relevant quantities are con-
sidered up to the second order in the angular velocity. It is shown that the
gravitational equilibrium conditions reduce to a system of ordinary differen-
tial equations which can be integrated numerically. Moreover, we find ex-
plicitly the total mass of rotating configurations, the moment of inertia, the
quadrupole moment, the eccentricity and the equation that relates the mass
and the central density of the rotating body.

We also investigate in detail the circular motion of test particles on the
equatorial plane of the ergoregion in the Kerr spacetime. We find all the
regions inside the ergoregion where circular motion is allowed, and ana-
lyze their stability properties and the energy and angular momentum of the
test particles. We show that the structure of the stability regions has def-
inite features that make it possible to distinguish between black holes and
naked singularities. The naked singularity case presents a very structured
non-connected regions of orbital stability. The properties of the circular or-
bits turn out to be so distinctive that they allow the introduction of a complete
classification of Kerr spacetimes, each class of which is characterized by dif-
ferent physical effects that could be of particular relevance in observational
astrophysics. The presence of counterrotating particles and zero angular mo-
mentum particles inside the ergoregion of a specific class of naked singulari-
ties is interpreted as due to the presence of a repulsive field generated by the
central source of gravity.

In an attempt to include an arbitrary quadrupole into the Kerr spacetime,
we derive a stationary generalization of the static q−metric, the simplest gen-
eralization of the Schwarzschild solution that contains a quadrupole param-
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2 Brief description

eter. It possesses three independent parameters that are related to the mass,
quadrupole moment and angular momentum. We investigate the geometric
and physical properties of this exact solution of Einstein’s vacuum equations,
and show that it can be used to describe the exterior gravitational field of ro-
tating, axially symmetric, compact objects.

To understand the physical properties of the Reissner-Nordstron spacetime
in the presence of a scalar field, we study time-independent, spherically sym-
metric, self-gravitating systems minimally coupled to a scalar field with U(1)
gauge symmetry: charged boson stars. We find numerical solutions to the
Einstein-Maxwell equations coupled to the relativistic Klein-Gordon equa-
tion. It is shown that bound stable configurations exist only for values of the
coupling constant less than or equal to a certain critical value. The metric
coefficients and the relevant physical quantities such as the total mass and
charge, turn out to be in general bound functions of the radial coordinate,
reaching their maximum values at a critical value of the scalar field at the
origin. We discuss the stability problem both from the quantitative and qual-
itative point of view. We take into account the electromagnetic contribution
to the total mass, and investigate the stability issue considering the binding
energy per particle. We verify the existence of configurations with positive
binding energy in which objects that are apparently bound can be unstable
against small perturbations, in full analogy with the effect observed in the
mass-radius relation of neutron stars.

An interesting physical effect that has been found in Kerr-Newman space-
times is that test particles under certain circumstance experience a repulsive
force in a region close to the horizons. Repulsive gravity has been investi-
gated in several scenarios near compact objects by using different intuitive
approaches. Here, we propose an invariant method to characterize regions
of repulsive gravity, associated to black holes and naked singularities. Our
method is based upon the behavior of the curvature tensor eigenvalues, and
leads to an invariant definition of a repulsion radius. The repulsion radius
determines a physical region, which can be interpreted as a repulsion sphere,
where the effects due to repulsive gravity naturally arise. Further, we show
that the use of effective masses to characterize repulsion regions can lead to
coordinate-dependent results whereas, in our approach, repulsion emerges
as a consequence of the spacetime geometry in a completely invariant way.
Our definition is tested in the spacetime of an electrically charged Kerr naked
singularity and in all its limiting cases. We show that a positive mass can
generate repulsive gravity if it is equipped with an electric charge or an an-
gular momentum. We obtain reasonable results for the spacetime regions
contained inside the repulsion sphere whose size and shape depend on the
value of the mass, charge and angular momentum. Consequently, we de-
fine repulsive gravity as a classical relativistic effect by using the geometry of
spacetime only.
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3 Introduction

It is hard to overemphasize the importance of the Kerr geometry not only
for general relativity itself, but also for the very fundamentals of physics.
It assumes this position as being the most physically relevant rotating gen-
eralization of the static Schwarzschild geometry. Its charged counterpart,
the Kerr-Newman solution, representing the exterior gravitational and elec-
tromagnetic fields of a charged rotating object, is an exact solution of the
Einstein-Maxwell equations.

Its line element in Boyer–Lindquist coordinates can be written as

ds2 =
r2 − 2Mr + a2 + Q2

r2 + a2 cos2 θ
(dt − a sin2 θdϕ)2

− sin2 θ

r2 + a2 cos2 θ
[(r2 + a2)dϕ − adt]2

− r2 + a2 cos2 θ

r2 − 2Mr + a2 + Q2
dr2 − (r2 + a2 cos2 θ)dθ2 , (3.0.1)

where M is the total mass of the object, a = J/M is the specific angular mo-
mentum, and Q is the electric charge. In this particular coordinate system,
the metric functions do not depend on the coordinates t and φ, indicating the
existence of two Killing vector fields ξ I = ∂t and ξ I I = ∂ϕ which represent
the properties of stationarity and axial symmetry, respectively.

An important characteristic of this solution is that the source of gravity is
surrounded by two horizons situated at a distance

r± = M ±
√

M2 − a2 − Q2 (3.0.2)

from the origin of coordinates. Inside the interior horizon, r−, a ring singular-
ity is present which, however, cannot be observed by any observer situated
outside the exterior horizon. If the condition M2

< a2 + Q2 is satisfied, no
horizons are present and the Kerr–Newman spacetime represents the exterior
field of a naked singularity.

Despite of its fundamental importance in general relativity, and its theo-
retical and mathematical interest, this solution has not been especially useful
for describing astrophysical phenomena, first of all, because observed astro-
physical objects do not possess an appreciable net electric charge. Further-
more, the limiting Kerr metric takes into account the mass and the rotation,
but does not consider the moment of inertia of the object. For astrophysi-

667



3 Introduction

cal applications it is, therefore, necessary to use more general solutions with
higher multipole moments which are due not only to the rotation of the body
but also to its shape. This means that even in the limiting case of a static
spacetime, a solution is needed that takes into account possible deviations
from spherically symmetry.

668



4 The general static vacuum

solution

In general relativity, stationary axisymmetric solutions of Einstein’s equa-
tions [1] play a crucial role for the description of the gravitational field of
astrophysical objects. In particular, the black hole solutions and their gener-
alizations that include Maxwell fields are contained within this class.

This type of exact solutions has been the subject of intensive research dur-
ing the past few decades. In particular, the number of know exact solutions
drastically increased after Ernst [2] discovered an elegant representation of
the field equations that made it possible to search for their symmetries. These
studies lead finally to the development of solution generating techniques [1]
which allow us to find new solutions, starting from a given seed solution. In
particular, solutions with an arbitrary number of multipole moments for the
mass and angular momentum were derived in [3] and used to describe the
gravitational field of rotating axially symmetric distributions of mass.

The first analysis of stationary axially symmetric gravitational fields was
carried out by Weyl [4] in 1917, soon after the formulation of general rela-
tivity. In particular, Weyl discovered that in the static limit the main part of
the vacuum field equations reduces to a single linear differential equation.
The corresponding general solution can be written in cylindrical coordinates
as an infinite sum with arbitrary constant coefficients. A particular choice of
the coefficients leads to the subset of asymptotically flat solutions which is
the most interesting from a physical point of view. In this section we review
the main properties of stationary axisymmetric gravitational fields. In par-
ticular, we show explicitly that the main field equations in vacuum can be
represented as the equations of a nonlinear sigma model in which the base
space is the 4-dimensional spacetime and the target space is a 2-dimensional
conformally Euclidean space.

4.1 Line element and field equations

Although there exist in the literature many suitable coordinate systems, sta-
tionary axisymmetric gravitational fields are usually described in cylindric
coordinates (t, ρ, z, ϕ). Stationarity implies that t can be chosen as the time
coordinate and the metric does not depend on time, i.e. ∂gµν/∂t = 0. Con-

sequently, the corresponding timelike Killing vector has the components δ
µ
t .
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4 The general static vacuum solution

A second Killing vector field is associated to the axial symmetry with respect
to the axis ρ = 0. Then, choosing ϕ as the azimuthal angle, the metric satis-
fies the conditions ∂gµν/∂ϕ = 0, and the components of the corresponding

spacelike Killing vector are δ
µ
ϕ.

Using further the properties of stationarity and axial symmetry, together
with the vacuum field equations, for a general metric of the form gµν =
gµν(ρ, z), it is possible to show that the most general line element for this type
of gravitational fields can be written in the Weyl-Lewis-Papapetrou form as
[4, 5, 6]

ds2 = f (dt − ωdϕ)2 − f−1
[
e2γ(dρ2 + dz2) + ρ2dϕ2

]
, (4.1.1)

where f , ω and γ are functions of ρ and z, only. After some rearrangements
which include the introduction of a new function Ω = Ω(ρ, z) by means of

ρ∂ρΩ = f 2∂zω , ρ∂zΩ = − f 2∂ρω , (4.1.2)

the vacuum field equations Rµν = 0 can be shown to be equivalent to the
following set of partial differential equations

1

ρ
∂ρ(ρ∂ρ f ) + ∂2

z f +
1

f
[(∂ρΩ)2 + (∂zΩ)2 − (∂ρ f )2 − (∂z f )2] = 0 , (4.1.3)

1

ρ
∂ρ(ρ∂ρΩ) + ∂2

zΩ − 2

f

(
∂ρ f ∂ρΩ + ∂z f ∂zΩ

)
= 0 , (4.1.4)

∂ργ =
ρ

4 f 2

[
(∂ρ f )2 + (∂ρΩ)2 − (∂z f )2 − (∂zΩ)2

]
, (4.1.5)

∂zγ =
ρ

2 f 2

(
∂ρ f ∂z f + ∂ρΩ ∂zΩ

)
. (4.1.6)

It is clear that the field equations for γ can be integrated by quadratures,
once f and Ω are known. For this reason, the equations (4.1.3) and (4.1.4)
for f and Ω are usually considered as the main field equations for stationary
axisymmetric vacuum gravitational fields. In the following subsections we
will focus on the analysis of the main field equations, only. It is interesting
to mention that this set of equations can be geometrically interpreted in the
context of nonlinear sigma models [7].

Let us consider the special case of static axisymmetric fields. This corre-
sponds to metrics which, apart from being axially symmetric and indepen-
dent of the time coordinate, are invariant with respect to the transformation
ϕ → −ϕ (i.e. rotations with respect to the axis of symmetry are not allowed).
Consequently, the corresponding line element is given by (4.1.1) with ω = 0,
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4.2 Static solution

and the field equations can be written as

∂2
ρψ +

1

ρ
∂ρψ + ∂2

zψ = 0 , f = exp(2ψ) , (4.1.7)

∂ργ = ρ
[
(∂ρψ)2 − (∂zψ)2

]
, ∂zγ = 2ρ∂ρψ ∂zψ . (4.1.8)

We see that the main field equation (4.1.7) corresponds to the linear Laplace
equation for the metric function ψ.

4.2 Static solution

The general solution of Laplace’s equation is known and, if we demand addi-
tionally asymptotic flatness, we obtain the Weyl solution which can be writ-
ten as [4, 1]

ψ =
∞

∑
n=0

an

(ρ2 + z2)
n+1

2

Pn(cos θ) , cos θ =
z√

ρ2 + z2
, (4.2.1)

where an (n = 0, 1, ...) are arbitrary constants, and Pn(cos θ) represents the
Legendre polynomials of degree n. The expression for the metric function γ
can be calculated by quadratures by using the set of first order differential
equations (4.1.8). Then

γ = −
∞

∑
n,m=0

anam(n + 1)(m + 1)

(n + m + 2)(ρ2 + z2)
n+m+2

2

(PnPm − Pn+1Pm+1) . (4.2.2)

Since this is the most general static, axisymmetric, asymptotically flat vac-
uum solution, it must contain all known solution of this class. In particular,
one of the most interesting special solutions which is Schwarzschild’s spher-
ically symmetric black hole spacetime must be contained in this class. To see
this, we must choose the constants an in such a way that the infinite sum
(4.2.1) converges to the Schwarzschild solution in cylindric coordinates. But,
or course, this representation is not the most appropriate to analyze the inter-
esting physical properties of Schwarzchild’s metric.

In fact, it turns out that to investigate the properties of solutions with mul-
tipole moments it is more convenient to use prolate spheroidal coordinates
(t, x, y, ϕ) in which the line element can be written as

ds2 = f dt2 − σ2

f

[
e2γ(x2 − y2)

(
dx2

x2 − 1
+

dy2

1 − y2

)
+ (x2 − 1)(1 − y2)dϕ2

]
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4 The general static vacuum solution

where

x =
r+ + r−

2σ
, (x2 ≥ 1), y =

r+ − r−
2σ

, (y2 ≤ 1) (4.2.3)

r2
± = ρ2 + (z ± σ)2 , σ = const , (4.2.4)

and the metric functions are f , ω, and γ depend on x and y, only. In this
coordinate system, the general static solution which is also asymptotically
flat can be expressed as

f = exp(2ψ) , ψ =
∞

∑
n=0

(−1)n+1qnPn(y)Qn(x) , qn = const

where Pn(y) are the Legendre polynomials, and Qn(x) are the Legendre func-
tions of second kind. In particular,

P0 = 1, P1 = y, P2 =
1

2
(3y2 − 1) , ...

Q0 =
1

2
ln

x + 1

x − 1
, Q1 =

1

2
x ln

x + 1

x − 1
− 1 ,

Q2 =
1

2
(3x2 − 1) ln

x + 1

x − 1
− 3

2
x , ...

The corresponding function γ can be calculated by quadratures and its gen-
eral expression has been explicitly derived in [8]. The most important special
cases contained in this general solution are the Schwarzschild metric

ψ = −q0P0(y)Q0(x) , γ =
1

2
ln

x2 − 1

x2 − y2
,

and the Erez-Rosen metric [9]

ψ = −q0P0(y)Q0(x)− q2P2(y)Q2(x) , γ =
1

2
ln

x2 − 1

x2 − y2
+ ....

In the last case, the constant parameter q2 turns out to determine the quadrupole
moment. In general, the constants qn represent an infinite set of parameters
that determines an infinite set of mass multipole moments.
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5 Stationary generalization

The solution generating techniques [12] can be applied, in particular, to any
static seed solution in order to obtain the corresponding stationary general-
ization. One of the most powerful techniques is the inverse method (ISM)
developed by Belinski and Zakharov [13]. We used a particular case of the
ISM, which is known as the Hoenselaers–Kinnersley-Xanthopoulos (HKX)
transformation to derive the stationary generalization of the general static
solution in prolate spheroidal coordinates.

5.1 Ernst representation

In the general stationary case (ω 6= 0) with line element

ds2 = f (dt − ωdϕ)2

− σ2

f

[
e2γ(x2 − y2)

(
dx2

x2 − 1
+

dy2

1 − y2

)
+ (x2 − 1)(1 − y2)dϕ2

]

it is useful to introduce the the Ernst potentials

E = f + iΩ , ξ =
1 − E

1 + E
,

where the function Ω is now determined by the equations

σ(x2 − 1)Ωx = f 2ωy , σ(1 − y2)Ωy = − f 2ωx .

Then, the main field equations can be represented in a compact and symmet-
ric form:

(ξξ∗ − 1)
{
[(x2 − 1)ξx]x + [(1 − y2)ξy]y

}
= 2ξ∗[(x2 − 1)ξ2

x + (1 − y2)ξ2
y] .

This equation is invariant with respect to the transformation x ↔ y. Then,
since the particular solution

ξ =
1

x
→ Ω = 0 → ω = 0 → γ =

1

2
ln

x2 − 1

x2 − y2
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5 Stationary generalization

represents the Schwarzschild spacetime, the choice ξ−1 = y is also an exact
solution. Furthermore, if we take the linear combination ξ−1 = c1x + c2y and
introduce it into the field equation, we obtain the new solution

ξ−1 =
σ

M
x + i

a

M
y , σ =

√
M2 − a2 ,

which corresponds to the Kerr metric in prolate spheroidal coordinates.
In the case of the Einstein-Maxwell theory, the main field equations can be

expressed as

(ξξ∗ − FF
∗ − 1)∇2ξ = 2(ξ∗∇ξ − F

∗∇F)∇ξ ,

(ξξ∗ − FF
∗ − 1)∇2

F = 2(ξ∗∇ξ − F
∗∇F)∇F

where ∇ represents the gradient operator in prolate spheroidal coordinates.
Moreover, the gravitational potential ξ and the electromagnetic F Ernst po-
tential are defined as

ξ =
1 − f − iΩ

1 + f + iΩ
, F = 2

Φ

1 + f + iΩ
.

The potential Φ can be shown to be determined uniquely by the electromag-
netic potentials At and Aϕ One can show that if ξ0 is a vacuum solution, then
the new potential

ξ = ξ0

√
1 − e2

represents a solution of the Einstein-Maxwell equations with effective elec-
tric charge e. This transformation is known in the literature as the Harrison
transformation [10]. Accordingly, the Kerr–Newman solution in this repre-
sentation acquires the simple form

ξ =

√
1 − e2

σ
M x + i a

M y
, e =

Q

M
, σ =

√
M2 − a2 − Q2 .

In this way, it is very easy to generalize any vacuum solution to include the
case of electric charge. More general transformations of this type can be used
in order to generate solutions with any desired set of gravitational and elec-
tromagnetic multipole moments [11].

5.2 Representation as a nonlinear sigma model

Consider two (pseudo)-Riemannian manifolds (M, γ) and (N, G) of dimen-
sion m and n, respectively. Let M be coordinatized by xa, and N by Xµ, so
that the metrics on M and N can be, in general, smooth functions of the cor-
responding coordinates, i.e., γ = γ(x) and G = G(X). A harmonic map is a
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5.2 Representation as a nonlinear sigma model

smooth map X : M → N, or in coordinates X : x 7−→ X so that X becomes
a function of x, and the X’s satisfy the motion equations following from the
action [14]

S =
∫

dmx
√
|γ| γab(x) ∂aXµ ∂bXν Gµν(X) , (5.2.1)

which sometimes is called the “energy” of the harmonic map X. The straight-
forward variation of S with respect to Xµ leads to the motion equations

1√
|γ|

∂b

(√
|γ|γab∂aXµ

)
+ Γ

µ
νλ γab ∂aXν ∂bXλ = 0 , (5.2.2)

where Γ
µ
νλ are the Christoffel symbols associated to the metric Gµν of the

target space N. If Gµν is a flat metric, one can choose Cartesian-like coor-
dinates such that Gµν = ηµν = diag(±1, ...,±1), the motion equations be-
come linear, and the corresponding sigma model is linear. This is exactly
the case of a bosonic string on a flat background in which the base space is
the 2-dimensional string world-sheet. In this case the action (5.2.1) is usually
referred to as the Polyakov action [16].

Consider now the case in which the base space M is a stationary axisym-
metric spacetime. Then, γab, a, b = 0, ..., 3, can be chosen as the Weyl-Lewis-
Papapetrou metric (4.1.1), i.e.

γab =




f 0 0 − f ω

0 − f−1e2k 0 0

0 0 − f−1e2k 0
− f ω 0 0 f ω2 − ρ2 f−1


 . (5.2.3)

Let the target space N be 2-dimensional with metric Gµν = (1/2) f−2δµν,
µ, ν = 1, 2, and let the coordinates on N be Xµ = ( f , Ω). Then, it is straight-
forward to show that the action (5.2.1) becomes

S =
∫

L dtdϕdρdz , L =
ρ

2 f 2

[
(∂ρ f )2 + (∂z f )2 + (∂ρΩ)2 + (∂zΩ)2

]
,

(5.2.4)
and the corresponding motion equations (5.2.2) are identical to the main field
equations (4.1.3) and (4.1.4).

Notice that the field equations can also be obtained from (5.2.4) by a direct
variation with respect to f and Ω. This interesting result was obtained orig-
inally by Ernst [2], and is the starting point of what today is known as the
Ernst representation of the field equations.

The above result shows that stationary axisymmetric gravitational fields
can be described as a (4 → 2)−nonlinear harmonic map, where the base
space is the spacetime of the gravitational field and the target space corre-
sponds to a 2-dimensional conformally Euclidean space. A further analy-
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sis of the target space shows that it can be interpreted as the quotient space
SL(2, R)/SO(2) [15], and the Lagrangian (5.2.4) can be written explicitly [17]
in terms of the generators of the Lie group SL(2, R). Harmonic maps in which
the target space is a quotient space are usually known as nonlinear sigma
models [14].

The form of the Lagrangian (5.2.4) with two gravitational field variables,
f and Ω, depending on two coordinates, ρ and z, suggests a representation
as a harmonic map with a 2-dimensional base space. In string theory, this
is an important fact that allows one to use the conformal invariance of the
base space metric to find an adequate representation for the set of classical
solutions. This, in turn, facilitates the application of the canonical quantiza-
tion procedure. Unfortunately, this is not possible for the Lagrangian (5.2.4).
Indeed, if we consider γab as a 2-dimensional metric that depends on the pa-
rameters ρ and z, the diagonal form of the Lagrangian (5.2.4) implies that√
|γ|γab = δab. Clearly, this choice is not compatible with the factor ρ in front

of the Lagrangian. Therefore, the reduced gravitational Lagrangian (5.2.4)
cannot be interpreted as corresponding to a (2 → n)-harmonic map. Never-
theless, we will show in the next section that a modification of the definition
of harmonic maps allows us to “absorb” the unpleasant factor ρ in the met-
ric of the target space, and to use all the advantages of a 2-dimensional base
space.

Notice that the representation of stationary fields as a nonlinear sigma
model becomes degenerate in the limiting case of static fields. Indeed, the
underlying geometric structure of the SL(2, R)/SO(2) nonlinear sigma mod-
els requires that the target space be 2-dimensional, a condition which is not
satisfied by static fields. We will see below that by using a dimensional exten-
sion of generalized sigma models, it will be possible to treat the special static
case, without affecting the underlying geometric structure.

The analysis performed in this section for stationary axisymmetric fields
can be generalized to include any gravitational field containing two com-
muting Killing vector fields [1]. This is due to the fact that for this class of
gravitational fields it is always possible to find the corresponding Ernst rep-
resentation in which the Lagrangian contains only two gravitational variables
which depend on only two spacetime coordinates.

5.3 Representation as a generalized harmonic map

Consider two (pseudo-)Riemannian manifolds (M, γ) and (N, G) of dimen-
sion m and n, respectively. Let xa and Xµ be coordinates on M and N, re-
spectively. This coordinatization implies that in general the metrics γ and
G become functions of the corresponding coordinates. Let us assume that
not only γ but also G can explicitly depend on the coordinates xa, i.e. let
γ = γ(x) and G = G(X, x). This simple assumption is the main aspect of our
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5.3 Representation as a generalized harmonic map

generalization which, as we will see, lead to new and nontrivial results.

A smooth map X : M → N will be called an (m → n)−generalized har-
monic map if it satisfies the Euler-Lagrange equations

1√
|γ|

∂b

(√
|γ|γab∂aXµ

)
+ Γ

µ
νλ γab ∂aXν∂bXλ + Gµλγab ∂aXν ∂bGλν = 0 ,

(5.3.1)
which follow from the variation of the generalized action

S =
∫

dmx
√
|γ| γab(x) ∂a Xµ∂bXνGµν(X, x) , (5.3.2)

with respect to the fields Xµ. Here the Christoffel symbols, determined by
the metric Gµν, are calculated in the standard manner, without considering
the explicit dependence on x. Notice that the new ingredient in this general-
ized definition of harmonic maps, i.e., the term Gµν(X, x) in the Lagrangian
density implies that we are taking into account the “interaction” between the
base space M and the target space N. This interaction leads to an extra term
in the motion equations, as can be seen in (5.3.1). It turns out that this inter-
action is the result of the effective presence of the gravitational field.

Notice that the limiting case of generalized linear harmonic maps is much
more complicated than in the standard case. Indeed, for the motion equations
(5.3.1) to become linear it is necessary that the conditions

γab(Γ
µ
νλ ∂bXλ + Gµλ ∂bGλν)∂aXν = 0 , (5.3.3)

be satisfied. One could search for a solution in which each term vanishes sep-
arately. The choice of a (pseudo-)Euclidean target metric Gµν = ηµν, which

would imply Γ
µ
νλ = 0, is not allowed, because it would contradict the as-

sumption ∂bGµν 6= 0. Nevertheless, a flat background metric in curvilinear

coordinates could be chosen such that the assumption Gµλ∂bGµν = 0 is ful-

filled, but in this case Γ
µ
νλ 6= 0 and (5.3.3) cannot be satisfied. In the general

case of a curved target metric, conditions (5.3.3) represent a system of m first
order nonlinear partial differential equations for Gµν. Solutions to this system
would represent linear generalized harmonic maps. The complexity of this
system suggests that this special type of maps is not common.

As we mentioned before, the generalized action (5.3.2) includes an inter-
action between the base space N and the target space M, reflected on the
fact that Gµν depends explicitly on the coordinates of the base space. Clearly,
this interaction must affect the conservation laws of the physical systems we
attempt to describe by means of generalized harmonic maps. To see this ex-
plicitly we calculate the covariant derivative of the generalized Lagrangian
density

L =
√
|γ| γab(x) ∂a Xµ∂bXνGµν(X, x) , (5.3.4)
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and replace in the result the corresponding motion equations (5.3.1). Then,
the final result can be written as

∇bT̃ b
a = − ∂L

∂xa
(5.3.5)

where T̃ b
a represents the canonical energy-momentum tensor

T̃ b
a =

∂L

∂(∂bXµ)
(∂aXµ)− δb

aL = 2
√

γGµν

(
γbc∂aXµ ∂cXν − 1

2
δb

aγcd∂cXµ ∂dXν

)
.

(5.3.6)
The standard conservation law is recovered only when the Lagrangian does
not depend explicitly on the coordinates of the base space. Even if we choose
a flat base space γab = ηab, the explicit dependence of the metric of the target
space Gµν(X, x) on x generates a term that violates the standard conservation
law. This term is due to the interaction between the base space and the target
space which, consequently, is one of the main characteristics of the general-
ized harmonic maps introduced in this work.

An alternative and more general definition of the energy-momentum ten-
sor is by means of the variation of the Lagrangian density with respect to the
metric of the base space, i.e.

Tab =
δL

δγab
. (5.3.7)

A straightforward computation shows that for the action under consideration

here we have that T̃ab = 2Tab so that the generalized conservation law (5.3.5)
can be written as

∇bT b
a +

1

2

∂L

∂xa
= 0 . (5.3.8)

For a given metric on the base space, this represents in general a system of m
differential equations for the “fields” Xµ which must be satisfied “on-shell”.

If the base space is 2-dimensional, we can use a reparametrization of x to
choose a conformally flat metric, and the invariance of the Lagrangian den-
sity under arbitrary Weyl transformations to show that the energy-momentum
tensor is traceless, T a

a = 0.

In Section 5.1 we described stationary, axially symmetric, gravitational fields
as a (4 → 2)−nonlinear sigma model. There it was pointed out the conve-
nience of having a 2-dimensional base space in analogy with string theory.
Now we will show that this can be done by using the generalized harmonic
maps defined above.

Consider a (2 → 2)−generalized harmonic map. Let xa = (ρ, z) be the
coordinates on the base space M, and Xµ = ( f , Ω) the coordinates on the
target space N. In the base space we choose a flat metric and in the target
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5.3 Representation as a generalized harmonic map

space a conformally flat metric, i.e.

γab = δab and Gµν =
ρ

2 f 2
δµν (a, b = 1, 2; µ, ν = 1, 2). (5.3.9)

A straightforward computation shows that the generalized Lagrangian (5.3.4)
coincides with the Lagrangian (5.2.4) for stationary axisymetric fields, and
that the equations of motion (5.3.1) generate the main field equations (4.1.3)
and (4.1.4).

For the sake of completeness we calculate the components of the energy-
momentum tensor Tab = δL/δγab. Then

Tρρ = −Tzz =
ρ

4 f 2

[
(∂ρ f )2 + (∂ρΩ)2 − (∂z f )2 − (∂zΩ)2

]
, (5.3.10)

Tρz =
ρ

2 f 2

(
∂ρ f ∂z f + ∂ρΩ ∂zΩ

)
. (5.3.11)

This tensor is traceless due to the fact that the base space is 2-dimensional. It
satisfies the generalized conservation law (5.3.8) on-shell:

dTρρ

dρ
+

dTρz

dz
+

1

2

∂L

∂ρ
= 0 , (5.3.12)

dTρz

dρ
− dTρρ

dz
= 0 . (5.3.13)

Incidentally, the last equation coincides with the integrability condition for
the metric function k, which is identically satisfied by virtue of the main field
equations. In fact, as can be seen from Eqs.(4.1.5,4.1.6) and (5.3.10,5.3.11),
the components of the energy-momentum tensor satisfy the relationships
Tρρ = ∂ρk and Tρz = ∂zk, so that the conservation law (5.3.13) becomes an
identity. Although we have eliminated from the starting Lagrangian (5.2.4)
the variable k by applying a Legendre transformation on the Einstein-Hilbert
Lagrangian (see [17] for details) for this type of gravitational fields, the for-
malism of generalized harmonic maps seems to retain the information about
k at the level of the generalized conservation law.

The above results show that stationary axisymmetric spacetimes can be
represented as a (2 → 2)−generalized harmonic map with metrics given as
in (5.3.9). It is also possible to interpret the generalized harmonic map given
above as a generalized string model. Although the metric of the base space
M is Euclidean, we can apply a Wick rotation τ = iρ to obtain a Minkowski-
like structure on M. Then, M represents the world-sheet of a bosonic string
in which τ is measures the time and z is the parameter along the string. The
string is “embedded” in the target space N whose metric is conformally flat
and explicitly depends on the time parameter τ. We will see in the next sec-
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tion that this embedding becomes more plausible when the target space is
subject to a dimensional extension. In the present example, it is necessary to
apply a Wick rotation in order to interpret the base space as a string world-
sheet. This is due to the fact that both coordinates ρ and z are spatial coordi-
nates. However, this can be avoided by considering other classes of gravita-
tional fields with timelike Killing vector fields; examples will be given below.

The most studied solutions belonging to the class of stationary axisymmet-
ric fields are the asymptotically flat solutions. Asymptotic flatness imposes
conditions on the metric functions which in the cylindrical coordinates used
here can be formulated in the form

lim
xa→∞

f = 1 + O

(
1

xa

)
, lim

xa→∞
ω = c1 + O

(
1

xa

)
, lim

xa→∞
Ω = O

(
1

xa

)

(5.3.14)
where c1 is an arbitrary real constant which can be set to zero by appropri-
ately choosing the angular coordinate ϕ. If we choose the domain of the
spatial coordinates as ρ ∈ [0, ∞) and z ∈ (−∞,+∞), from the asymptotic
flatness conditions it follows that the coordinates of the target space N satisfy
the boundary conditions

Ẋµ(ρ,−∞) = 0 = Ẋµ(ρ, ∞) , X′µ(ρ,−∞) = 0 = X′µ(ρ, ∞) (5.3.15)

where the dot stands for a derivative with respect to ρ and the prime rep-
resents derivation with respect to z. These relationships are known in string
theory [16] as the Dirichlet and Neumann boundary conditions for open strings,
respectively, with the extreme points situated at infinity. We thus conclude
that if we assume ρ as a “time” parameter for stationary axisymmetric grav-
itational fields, an asymptotically flat solution corresponds to an open string
with endpoints attached to D−branes situated at plus and minus infinity in
the z−direction.

5.4 Dimensional extension

In order to further analyze the analogy between gravitational fields and bosonic
string models, we perform an arbitrary dimensional extension of the target
space N, and study the conditions under which this dimensional extension
does not affect the field equations of the gravitational field. Consider an
(m → D)−generalized harmonic map. As before we denote by {xa} the
coordinates on M. Let {Xµ, Xα} with µ = 1, 2 and α = 3, 4, ..., D be the
coordinates on N. The metric structure on M is again γ = γ(x), whereas
the metric on N can in general depend on all coordinates of M and N, i.e.
G = G(Xµ, Xα, xa). The general structure of the corresponding field equa-
tions is as given in (5.3.1). They can be divided into one set of equations for
Xµ and one set of equations for Xα. According to the results of the last sec-
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tion, the class of gravitational fields under consideration can be represented
as a (2 → 2)−generalized harmonic map so that we can assume that the
main gravitational variables are contained in the coordinates Xµ of the target
space. Then, the gravitational sector of the target space will be contained in
the components Gµν (µ, ν = 1, 2) of the metric, whereas the components Gαβ

(α, β = 3, 4, ..., D) represent the sector of the dimensional extension.

Clearly, the set of differential equations for Xµ also contains the variables
Xα and its derivatives ∂aXα. For the gravitational field equations to remain
unaffected by this dimensional extension we demand the vanishing of all the
terms containing Xα and its derivatives in the equations for Xµ. It is easy to
show that this can be achieved by imposing the conditions

Gµα = 0 ,
∂Gµν

∂Xα
= 0 ,

∂Gαβ

∂Xµ = 0 . (5.4.1)

That is to say that the gravitational sector must remain completely invariant
under a dimensional extension, and the additional sector cannot depend on
the gravitational variables, i.e., Gαβ = Gαβ(Xγ, xa), γ = 3, 4, ..., D. Further-
more, the variables Xα must satisfy the differential equations

1√
|γ|

∂b

(√
|γ|γab∂aXα

)
+ Γα

βγ γab ∂aXβ∂bXγ + Gαβγab ∂aXγ ∂bGβγ = 0 .

(5.4.2)
This shows that any given (2 → 2)−generalized map can be extended, with-
out affecting the field equations, to a (2 → D)−generalized harmonic map.

It is worth mentioning that the fact that the target space N becomes split in
two separate parts implies that the energy-momentum tensor Tab = δL/δγab

separates into one part belonging to the gravitational sector and a second one
following from the dimensional extension, i.e. Tab = Tab(Xµ, x) + Tab(Xα, x).
The generalized conservation law as given in (5.3.8) is satisfied by the sum of
both parts.

Consider the example of stationary axisymmetric fields given the metrics
(5.3.9). Taking into account the conditions (5.4.1), after a dimensional exten-
sion the metric of the target space becomes

G =




ρ
2 f 2 0 0 · · · 0

0
ρ

2 f 2 0 · · · 0

0 0 G33(Xα, x) · · · G3D(Xα, x)
. . · · · · · · · · ·
0 0 GD3(Xα, x) · · · GDD(Xα, x)




. (5.4.3)

Clearly, to avoid that this metric becomes degenerate we must demand that
det(Gαβ) 6= 0, a condition that can be satisfied in view of the arbitrariness
of the components of the metric. With the extended metric, the Lagrangian
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density gets an additional term

L =
ρ

2 f 2

[
(∂ρ f )2 + (∂z f )2 + (∂ρΩ)2 + (∂zΩ)2

]

+
(

∂ρXα∂ρXβ + ∂zXα∂zXβ
)

Gαβ , (5.4.4)

which nevertheless does not affect the field equations for the gravitational
variables f and Ω. On the other hand, the new fields must be solutions of the
extra field equations

(
∂2

ρ + ∂2
z

)
Xα + Γα

βγ

(
∂ρXβ∂ρXγ + ∂zXβ∂zXγ

)
(5.4.5)

+ Gαγ
(

∂ρXβ∂ρGβγ + ∂zXβ∂zGβγ

)
= 0 . (5.4.6)

An interesting special case of the dimensional extension is the one in which
the extended sector is Minkowskian, i.e. for the choice Gαβ = ηαβ with addi-
tional fields Xα given as arbitrary harmonic functions. This choice opens the
possibility of introducing a “time” coordinate as one of the additional dimen-
sions, an issue that could be helpful when dealing with the interpretation of
gravitational fields in this new representation.

The dimensional extension finds an interesting application in the case of
static axisymmetric gravitational fields. As mentioned in Section 4.1, these
fields are obtained from the general stationary fields in the limiting case Ω =
0 (or equivalently, ω = 0). If we consider the representation as an SL(2, R)/SO(2)
nonlinear sigma model or as a (2 → 2)−generalized harmonic map, we see
immediately that the limit Ω = 0 is not allowed because the target space
becomes 1-dimensional and the underlying metric is undefined. To avoid
this degeneracy, we first apply a dimensional extension and only then calcu-
late the limiting case Ω = 0. In the most simple case of an extension with
Gαβ = δαβ, the resulting (2 → 2)−generalized map is described by the met-
rics γab = δab and

G =

(
ρ

2 f 2 0

0 1

)
(5.4.7)

where the additional dimension is coordinatized by an arbitrary harmonic
function which does not affect the field equations of the only remaining grav-
itational variable f . This scheme represents an alternative method for explor-
ing static fields on nondegenerate target spaces. Clearly, this scheme can be
applied to the case of gravitational fields possessing two hypersurface or-
thogonal Killing vector fields.

Our results show that a stationary axisymmetric field can be represented as
a string “living” in a D-dimensional target space N. The string world-sheet is
parametrized by the coordinates ρ and z. The gravitational sector of the tar-
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get space depends explicitly on the metric functions f and Ω and on the pa-
rameter ρ of the string world-sheet. The sector corresponding to the dimen-
sional extension can be chosen as a (D − 2)−dimensional Minkowski space-
time with time parameter τ. Then, the string world-sheet is a 2-dimensional
flat hypersurface which is “frozen” along the time τ.

5.5 The general solution

If we take as seed metric the general static solution, the application of two
HXK transformations generates a stationary solution with an infinite number
of gravitoelectric and gravitomagnetic multipole moments. The HKX method
is applied at the level of the Ernst potential from which the metric functions
can be calculated by using the definition of the Ernst potential E and the
field equations for γ. The resulting expressions in the general case are quite
cumbersome. We quote here only the special case in which only an arbitrary
quadrupole parameter is present. In this case, the result can be written as

f =
R

L
e−2qP2Q2 ,

ω = −2a − 2σ
M

R
e2qP2Q2 ,

e2γ =
1

4

(
1 +

M

σ

)2 R

x2 − y2
e2γ̂ , (5.5.1)

where

R = a+a− + b+b− , L = a2
+ + b2

+ ,

M = αx(1 − y2)(e2qδ+ + e2qδ−)a+ + y(x2 − 1)(1 − α2e2q(δ++δ−))b+ ,

γ̂ =
1

2
(1 + q)2 ln

x2 − 1

x2 − y2
+ 2q(1 − P2)Q1 + q2(1 − P2)

[
(1 + P2)(Q

2
1 − Q2

2)

+
1

2
(x2 − 1)(2Q2

2 − 3xQ1Q2 + 3Q0Q2 − Q′
2)

]
. (5.5.2)

Here Pl(y) and Ql(x) are Legendre polynomials of the first and second kind
respectively. Furthermore

a± = x(1 − α2e2q(δ++δ−))± (1 + α2e2q(δ++δ−)) ,

b± = αy(e2qδ+ + e2qδ−)∓ α(e2qδ+ − e2qδ−) ,

δ± =
1

2
ln

(x ± y)2

x2 − 1
+

3

2
(1 − y2 ∓ xy) +

3

4
[x(1 − y2)∓ y(x2 − 1)] ln

x − 1

x + 1
,
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the quantity α being a constant

α =
σ − M

a
, σ =

√
M2 − a2 . (5.5.3)

The physical significance of the parameters entering this metric can be clar-
ified by calculating the Geroch-Hansen [18, 19] multipole moments

M2k+1 = J2k = 0 , k = 0, 1, 2, ... (5.5.4)

M0 = M , M2 = −Ma2 +
2

15
qM3

(
1 − a2

M2

)3/2

, ... (5.5.5)

J1 = Ma , J3 = −Ma3 +
4

15
qM3a

(
1 − a2

M2

)3/2

, .... (5.5.6)

The vanishing of the odd gravitoelectric (Mn) and even gravitomagnetic (Jn)
multipole moments is a consequence of the symmetry with respect to the
equatorial plane. From the above expressions we see that M is the total mass
of the body, a represents the specific angular momentum, and q is related to
the deviation from spherical symmetry. All higher multipole moments can
be shown to depend only on the parameters M, a, and q.

We analyzed the geometric and physical properties of the above solution.
The special cases contained in the general solution suggest that it can be used
to describe the exterior asymptotically flat gravitational field of rotating body
with arbitrary quadrupole moment. This is confirmed by the analysis of the
motion of particles on the equatorial plane. The quadrupole moment turns
out to drastically change the geometric structure of spacetime as well as the
motion of particles, especially near the gravitational source.

We investigated in detail the properties of the Quevedo-Mashhoon (QM)
spacetime which is a generalization of Kerr spacetime, including an arbitrary
quadrupole. Our results show [20] that a deviation from spherical symme-
try, corresponding to a non-zero electric quadrupole, completely changes the
structure of spacetime. A similar behavior has been found in the case of the
Erez-Rosen spacetime. In fact, a naked singularity appears that affects the
ergosphere and introduces regions where closed timelike curves are allowed.
Whereas in the Kerr spacetime the ergosphere corresponds to the boundary
of a simply-connected region of spacetime, in the present case the ergosphere
is distorted by the presence of the quadrupole and can even become trans-
formed into non simply-connected regions. All these changes occur near the
naked singularity which is situated at x = 1, a value that corresponds to the

radial distance r = M +
√

M2 − a2 in Boyer-Lindquist coordinates. In the
limiting case a/M > 1, the multipole moments and the metric become com-
plex, indicating that the physical description breaks down. Consequently,
the extreme Kerr black hole represents the limit of applicability of the QM
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spacetime.
Since standard astrophysical objects satisfy the condition a/M < 1, we

can conclude that the QM metric can be used to describe their exterior grav-
itational field. Two alternative situations are possible. If the characteristic

radius of the body is greater than the critical distance M +
√

M2 − a2, i.e.
x > 1, the exterior solution must be matched with an interior solution in or-
der to describe the entire spacetime. If, however, the characteristic radius of

the body is smaller than the critical distance M +
√

M2 − a2, the QM metric
describes the field of a naked singularity.

The presence of a quadrupole and higher multipole moments leads to in-
teresting consequences in the motion of test particles. In several works to
be presented below, the For instance, repulsive effects can take place in a
region very closed to the naked singularity. In that region stable circular or-
bits can exist. The limiting case of static particle is also allowed. Due to the
complexity of the above solution, the investigation of naked singularities can
be performed only numerically. To illustrate the effects of repulsive grav-
ity analytically, we used the simplest possible case which corresponds to the
Reissner-Nordströn spacetime.
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6 Static and slowly rotating stars

in the weak-field approximation

6.1 Introduction

In physics, rotation may introduce many changes in the structure of any sys-
tem. In the case of celestial objects such as stars and planets, rotation plays a
crucial role. Rotation does not only change the shape of the celestial objects
but also influences the processes occurring inside stars, i.e., it may accelerate
or decelerate thermonuclear reactions under certain conditions, it changes
the gravitational field outside the objects and it is one of the main factors that
defines the lifespan of all stars (giant stars, main sequence, white dwarfs,
neutron stars, etc.) [61, 62, 63].

For instance, let us consider a white dwarf. A non-rotating white dwarf
has a limiting mass of 1.44M⊙ which is well-known as the Chandrasekhar
limit [64]. The central density and pressure corresponding to this limit define
the evolution of white dwarfs. If the white dwarf rotates, then due to the
centrifugal forces the central density and pressure decrease [65]. In order
to recover the initial values of the central density and pressure of a rotating
star one needs to add extra mass. Here we see that a rotating star with the
same values for central density and pressure as those of a non-rotating star
possesses a larger mass [66].

In this work, we derive the equations describing the equilibrium configu-
rations of slowly rotating stars within Hartle’s formalism [67]. When solving
this kind of problems in celestial mechanics, astronomy and astrophysics, it
is convenient to consider the internal structure of stars and planets as being
described by a fluid. In the case of slow rotation, we derive equations that
are valid for any fluid up to the second order in the angular velocity.

As a result we obtain the equations defining the main parameters of the
rotating equilibrium configuration such the mass, radius, moment of iner-
tia, gravitational potential, angular momentum and quadrupole moment as
functions of the central density and angular velocity (rotation period). In
turn, these parameters are of great importance in defining the evolution of a
star.

To pursue all these issues in detail it is necessary to determine the equilib-
rium configurations of a rotating star in classical physics. This is a problem
that presents no conceptual difficulties, but is technically complicated. In-
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6 Static and slowly rotating stars in the weak-field approximation

stead of one radial dimension as in the spherically symmetric case, one has
two or three dimensions. Instead of two ordinary differential equations to
solve, one has the equivalent of an infinite system of ordinary differential
equations-one for each coefficient of the expansion of all relevant quantities
in spherical harmonics.

If, however, the star is rotating slowly, the calculation of its equilibrium
properties is much more simpler, because then the rotation can be considered
as a small perturbation of an already-known non-rotating configuration. We
therefore will consider in this work a rotating configuration under the follow-
ing conditions:

• A one-parameter equation of state is specified, p = p(ρ), where p is
the pressure and ρ is the density of matter. In general situations, the
pressure is also a function of temperature. This restricted form of the
equation of state is appropriate when the temperature is a known func-
tion of the density inside the star. For example, this is the case when (1)
all the matter is cold at the end point of thermonuclear evolution (see
Harrison et al. 1965 [71]) or (2) when the star is in convective equilib-
rium so that changes in the state are adiabatic (see Chandrasekhar 1939
[70]).

• A non-rotating equilibrium configuration is calculated using this equa-
tion of state and the classical equation of hydrostatic equilibrium for
spherical symmetry. The distribution of pressure, energy density, and
gravitational field are thereby known.

• Axial and reflection symmetry. Attention is limited here to configu-
rations which are axially symmetric. The configuration is symmetric
about a plane perpendicular to the axis of rotation. From one’s expe-
rience with the Newtonian theory of equilibrium figures it is plausible
that both of these assumptions are really consequences of the slow ro-
tation of the configuration.

• This configuration is given a uniform angular velocity sufficiently slow
so that the changes in pressure, energy density, and gravitational field
are small. The configurations which minimize the total mass-energy
(e.g., all stable configurations) must rotate uniformly (see Hartle and
Sharp 1967 [72]).

• Slow rotation. From simple dimensional considerations this require-
ment implies

Ω2 ≪
( c

R

)2 GM

Rc2
, (6.1.1)

where Ω is the angular velocity of the star, M is the mass of the un-
perturbed configuration, R is its radius, G is the gravitational constant,
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6.2 Slowly rotating stars in Newtonian gravity

c is the speed of light. For the unperturbed configuration the factor
GM/Rc2 is less than unity [69, 68]. Consequently, the condition in Eq.
(6.1.1) also implies

RΩ ≪ c. (6.1.2)

In other words, every particle must move at non-relativistic velocities if
the perturbation of the geometry is to be small in terms of percentage.

• These small changes are considered as perturbations on the known non-
rotating solution. The field equations are expanded in powers of the
angular velocity and the perturbations are calculated by retaining only
the first- and second-order terms.

In the present work, the equations necessary to solve this problem are ob-
tained explicitly. This work is organized as follows. In Sec. 6.2, we present the
conditions under which the rotating compact object becomes a configuration
in hydrostatic equilibrium. Moreover, we show that the use of a particular
coordinate, which is especially adapted to describing the deformation due to
the rotation, together with an expansion in spherical harmonics reduces sub-
stantially the system of differential equations up to the level that they can be
integrated by quadratures. In Sec. 6.3, we derive expressions for the main
physical quantities of the rotating object. A summary of the method to be
used to find explicit numerical solutions by using our formalism is presented
in Sec. 6.4. Finally, Sec. 6.6 is devoted to the conclusions and perspectives of
our work.

6.2 Slowly rotating stars in Newtonian gravity

The theory of the equilibrium configurations of slowly rotating self-gravitating
bodies has long been known in Newtonian gravitational theory (see, e.g., Jef-
freys 1959 [73]; Chandrasekhar and Roberts 1963 [65]).

In Newtonian gravitational theory the equilibrium values of pressure p,
density ρ and gravitational potential Φ of a fluid mass rotating with a uni-
form angular velocity Ω are determined by the solution of the three equa-
tions of Newtonian hydrostatic equilibrium. These are (1) the Newtonian
field equation:

∇2Φ(r, θ) = 4πGρ(r, θ); (6.2.1)

(2) the equation of state which we have assumed to have a one-parameter
form

p = p(ρ); (6.2.2)

(3) the equation of hydrostatic equilibrium which can be summarized in the
case of uniform rotation and a one-parameter equation of state by its first
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6 Static and slowly rotating stars in the weak-field approximation

integral ∫ p

0

dp(r, θ)

ρ(r, θ)
− 1

2
Ω2r2 sin2 θ + Φ(r, θ) = const. (6.2.3)

The problem posed in Sec. 6.1 of finding the properties of a configuration
with given central density and angular velocity can be phrased as follows.

Let us suppose that a solution Φ(0), p(0), and ρ(0) of the Newtonian equations
in the absence of rotation is known. We assume that this solution is the lead-
ing term in an expansion of the solution including rotation in powers of the
angular velocity Ω. From the symmetry of the configuration under reversal
of the direction of rotation it is clear that only even powers of the angular
velocity will appear in this expansion.

The main task now is to expand the equations of Newtonian hydrostatics
in powers of Ω2. The solution to the first term of the expansion is given by

Φ(0), p(0), and ρ(0). Then, it is necessary to find the equations which govern
the second-order terms. It is expected that the resulting differential equations
can be integrated in terms of the known non-rotating solution.

6.2.1 Coordinates

An important point to be considered is the choice of the coordinate system
in which the expansions in powers of Ω are carried out. For example, an
expansion of the density as a function of the ordinary polar coordinates r, θ
is not valid throughout the star. Such an expansion could be valid only if the
fractional changes in density at each point in space were small. This condition
cannot be met near the surface of the star as the surface of the configuration
will be displaced from its non-rotating position and the perturbation in the
density may be finite where the unperturbed density vanishes.

To avoid this difficulty, the points of space in the rotating configuration will
not be labeled by the usual coordinates r and θ. Instead, two coordinates R
and Θ defined as follows will be used: Consider a point inside the rotating
configuration. This point lies on a certain surface of constant density. Ask for
the radius of the surface in the non-rotating configuration which has precisely
the same constant density. This radius is defined to be the coordinate R. The
coordinate Θ is defined to be identical to the usual polar angle θ. These def-
initions are given pictorially in Fig. 6.1 and mathematically by the following
equations:

Θ = θ, ρ[r(R, Θ), Θ] = ρ(R) = ρ(0)(R). (6.2.4)

The function r(R, Θ) then replaces the density as a function to be calculated in
the rotating configuration. The expansion of r(R, Θ) in powers of the angular
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6.2 Slowly rotating stars in Newtonian gravity

W(a)

(b)

Θ=Q r

R

Ξ

Figure 6.1: Definition of the coordinates R, Θ, and the displacement ξ. The surface (a) is

the surface of constant density ρ(R) in the non-rotating configuration. The surface (b) is the

surface of constant density ρ(R) in the rotating configuration.

velocity will be written as

r = R + ξ + O(Ω4) (6.2.5)

The quantity ξ = ξ(R, Θ) ∼ Ω2 is the difference of the radial coordinate,
r, between a point located at the polar angle Θ on the surface of constant
density ρ(R) in the rotating configuration, and the point located at the same
polar angle on the surface of the same constant density in the non-rotating
configuration (see Fig. 6.1).

For small angular velocities, the fractional displacement of the surface of
constant density due to the rotation is small at the surface and in the middle
of the star,

ξ(R, Θ)/R ≪ 1 . (6.2.6)

The displacement will also be small at the center of the star if the rotating
configuration is chosen to have the same central density as the non-rotating
configuration so that ξ vanishes at R = 0. We are always free to consider the
rotating configuration as a perturbation on a non-rotating configuration of
the same central density so that the condition (6.2.6) can be satisfied through-
out the star.

In the R, Θ coordinate system, the two functions which characterize the
rotating star are r(R, Θ) and the gravitational potential Φ(R, Θ). The density
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6 Static and slowly rotating stars in the weak-field approximation

and pressure are known functions of R

ρ[r(R, Θ), Θ] = ρ(R) = ρ(0)(R), (6.2.7)

p[r(R, Θ), Θ] = p(R) = p(0)(R) (6.2.8)

related by the one-parametric equation of state.

6.2.2 Spherical harmonics

The expansion of r in terms of Ω2 is given by equation (6.2.5) and the expan-
sion of Φ can be represented as

Φ(R, Θ) ≈ Φ(0)(R) + Φ(2)(R, Θ) + O(Ω4), (6.2.9)

Φ(r, θ) = Φ(R + ξ, Θ) ≈ Φ(R, Θ) + ξ
dΦ(R, Θ)

dR
+ O(Ω4)

≈ Φ(0)(R) + ξ
dΦ(0)(R)

dR
+ Φ(2)(R, Θ) + O(Ω4).

These expansions are to be inserted in equations (6.2.1) and (6.2.3) written in
the coordinates R, Θ with only terms of order Ω2 retained. It turns out that

the calculation of ξ and Φ(2) from the resulting equations becomes greatly
simplified if these functions are first expanded in spherical harmonics, i.e.,

ξ(R, Θ) =
∞

∑
l=0

ξl(R)Pl(cos Θ), (6.2.10)

Φ(2)(R, Θ) =
∞

∑
l=0

Φ
(2)
l (R)Pl(cos Θ), (6.2.11)

Φ(2)(R, Θ) ∼ Ω2, (6.2.12)

where Pl(cos Θ) are the Legendre polynomials. If the polar axis is taken to
be the axis of rotation, the reflection symmetry of the configuration implies
that only spherical harmonics of even order will appear in the above expan-
sions. The three conditions of Newtonian hydrostatic equilibrium determine

the equations governing the unknown functions ξl(R) and Φ
(2)
l (R).

When the expansions contained in equations (6.2.5), (6.2.9), and (6.2.10) are
substituted into the integral of the equation of hydrostatic equilibrium (6.2.3),
only those terms corresponding to the values of l = 0, 2 are found to contain
the angular velocity Ω. This is so because the centrifugal potential term in
equation (6.2.3) has the angular dependence sin2 Θ which can be written in
terms of Legendre polynomials with l = 0, 2. The Newtonian field equation,
when expanded in this way, couples together only quantities with the same
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6.2 Slowly rotating stars in Newtonian gravity

value of l. The equations for ξl(R), Φ
(2)
l (R), with l ≥ 4 are thus independent

of Ω and their solution is

ξl = 0, Φ2
l = 0, l ≥ 4. (6.2.13)

There remain only the quantities with l = 0 and l = 2 to be determined. This
reduction in the number of l−values from infinity to 2 is the central simpli-
fication of the slow rotation approximation. Instead of a system of partial
differential equations, one now only has ordinary differential equations for

the four unknown functions Φ
(2)
0 (R), Φ

(2)
2 (R), ξ0(R), and ξ2(R).

Now let us perform the above-mentioned computations in detail. Using
the expressions for the Legendre polynomials P0(cos Θ) = 1 and P2(cos Θ) =
1
2(3 cos2 Θ − 1), it is easy to show that

sin2 Θ =
2

3
[P0(cos Θ)− P2(cos Θ)], (6.2.14)

From here we see that l accepts only two values 0 and 2. Rewriting the con-
dition of hydrostatic equilibrium (6.2.3) in coordinates (R, Θ) and expanding
it in spherical harmonics we obtain

∫ p

0

dp(0)(R)

ρ(R)
− 1

3
Ω2R2[P0(cos Θ)− P2(cos Θ)] + Φ(0)(R) (6.2.15)

+
n

∑
l=0

Φ
(2)
l (R)Pl(cos Θ) +

n

∑
l=0

ξl(R)Pl(cos Θ)
dΦ(0)(R)

dR
= const

We now collect the terms proportional to ∼ Ω0 and Ω2 with l = 0, 2 and
obtain: ∫ p

0

dp(0)(R)

ρ(R)
+ Φ(0)(R) = const, (6.2.16)

−1

3
Ω2R2 + Φ

(2)
0 (R) + ξ0(R)

dΦ(0)(R)

dR
= 0, (6.2.17)

1

3
Ω2R2 + Φ

(2)
2 (R) + ξ2(R)

dΦ(0)(R)

dR
= 0. (6.2.18)

The first of the above equations corresponds to the Newtonian hydrostatic
equation for a static configuration.
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6 Static and slowly rotating stars in the weak-field approximation

Using the same procedure, the Newtonian field equation becomes

∇2Φ(r, θ) =
1

r2

∂

∂r

(
r2 ∂Φ(r, θ)

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂Φ(r, θ)

∂θ

)
(6.2.19)

= ∇2
r Φ(r, θ) +

1

r2
∇2

θΦ(r, θ) ≈ ∇2
r Φ(0)(r) +∇2

r Φ
(2)
0 (r)

+∇2
r Φ

(2)
2 (r)P2(cos θ) +

1

r2
∇2

θΦ
(2)
2 (r)P2(cos θ) = 4πGρ(r, θ).

Since the functions Φ
(2)
0 and Φ

(2)
2 are already proportional to Ω2 we can di-

rectly write them in (R, Θ) coordinates. However ∇2
r Φ(0)(r) ≈ ∇2

RΦ(0)(R) +

ξ(R, Θ) d
dR∇2

RΦ(0)(R). Thus

∇2Φ(r, θ) = ∇2
RΦ(0)(R) + ξ(R, Θ)

d

dR
∇2

RΦ(0)(R) (6.2.20)

+∇2
RΦ

(2)
0 (R) +∇2

RΦ
(2)
2 (R)P2(cos Θ) +

1

R2
∇2

ΘΦ
(2)
2 (R)P2(cos Θ) = 4πGρ(R).

Taking into account that ξ(R, Θ) = ξ0(R) + ξ2(R)P2(cos Θ) and collecting the
corresponding terms, we obtain the Newtonian field equations of both static
and rotating configurations:

∇2
RΦ(0)(R) = 4πGρ(R), (6.2.21)

ξ0(R)
d

dR
∇2

RΦ(0)(R) +∇2
RΦ

(2)
0 (R) = 0, (6.2.22)

ξ2(R)
d

dR
∇2

RΦ(0)(R) +∇2
RΦ

(2)
2 (R)− 6

R2
Φ

(2)
2 (R) = 0. (6.2.23)

Two problems of major interest are to determine (1) the relation between
mass and central density for a rotating star, and (2) the shape of the star.

The differential equations for Φ
(2)
0 (R), Φ

(2)
2 (R), ξ0(R), and ξ2(R), which will

completely determine the equilibrium configuration, will now be given in
forms suitable for solving these problems.

6.3 Physical properties of the model

The above description of the rotating equilibrium configuration allows us to
derive all the main quantities that are necessary for establishing the physical
significance and determining the physical properties of the rotating source.
In this section, we will derive all the equations that must be solved in order
to find the values of all the relevant quantities.
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6.3 Physical properties of the model

6.3.1 Mass and Central Density

The relation between mass and central density may be determined from the
l = 0 equations alone. The mass can be found from the term in Φ which is
proportional to 1/r at large distances from the source. All components except
l = 0 vanish more strongly than 1/r. Similarly, near the origin all components
of the density except l = 0 vanish, so only the l = 0 component contributes
to the central density.

The total mass of the rotating configuration is given by the integral of the
density over the volume,

Mtot =
∫

V
ρ(r, θ)dV =

∫

V
ρ(r, θ)r2dr sin θdθdφ .

To proceed with the computation of the integral, we use the relationship

r2dr = (R + ξ)2(dR + dξ) ≈ R2

(
1 +

2ξ

R

)(
1 +

dξ

dR

)
dR (6.3.1)

=

(
1 +

2ξ

R
+

dξ

dR

)
R2dR , (6.3.2)

wich implies that

Mtot =
∫

V
ρ(R)R2dR sin ΘdΘdφ (6.3.3)

+
∫

V
ρ(R)R2

(
2ξ(R, Θ)

R
+

dξ(R, Θ)

dR

)
dR sin ΘdΘdφ .

Performing the integration within the range of angles 0 < Θ < π and
0 < φ < 2π and using the identities

∫ π

0
sin ΘdΘ = 2, (6.3.4)

∫ π

0
P2(cos Θ) sin ΘdΘ = 0 , (6.3.5)

one finds that the change in mass M(2) of the rotating configuration from the
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6 Static and slowly rotating stars in the weak-field approximation

non-rotating one can be written as

Mtot(R) = M(0)(R) + M(2)(R), (6.3.6)

M(0)(R) = 4π
∫ R

0
ρ(R)R2dR, (6.3.7)

M(2)(R) = 4π
∫ R

0
ρ(R)R2

(
2ξ0(R)

R
+

dξ0(R)

dR

)
dR (6.3.8)

= 4π
∫ R

0

(
−ξ0(R)

dρ(R)

dR

)
R2dR . (6.3.9)

Here we have used the following expressions that follow from the field equa-
tions and definitions of the masses

∇2Φ(0)(R) = 4πGρ(R), (6.3.10)

d

dR
∇2Φ(0)(R) = 4πG

dρ(R)

dR
, (6.3.11)

dM(0)(R)

dR
= 4πR2ρ(R), (6.3.12)

dM(2)(R)

dR
= 4π

(
−ξ0(R)

dρ(R)

dR

)
R2 . (6.3.13)

Using the condition that Φ(0)(R), Φ
(2)
0 (R) → const, as R → 0, and taking

into account (6.2.22) the masses of both configurations can be expressed as

GM(0)(R)

R2
=

dΦ(0)(R)

dR
, (6.3.14)

GM(2)(R)

R2
=

dΦ
(2)
0 (R)

dR
. (6.3.15)

It is convenient to display the l = 0 equation in a form in which it resembles
the equation of hydrostatic equilibrium. To do this, we define

p∗0(R) = ξ0(R)
dΦ(0)(R)

dR
. (6.3.16)

Moreover, taking derivative of (6.2.17), we obtain

−dp∗0(R)

dR
+

2

3
Ω2R =

GM(2)(R)

R2
. (6.3.17)

The above equation along with

dM(2)(R)

dR
= 4πR2ρ(R)

dρ(R)

dp
p∗0(R), (6.3.18)
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show the balance between the pressure, centrifugal, and gravitational forces
per unit mass in the rotating star. The latter expression was obtained by using
(6.2.16).

To calculate the relation between mass and central density for the rotating
star we now proceeds as follows: (1) Select a value for the central density. Cal-
culate the non-rotating configuration with this central density. (2) Integrate
equations (6.3.17) and (6.3.18) outward from the origin, using the boundary
condition which guarantees that the central density of the rotating configura-
tion will have the same value,

p∗0 → 1

3
Ω2R2, R → 0 . (6.3.19)

(3) The value of M(2)(R) at the radius of the unperturbed star gives the
change in mass of the rotating star over its non-rotating value for the same
central density.

6.3.2 The Shape of the Star and Numerical Integration

The calculation of the shape of the rotating star involves the l = 2 equations
as well as those with l = 0. If the surface of the non-rotating star has radius
a, then equations (6.2.5) and (6.2.10) show that the equation for the surface of
the rotating star has the form

r(a, Θ) = a + ξ0(a) + ξ2(a)P2(Θ). (6.3.20)

The value of ξ0(a) is already determined in the l = 0 calculation

ξ0(a) =
a2

GM
p∗0(a), (6.3.21)

where M = M(0)(a) is the mass of the non-rotating configuration. However,
the determination of ξ2(R) from l = 2 equations is not straightforward. So
far, we have the l = 2 equations (6.2.18) and (6.2.23) representing the hy-
drostatic equilibrium and the field equation, respectively. From (6.2.18) we
obtain the expression

ξ2(R) = − R2

GM(R)

{
1

3
Ω2R2 + Φ

(2)
2 (R)

}
, (6.3.22)

which we insert into (6.2.23) and get

∇2
RΦ

(2)
2 (R)− 6

R2
Φ

(2)
2 (R) =

4πR2

M(R)

{
1

3
Ω2R2 + Φ

(2)
2 (R)

}
dρ(R)

dR
, (6.3.23)
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where M(R) = M(0)(R) denotes the non-rotating mass. In order to solve
the latter equation numerically, one needs to rewrite it as first-order linear

differential equations. To this end, we introduce new functions ϕ = Φ
(2)
2 and

χ so that Eq. (6.3.23) generates the system

dχ(R)

dR
= −2GM(R)

R2
ϕ(R) +

8π

3
Ω2R3Gρ(R), (6.3.24)

dϕ(R)

dR
=

(
4πR2ρ(R)

M(R)
− 2

R

)
ϕ(R)− 2χ(R)

GM(R)
(6.3.25)

+
4π

3M(R)
ρ(R)Ω2R4. (6.3.26)

The above equations can be solved by quadratures. The computation of
the solution can be performed numerically by integrating outward from the
origin. At the origin the solution must be regular. An examination of the
equations shows that, as R → 0,

ϕ(R) → AR2, χ(R) → BR4, (6.3.27)

where A and B are any constants related by

B +
2π

3
Gρc A =

2π

3
GρcΩ2 (6.3.28)

and ρc is the value of the density on the center of the star. The remaining con-
stant in the solution is determined by the boundary condition that ϕ(R) → 0
at large values of R. The constant is thus determined by matching the interior
solution with the exterior solution which satisfies this boundary condition.

In the exterior region, the solutions of the equations (6.3.24) and (6.3.26) are

ϕex(R) =
K1

R3
, χex(R) =

K1GM(0)

2R4
. (6.3.29)

The interior solution to the equations (6.3.24) and (6.3.26) may be written as
the sum of a particular solution and a homogeneous solution. The particu-
lar solution may be obtained by integrating the equations outward from the
center with any values of A and B which satisfy (6.3.28). The homogeneous
solution is then obtained by integrating the equations

dχh(R)

dR
= −2GM(R)

R2
ϕh(R), (6.3.30)

dϕh(R)

dR
=

(
4πR2ρ(R)

M(R)
− 2

R

)
ϕh(R)− 2χh(R)

GM(R)
, (6.3.31)
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with A and B related now by

B +
2π

3
Gρc A = 0 (6.3.32)

The general solution may then be written as

ϕin(R) = ϕp(R) + K2ϕh(R), χin(R) = χp(R) + K2χh(R). (6.3.33)

By matching (6.3.29) and (6.3.33) at R = a, the constants K1 and K2 can be
determined. Thus, ϕin(R) is determined and ξ2(R) can be easily calculated
from

ξ2(R) = − R2

GM(R)

{
1

3
Ω2R2 + Φ

(2)
2(in)

(R)

}
. (6.3.34)

6.3.3 Ellipticity

The quantity defined by

ǫ(R) = − 3

2R
ξ2(R), (6.3.35)

is the ellipticity of the surface of constant density labeled by R. We use this

expression and (6.3.22), and eliminate Φ
(2)
2 from (6.3.23), to obtain the follow-

ing equation for ǫ(R):

M(R)

R

d2ǫ(R)

dR2
+

2

R

dM(R)

dR

dǫ(R)

dR
+

2dM(R)

dR

ǫ(R)

R2
− 6M(R)ǫ(R)

R3
= 0,

(6.3.36)
or equivalently in a compact form

d

dR

1

R4

d

dR

[
ǫ(R)M(R)R2

]
= 4πǫ(R)

dρ(R)

dR
. (6.3.37)

This equation is equivalent to Clairaut’s equation. Here both M(R) and ρ(R)
are known functions of R. The ellipticity must be regular at small values
of R, and equation (6.3.37) shows that it approaches a constant at R = 0.
With this boundary condition, equation (6.3.37) may be integrated to find
the shape of ǫ(R). To find the magnitude of ǫ(R) one needs to use (6.3.34).
The procedure for considering the boundary condition at the surface given
in the previous section, together with the condition of regularity at the origin
and the differential equation (6.3.37), uniquely determine the ellipticity of the
surfaces of constant density as a function of the coordinate R.

699



6 Static and slowly rotating stars in the weak-field approximation

6.3.4 Quadrupole Moment

The Newtonian potential Φ(R, Θ) outside the star will be written as before as
(see Eq.(6.2.9))

Φ(R, Θ) = Φ(0)(R) + Φ
(2)
0 (R) + Φ

(2)
2 (R)P2(cos Θ), (6.3.38)

where

Φ(0)(R) = −GM(0)

R
, (6.3.39)

Φ
(2)
0 (R) = −GM(2)

R
, (6.3.40)

Φ
(2)
2 (R) =

K1

R3
. (6.3.41)

In view of (6.3.6), equation (6.3.38) can be written as follows

Φ(R, Θ) = −GMtot

R
+

K1

R3
P2(cos Θ), (6.3.42)

It follows that the constant K1 determines the mass quadrupole moment
Q of the star as K1 = GQ. For a vanishing K1 we recover the non-rotating
configuration. Moreover, according to Hartle’s definition Q > 0 represents
an oblate object and Q < 0 corresponds to a prolate object.

6.3.5 Moment of Inertia

Similarly to the total mass of the star, the total moment of inertia can be cal-
culated as

Itot =
∫

V
ρ(r, θ)(r sin θ)2dV =

∫

V
ρ(r, θ)r4dr sin3 θdθdφ . (6.3.43)

Using the definition of the radial coordinate r, we find the expression

r4dr = (R + ξ)4(dR + dξ) ≈ R4

(
1 +

4ξ

R

)(
1 +

dξ

dR

)
dR (6.3.44)

=

(
1 +

4ξ

R
+

dξ

dR

)
R4dR , (6.3.45)
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which allows us to rewrite the moment of inertia as

Itot =
∫

V
ρ(R)R4dR sin3 ΘdΘdφ (6.3.46)

+
∫

V
ρ(R)R4

(
4ξ(R, Θ)

R
+

dξ(R, Θ)

dR

)
dR sin3 ΘdΘdφ .

Performing the integration within the range 0 < Θ < π and 0 < φ < 2π,
we obtain

Itot(R) = I(0)(R) + I(2)(R), (6.3.47)

I(0)(R) =
8π

3

∫ R

0
ρ(R)R4dR,

I(2)(R) =
8π

3

∫ R

0
ρ(R)R4

(
dξ0

dR
− 1

5

dξ2

dR
+

4

R

[
ξ0 −

1

5
ξ2

])
dR

=
8π

3

∫ R

0

([
1

5
ξ2(R)− ξ0(R)

]
dρ

dR

)
R4dR,

where we have used the integrals

∫ π

0
sin3 ΘdΘ =

4

3
, (6.3.48)

∫ π

0
P2(cos Θ) sin3 ΘdΘ = − 4

15
. (6.3.49)

In the corresponding limit, our results coincide with the definition of the
moment of inertia for slowly rotating relativistic stars as given in [74]. Notice
that, knowing the value of the moment of inertia, one can easily calculate the
total angular momentum of the rotating stars

Jtot = J(0) + J(2), (6.3.50)

where J(0) = I(0)Ω is the angular momentum of the spherical configuration

and J(2) = I(2)Ω is the change of the angular momentum due to rotation and
deformation.

6.4 Summary

Our results show that it is possible to write explicitly all the differential equa-
tions that determine the behavior of a slowly rotating compact object. For a
better presentation of the results obtained in preceding sections, we summa-
rize the steps that must be followed to integrate the resulting equations.
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6 Static and slowly rotating stars in the weak-field approximation

6.4.1 The static case

To determine the relation between mass and central density, one must pro-
ceed as follows. (1) Specify the equation of state p = p(ρ) (polytrope, tab-
ulated, etc.). (2) Choose the value of the central density ρ(R = 0) = ρc.
Calculate the mass and pressure from the Newtonian field equation and the
equation of hydrostatic equilibrium with the regularity condition at the cen-

ter M(0)(R = 0) = 0





dM(0)(R)
dR = 4πR2ρ(R),

dp(0)(R)
dR = −ρ(R)GM(0)(R)

R2 .
(6.4.1)

The gravitational potential of the non-rotating star is obtained as

dΦ(0)(R)

dR
=

GM(0)(R)

R2
= − 1

ρ(R)

dp(0)(R)

dR
. (6.4.2)

On the surface, the pressure must vanish p(0)(R = a) = 0.

6.4.2 The rotating case: l = 0 Equations

Select the value of the angular velocity of the star. For instance, take as a test
value

Ω =

√
GM(0)(a)

a3
(6.4.3)

Integrate the coupled equations





dp∗0(R)
dR = 2

3 Ω2R − GM(2)(R)
R2 ,

dM(2)(R)
dR = 4πR2ρ(R) dρ(R)

dR p∗0(R),
(6.4.4)

out from the origin with boundary conditions

p∗0(R) → 1

3
Ω2R2, M(2)(R) → 0. (6.4.5)

These boundary conditions guarantee that the central density of the rotating
and non-rotating configurations are the same.
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6.4.3 The rotating case: l = 2 Equations

Particular Solution

Integrate the equations





dχ(R)
dR = − 2GM(R)

R2 ϕ(R) + 8π
3 Ω2R3Gρ(R)

dϕ(R)
dR =

(
4πR2ρ(R)

M(R)
− 2

R

)
ϕ(R)− 2χ(R)

GM(R)
+ 4π

3M(R)
ρΩ2R4

outward from the center with arbitrary initial conditions satisfying the equa-
tions

ϕ(R) → AR2, χ(R) → BR4, B +
2π

3
Gρc A =

2π

3
GρcΩ2, (6.4.6)

where A and B are arbitrary constants. Set, for instance, A = 1 and define
B from the above algebraic equation. This determines a particular solution
ϕp(R) and χp(R).

Homogeneous Solution

Integrate the homogeneous equations





dχh(R)
dR = − 2GM(R)

R2 ϕh(R)
dϕh(R)

dR =
(

4πR2ρ(R)
M(R)

− 2
R

)
ϕh(R)− 2χh(R)

GM(R)

outward from the center with arbitrary initial conditions satisfying the equa-
tions

ϕh(R) → AR2, χh(R) → BR4, B +
2π

3
Gρc A = 0 (6.4.7)

This determines a particular solution ϕh(R) and χh(R). Thus, the interior
solution is

ϕin(R) = ϕp(R) + K2ϕh(R), χin(R) = χp(R) + K2χh(R) (6.4.8)

Matching with an Exterior Solution

The exterior solution is given as

ϕex(R) =
K1

R3
, χex(R) =

K1GM(0)

2R4
. (6.4.9)
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6 Static and slowly rotating stars in the weak-field approximation

By matching (6.4.9) and (6.4.8) at R = a,

ϕex(R = a) = ϕin(R = a), χex(R = a) = χin(R = a) , (6.4.10)

the constants K1 and K2 can be obtained.
The surface of the rotating configuration is described by the the polar rp

and equatorial re radii that are determined from the relationships

r(a, Θ) = a + ξ0(a) + ξ2(a)P2(Θ), (6.4.11)

rp = r(a, 0) = a + ξ0(a) + ξ2(a), (6.4.12)

re = r(a, π/2) = a + ξ0(a)− ξ2(a)/2 . (6.4.13)

In addition, the eccentricity is defined as

eccentricity =

√

1 −
r2

p

r2
e

(6.4.14)

and determines completely the matching surface.

6.5 An example: White dwarfs

In this section, we study an example of the formalism presented in the pre-
ceding sections to test the applicability of the method. To appreciate the va-
lidity of our results, we consider a very realistic case, namely, white dwarfs
whose equation of state at zero temperature is given by the Chandrasekhar
relationships [75]

ρ =
32

3

(
me

mn

)3

Kn

(
Ā

Z

)
x3,

P =
4

3

(
me

mn

)4

Kn

[
x(2x2 − 3)

√
1 + x2 + 3 ln(x +

√
1 + x2)

]
. (6.5.1)

This means that the energy density is determined by the nuclei, while the
pressure is determined by the degenerate electronic gas. Here Ā and Z are
the average atomic weight and atomic number of the corresponding nuclei;
Kn = (m4

nc5)/(32π2h3) and x = pe/(mec) with pe, me, mn, and h being the
Fermi momentum, the mass of the electron, the mass of the nucleon and the
Planck constant, respectively. Here we consider the particular case Ā/Z = 2.
The behavior of the above equation of state is illustrated in Fig. 6.2 for the
case of a degenerate electronic gas. Although the Chandrasekhar equation
of state has been derived upon the basis of a phenomenological, physical
approach, we see that it can be modeled with certain accuracy by means of a
polytropic equation of state P ∝ ρα with α = const.
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Figure 6.2: Pressure versus density for the Chandrasekhar equation of state.
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Figure 6.3: Total mass and central density relation obtained from the Chandrasekhar equa-

tion of state.

In Fig. 6.3, we plot the behavior of the total mass as a function of the central
density for a vanishing and a test angular velocity. It is clear that for a given
central density the value of the total mass is larger in the case of a rotating ob-
ject than for a static body. This is in accordance with the physical expectations
based upon other alternative studies [76, 77, 78, 79, 80]. A similar behavior
takes place when we explore the mass as a function of the equatorial radius,
as shown in Fig. 6.4.

The relationship between the central density and the equatorial radius is
illustrated in Fig. 6.5. As expected, the equatorial radius diminishes as the
density increases, and it is larger in the case of a rotating body. In the limit of
vanishing angular velocity, the equatorial radius approaches the value of the
static radius a.

The moment of inertia depends also on the central density and on the value
of the angular velocity, as illustrated in Fig. 6.6. For each value of the an-
gular velocity, there is particular value of the central density at which the
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Figure 6.4: Total mass and equatorial radius relation for Chandrasekhar equation of state.
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Figure 6.5: Equatorial radius versus central density. Note that Ω → 0 as re → a.
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Figure 6.6: Total moment of inertia versus central density.
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Figure 6.7: Mass quadrupole moment versus central density.

moment of inertia acquires a maximum. The value of the moment of iner-
tia at the maxima increases as the angular velocity increases. For very large
values of the central density, the moment of inertia turns out to be prac-
tically independent of the value of the angular velocity. Notice, however,
that this happens for values closed to or larger than 1011g/cm3 which should
be considered as unphysical because they are larger than the critical value
ρc ∼ 1.39× 1011g/cm3 at which the equation of state under consideration can
no longer be applied. Nevertheless, we are considering in all our plots the
interval (105 − 1011)g/cm3 for the sake of generality.

Finally, in Figs. 6.7 and 6.8 we plot the quantities which determine the
shape of the surface where the interior solution is matched with the exterior
one, namely, the quadrupole moment and the eccentricity. Obviously, both
quantities vanish in the limiting case of vanishing rotation. The quadrupole
possesses a maximum at a certain value of the central density which coincides
with the position of the maximum of the moment of inertia.

Notice that in all the plots, the selected values for the central mass and
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Figure 6.8: Eccentricity versus central density of rotating configurations.

the equatorial radius are in accordance with the expected values for white
dwarfs. We conclude that the results obtained from the numerical integration
of the differential equations derived above are consistent with the physical
expectations, in the region of applicability of the formalism.

6.6 Conclusions

In the present work, we have developed a formalism to describe in Newto-
nian gravity the structure of rotating compact objects under the condition of
hydrostatic equilibrium. We use a particular set of polar coordinates that is
especially constructed to take into account the deformation of the source un-
der rotation. Moreover, we use an expansion in terms of spherical harmonics
and consider all the equations only up to the second order in the angular
velocity. The main point is that these assumptions allow us to reduce the
problem to a system of ordinary differential equations, instead of partial dif-
ferential equations. As a consequence, we derive all the equations explicitly
and show how to perform their numerical integration. Numerical solutions
for particular equations of state and the analysis of the stability of the result-
ing configurations will be discussed in a subsequent work.

In addition, the formalism developed here allows us to find explicit ex-
pressions for the main physical quantities that determine the properties of
the rotating configuration. In particular, we derived the equation which de-
termines the relation between mass and central density, and showed that it
takes the form of an equation of hydrostatic equilibrium. It enforces the bal-
ance of pressure, gravitational, and centrifugal forces correctly to order Ω2.
In this approximation, the surfaces of constant density are spheroids whose
ellipticity varies from zero at the center of the star up to the values which
describe the shape of the star at the surface. The ellipticity, as a function of
the radius, turns out to be determined by the Clairaut’s differential equa-
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tion. The equations which determine the relation between mass and central
density and those which determine the ellipticity are systems of ordinary,
first-order linear differential equations whose solution may be obtained by
numerical integration. Finally, we also derived analytic expressions for the
quadrupole moment and moment of inertia of the source.

We have tested the formalism developed here by using the Chandrasekhar
equation of state for white dwarfs. All the derived physical quantities are in
accordance with the observed values. This result reinforces the validity of the
assumptions and approximations applied in this work to formulate a method
that takes into account the rotation in the context of hydrostatic equilibrium
in Newtonian gravity.
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7 Properties of the ergoregion in

the Kerr spacetime

7.1 Introduction

Black holes are very probably the central engines of quasars, active galactic
nuclei, and gamma ray bursts. Consequently, the mechanism by which en-
ergy is extracted from them is of great astrophysical interest. While the exact
form of this mechanism is not known, it seems that the effects occurring in-
side the ergoregion of black holes are essential for understanding the central
engine mechanism [21, 22]. It is therefore very important to study all the
physical properties of the ergoregion.

In astrophysics, it is particularly interesting to study the general features
of the motion of test particles moving along circular orbits around the central
source. In fact, one can imagine a thin disk made only of test particles as a hy-
pothetical accretion disk of matter surrounding the central source. Although
this is a very idealized model for an accretion disk, one can nevertheless ex-
tract some valuable information about the dynamics of particles in the corre-
sponding gravitational field and the amount of energy that can be released by
matter when falling into the central mass distribution [23] and [24, 25, 26, 27],
with the equatorial circular geodesics being then relevant for the Keplerian
accretion disks. In addition, recently we formulated the question about the
geometric structure of such an idealized accretion disk and how it can depend
on the values of the physical parameters that determine the gravitational
field. This is also an important issue since it could lead to physical effects
that depend on the structure of the accretion disk, with the corresponding
possible observational consequences. Indeed, in a series of previous studies
[? 29, 33, 47, 58], it was established that the motion of test particles on the
equatorial plane of black hole spacetimes can be used to derive information
about the structure of the central source of gravitation (see also discussions
in [28, 30, 31] and [32]). In [29] and [58], we discussed some of the character-
istics of the circular motion, both in the Kerr and Kerr-Newman spacetimes
for black holes and naked singularities. Typical effects of repulsive gravity
emerged in the naked singularity ergoregion. In this work, we clarify and
deepen those results, providing a classification of attractor sources on the ba-
sis of the properties of this type of dynamics (see also [34, 30, 35] and [36, 37]).
It is the main aim of the present work to analyze the circular motion of test
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particles in the equatorial plane of the Kerr spacetime. In particular, we will
investigate in detail the differences that appear when the central source is a
black hole or a naked singularity.

One of the main features of the ergoregion is that test particles must rotate
together with the central source, an effect known as frame dragging. How-
ever, there is an increasing interest in the properties of the matter dynamics
in the ergoregion, especially as a possible source of data discriminating be-
tween black holes and super-spinning objects (see [29] and [34, 30, 35], also
[36, 37]).

This work is organized as follows. In Sec. 7.2, we present the Kerr line el-
ement and briefly discuss the main physical properties of the corresponding
spacetime. We present the effective potential that governs the dynamics of
the test particle motion on the equatorial plane, and derive the conditions for
the existence and stability of circular orbits. Our approach consists in analyz-
ing the behavior of the energy and angular momentum of the test particles
as functions of the radial distance and of the intrinsic angular momentum of
the central source, which for the sake of brevity will be often referred as the
“spin” of the source. The results are then compared with the behavior of the
effective potential. This procedure allows us to carry out a methodical and
detailed physical analysis of all the regions inside the ergoregion in which
circular motion is allowed. In Secs. 7.3 and 7.4, we apply our method to
explore all the relevant orbital regions in the case of black holes and naked
singularities, respectively. It turns out that it is necessary to introduce a classi-
fication of these spacetimes in terms of the values of the rotational parameter.
In the case of black holes, we find three different classes which are denoted as
BH-I, BH-II and BH-III, whereas for naked singularities four classes are in-
troduced and denoted by NS-I, etc. It turns out that circular orbits in extreme
black holes and circular orbits on the ergoregion surface have a particular
rich structure which is investigated in Secs. 7.5 and 7.6, respectively. In Sec.
7.7, we perform a comparison of our main results in the case of black holes
and naked singularities, emphasizing the differences in the structure of the
accretion disks. Finally, in Sec. 7.8 we discuss the results and perspectives of
our work.

7.2 General properties

The Kerr spacetime is an exact solution of Einstein’s equations in vacuum that
describes an axisymmetric, stationary (nonstatic), asymptotically flat gravita-
tional field. In Boyer–Lindquist (BL) coordinates with signature (+−−−),
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the Kerr line element has the form

ds2 = dt2 − ρ2

∆
dr2 − ρ2dθ2 − (r2 + a2) sin2 θdφ2 − 2M

ρ2
r(dt − a sin2 θdφ)2 ,

(7.2.1)
where

∆ ≡ r2 − 2Mr + a2, and ρ2 ≡ r2 + a2 cos2 θ . (7.2.2)

The redshift infinity surface and event horizons are determined respectively
by the equations gtt = 0, and grr = 0 . The corresponding solutions are
interpreted as the outer and inner ergosurfaces with

r±ǫ = M ±
√

M2 − a2cos2θ (7.2.3)

and the outer and inner horizons with

r± = M ±
√

M2 − a2 . (7.2.4)

Here M is a mass parameter and the specific angular momentum is given
as a = J/M, where J is the total angular momentum of the gravitational
source. In this work, we will consider the Kerr black hole (BH) case defined
by a ∈]0, M[, the extreme black hole source a = M, and the naked singularity
(NS) case for which a > M. The limiting case a = 0 is the Schwarzschild
solution.

7.2.1 The black hole case (0 < a < M)

In this spacetime the r-coordinate is spacelike in the intervals r ∈]0, r−[∪ r >
r+ , and timelike in the region r ∈]r−, r+[. This means that the surfaces1 of
constant r, say Σr, are timelike for ∆ > 0, spacelike for ∆ < 0 and null for
∆ = 0. Moreover, we have that

gtt > 0, for r ∈]0, r−ǫ [ ∪ ]r+ǫ , ∞[. (7.2.5)

Inside the interval r−ǫ < r < r+ǫ the metric component gtt changes its sign.
Moreover, gtt vanishes for r = r±ǫ and 0 < cos2 θ ≤ 1, and also at r = 2M for
θ = π/2. The location of these hypersurfaces is such that:

r−ǫ < r− < r+ < r+ǫ . (7.2.6)

The region r+ < r < r+ǫ , where gtt < 0, is called ergoregion. In this region
the Killing vector ξa

t = (1, 0, 0, 0) becomes spacelike, i.e., gabξa
t ξb

t = gtt < 0.
This fact implies in particular that a static observer, i.e. an observer with four
velocity proportional to ξa

t so that θ̇ = ṙ = φ̇ = 0, (where the dot denotes

1ΣQ is the surface Q =constant for any quantity or set of quantities Q.
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the derivative with respect to the proper time τ along the curve), cannot exist
inside the ergoregion: an observer inside this region is forced to move.

7.2.2 The extreme black hole case (a = M)

In this spacetime, the horizons coincide, r− = r+ = M, and if 0 ≤ cos2 θ < 1,
then

gtt > 0 for 0 < r < r−ǫ and r > r+ǫ , (7.2.7)

while if cos2 θ = 1, i.e., on the axis,

gtt > 0 for 0 < r < M and r > M . (7.2.8)

Furthermore, the geometry of this case is such that

r−ǫ < r− = r+ < r+ǫ , for 0 ≤ cos2 θ < 1, (7.2.9)

r−ǫ = r− = r+ = r+ǫ for cos2 θ = 1. (7.2.10)

7.2.3 The naked singularity case (a > M)

In naked singularities, there are no solutions for the equation grr = 0 and the
radii r± are not real. The singularity at ρ = 0 is not covered by a horizon.
On the equatorial plane, we have that ρ = r and the spacetime singularity is
located at r = 0. However, the ergosurfaces r±ǫ are well defined and

gtt > 0 (7.2.11)

in 0 ≤ cos θ2 ≤ M2

a2
for 0 < r < r−ǫ ∪ r > r+ǫ (7.2.12)

in
M2

a2
< cos θ2 ≤ 1 for r > 0 . (7.2.13)

In particular, on the equatorial plane, where r+ǫ = 2M and r−ǫ = 0, gtt > 0 for
r > 2M.

7.2.4 The equatorial plane

Since in this work we are interested in the dynamics inside the ergoregion on
the plane θ = π/2, for the sake of completeness we mention here the main
properties of the resulting spacetime. The line element is given by

ds2 = dt2 − r2

∆
dr2 − (r2 + a2)dφ2 − 2M

r
(dt − adφ)2 , (7.2.14)

714



7.2 General properties

and the non-vanishing components of the Christoffel symbols of the first kind
are

Γttr = −Γrtt =
M2

r2
, Γtrφ = −Γrtφ =

−Ma

r2
, (7.2.15)

Γrrr =
rM(Mr − a2)

∆2
, Γrφφ = −Γφrφ =

r3 − Ma2

Mr2
, (7.2.16)

which are then used to compute the geodesics equations. Notice that in the
static limit, r → r+ǫ , all the components of the Christoffel symbols are well
behaved in this coordinate system and, consequently, the geodesics equations
are also well defined.

7.2.5 Symmetries and Killing vectors

In the investigation we will perform below, several symmetries and proper-
ties of the Kerr spacetime will be used in order to simplify the analysis. We
review here the most important aspects.

- The Kerr metric (7.2.1) is invariant under the application of any two dif-
ferent transformations: P(Q) : Q → −Q, where Q as one of the coor-

dinates (t, φ) or the metric parameter a. On the other hand, a single
transformation leads to a spacetime with an opposite rotation respect
to the unchanged metric.

- The Kerr metric is symmetric under reflection through the equatorial hy-
perplane θ = π/2. We limit ourselves to the case of equatorial trajecto-
ries because they are confined in the equatorial geodesic plane (geodesics
starting in the equatorial plane are planar) as a consequence of the re-
flection symmetry.

- Killing vectors and constant of motion: Let ua = dxa/dτ = ẋa be the tan-
gent vector to a curve xa(τ). The momentum pa = µẋa of a particle with
mass µ is normalized so that gab ẋa ẋb = −k, where k = 0, 1,−1 for null,
spacelike and timelike curves, respectively.

Since the metric is independent of φ and t, the covariant components pφ

and pt of the particle’s four-momentum are conserved along its geodesic.
Thus, we use the fact that the quantity

E ≡ −gabξa
t pb = −

(
gtt pt + gtφ pφ

)
, (7.2.17)

L ≡ gabξa
φ pb = gφφ pφ + gtφ pt . (7.2.18)

is a constant of motion, where ξt = ∂t is the Killing field representing
stationarity. In general, we may interpret E, for timelike geodesics, as
representing the total energy of the test particle for a particle coming
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7 Properties of the ergoregion in the Kerr spacetime

from radial infinity, as measured by a static observer at infinity. On
the other hand, the rotational Killing field ξφ = ∂φ yields the constant
of motion L interpreted as the angular momentum of the particle as
measured by an observer at infinity.

7.2.6 The energetic inside the Kerr ergoregion

As we have already noted, a fundamental property of the ergoregion from
the point of view of the matter and field dynamics configuration is that any
matter can be at rest (as seen by a faraway observer or, in other words, from
infinity in a BL coordinate frame) [38]. Then, the metric is no longer sta-
tionary. In this work, we will use mainly the BL coordinates for which the
following statements are valid:

- The surfaces of constant (r, θ, φ), with line element ds|Σr,θ,φ
, are spacelike

inside the ergoregion, that is, the “time” interval becomes spacelike,
and in terms of BL coordinates this means that t is spacelike. This is why
we are forced to change the coordinate system inside the ergoregion and
any motion projected into Σr,θ,φ is forbidden.

- We focus our attention on the plane θ = π/2 where r+ǫ |π/2 = r+|a=0 =
2M. We compare the dynamics in the regions ]r+, r+ǫ [ and ]0, r+|a=0 [ for
the BH and NS cases, respectively. Thus, in the static (BH) spacetime
(a = 0) the region within the interval ]0, r+|a=0 [ coincides with the zone
inside the horizon; then, no particle can stay at rest (with respect to
an observer located at infinity) neither at r =constant, i.e., any particle
is forced to fall down into the singularity. On the other hand, for the
stationary spacetimes (a 6= 0) in the region ]r+, r+ǫ [ the motion with
φ = const is not possible and all particles are forced to rotate with the
source φ̇a > 0. Nevertheless, trajectories with r = const and ṙ > 0 are
possible. Another important point is that for an observer at infinity, the
particle will reach and penetrate the surface r = r+ǫ , in general, in a
finite time t. For this reason, the ergosphere is not a surface of infinite
redshift, except for the axis of rotation where the ergosphere coincides
with the event horizon.

- Concerning the frequency of a signal emitted by a source in motion along
the boundary of the ergoregion r+ǫ , it is clear that the proper time of the
source particle is not null. This means that the observer at infinity will
see a non-zero emission frequency. In the spherical symmetric case,

however, as gtφ = 0 the proper time interval dτ =
√
|gtt|dt, goes to

zero as one approaches r = r+. Thus, on the equatorial plane as a → 0
and the geometry “smoothly” resembles the spherical symmetric case
the frequency of the emitted signals, as seen by the observer at infinity,
goes to 0.
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7.2 General properties

7.2.7 The particle’s energy and effective potential

In general, the particle’s energy can be defined in two different ways: Eτ ≡
− ∂S

∂τ and E = Et ≡ − ∂S
∂t , where S is the particle action. The energy Eτ is

defined with respect to the proper time of the particle synchronized along
the trajectory. This quantity is always positive but not conserved, in general.
Et, on the other hand, contains the derivative with respect to the universal
time and takes account of the symmetries of the stationary spacetime; it is
constant along the orbit of the time-Killing vector. This quantity, as defined in
Eq. (7.2.17), is conserved, but can be negative inside the ergoregion, where t is
no more a timelike coordinate (see, for example, [38]). From the normalization
condition of the particle four-velocity, and using θ̇ = 0, we get

gtt ṫ
2 + gφφφ̇2 + 2gφt ṫφ̇ + grr ṙ

2 = −k . (7.2.19)

Furthermore, using Eqs. (7.2.17) for a particle in circular motion, i.e. ṙ = 0,
we obtain from Eq. (7.2.19)

V± =
−gφtL ±

√(
g2

φt − gttgφφ

) (
L2 + gφφkµ2

)

gφφ
, (7.2.20)

where V±/µ is the effective potential which represents that value of E/µ
that makes r into a “turning point” (V = E/µ); in other words, it is the
value of E/µ at which the (radial) kinetic energy of the particle vanishes. The
(positive) effective potential can be written explicitly as

V ≡ V+

µ
= − β

2α
+

√
β2 − 4αγ

2α
, (7.2.21)

where [39, 40]

α ≡
(

r2 + a2
)2

− a2∆, (7.2.22)

β ≡ −2aL
(

r2 + a2 − ∆
)

, (7.2.23)

γ ≡ a2L2 −
(

M2r2 + L2
)

∆ . (7.2.24)

The behavior of the effective potential V− can be studied by using the fol-
lowing symmetry V+(L) = −V−(−L). Moreover, we note that the potential
function (7.2.21) is invariant under the mutual transformation of the param-
eters (a, L) → (−a,−L) . Therefore, we will limit our analysis to the case of
positive values of a for corotating (L > 0) and counterrotating (L < 0) orbits.

The investigation of the motion of test particles in the spacetime (7.2.1) was
thus reduced to the study of motion in the effective potential V. We will focus
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7 Properties of the ergoregion in the Kerr spacetime

on (timelike) circular orbits for which (see also [29])

ṙ = 0, V =
E

µ
,

dV

dr
= V′ = 0. (7.2.25)

We solve the condition V′ = 0 with respect to the angular momentum and
find

L±
µM

≡

∣∣∣ a2

M2 ± 2 a
M

√
r
M + r2

M2

∣∣∣
√

r2

M2

(
r
M − 3

)
∓ 2 a

M

√
r3

M3

. (7.2.26)

This means that any particle moving along a circular orbit in these spacetime
must have as an angular momentum of magnitude either L+ or L−. If we
now insert the above expression into the effective potential, we obtain the
different types of energy the test particle can have, namely,

E
(+)
± ≡ E(L±), E

(−)
± ≡ E(−L±) (7.2.27)

for corotating and counterrotating orbits, respectively. The angular momenta

±L± and energies E
(±)
± , together with the corresponding radii, determine en-

tirely the properties of the test particles moving along circular orbits. These
are the main quantities that will be used below to explore the physical prop-
erties of spacetimes describe by the Kerr metric.

7.2.8 Stability of circular orbits and notable radii

For both NS-and BH-sources, the last circular orbits are located at

r∓γ ≡ 2M

(
1 + cos

[
2 arccos

(
∓ a

M

)

3

])
, (7.2.28)

for orbits with angular momentum L = ±L±, respectively. No circular orbits
can be located at r > rγ.

For all the circular orbits we will investigate the stability properties which
are determined by the value of the second derivative of the effective potential.
In this connection, the inflection points determined by the condition

d2V

dr2
= V′′ = 0 , (7.2.29)

are of special interest since they determine the radii of the last stable circular
orbits (lsco). In the case of naked singularities, the last stable circular orbits

718



7.2 General properties

correspond to the following radii:

rNS

lsco ≡ M

(
3 − Z2 +

√
(3 − Z1)(3 + Z1 − 2Z2)

)
(7.2.30)

a/M > 1.28112 for (NS : L−), (7.2.31)

rNS-

lsco ≡ M

(
3 − Z2 −

√
(3 − Z1)(3 + Z1 − 2Z2)

)

for a/M ∈]1, 1.28112[ (NS : −L−) (7.2.32)

where Z1 ≡ 1 +
[
1 − (a/M)2

]1/3 [
(1 + a/M)1/3 + (1 − a/M)1/3

]
and Z2 ≡√

3(a/M)2 + Z2
1 (see Fig. 7.1). rNS-

lsco is the last stable circular orbit for the orbits

with L = −L− and rNS+

lsco with L = L−. In the case of black holes, we obtain

r∓lsco = M

(
3 + Z2 ∓

√
(3 − Z1)(3 + Z1 + 2Z2)

)
, (7.2.33)

r−lsco − (BH : L−), r+lsco − (BH/NS : −L+) (7.2.34)

for corotating L− and counterrotating orbits (−L+), respectively

For the investigation of the different regions inside the ergoregion where
circular orbits are allowed, it is convenient to introduce various radii as fol-
lows

r̂± ≡ 1√
6


S±

√
6
√

6a2M

S
−S2 − 6a2


 , S =

√
4a4

s1/3
+ s1/3 − 2a2,(7.2.35)

s =
(

27M2a4 − 8a6 + 3M
√

81M2a8 − 48a10
)

.

The radii r̂± are solutions of the equations V′ = 0 L = 0 (see also [29]). The
marginally bounded orbits are located at

rNS-

b ≡ 2M + a − 2
√

M
√

M + a (NS : L−) (7.2.36)

is for naked singularity: V(L−) = 1, V′(L−) = 0 and V′′(L−) < 0 this is an
unstable orbit. Then:

r±b ≡ 2M ± a + 2
√

M
√

M ± a,

r−b − (BH : L−), r+b − (BH/NS : −L+) (7.2.37)

for black hole sources with angular momentum L = L− and naked singular-
ity at L = −L+. The meaning and origin of these radii will be explained in
the sections below. In Fig. 7.2, we show the behavior of the radii in terms of
the angular momentum a. The different values of the radii and the points of
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7 Properties of the ergoregion in the Kerr spacetime

Figure 7.1: Radius of the last stable circular orbit rlsco for black holes and
naked singularities (left plot) as a function of the spin parameter a/M. The
minimum, marked with a point, corresponds to a = aµ ≡ 4

√
2/3/3M. The

right plot shows a magnified view of the naked singularity case. The special

spin value ã3 ≡ 3
√

3/4M ≈ 1.29904M is also plotted.
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7.2 General properties

Figure 7.2: Arrangement of the radii determining the properties of circular orbits around a
rotating central mass. The right plot shows the region a/M ∈ [0, 2]. The plots show the outer
horizon r+/M, the static limit r+ǫ , the last circular orbits r±γ for orbital angular momentum

∓L±, respectively, the marginally bounded orbits r±b for L = ∓L±, and rRN−
b for L = −L−,

the last stable circular orbits r±lsco for L = ∓L±, and the last stable circular orbits, in the naked

singularity case, rRN−
lsco for orbits with L = −L− and rRN

lsco for L−, and the radius of particles
“at rest” r̂± with L = 0.
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7 Properties of the ergoregion in the Kerr spacetime

intersection determine three intervals for black holes (a ≤ M) and four inter-
vals for naked singularities (a > M) in which the properties of the circular
orbits must be investigated. The intervals are characterized by different val-
ues of the parameter a as illustrated in Fig. 7.2. The analysis of circular orbits
in the region r > r+ǫ can be found in [29]. In the following subsections, we
will investigate the properties of circular orbits inside the ergosurface radius
(r < r+ǫ ). Figures 7.4 and 7.5 summarize the main results of this analysis. For
a better presentation of all the details of our results, we will now discuss each
case separately.

7.2.9 Zero-energy particles

It is convenient at this place to investigate the behavior of the potential in
terms of the parameter L since the results will be useful for the analysis of
several cases to be presented below. The effective potential is always greater
than zero for L > 0, but the case L < 0 is more complex. For L = 0, the
potential V(r; 0, a) is positive and tends to zero as the horizon is approached,
r → r+. For L < 0, the potential is negative, but it can also vanish, indicating
that particles with such an angular momentum have zero energy. We solve
the equation V(r; L, a) = 0 for arbitrary r and a and find:

L

µ
= −

√
− r∆

r − 2M
, for r < 2M. (7.2.38)

Moreover, if we solve the equation V(r; L, a) = 0 with respect to r, we find
that the set of radii rV0

of the orbits with zero energy are given by

rBH
V0

M
≡ 2

3

[
1 + κ0 cos

(
1

3
arccos

[
M2(8M4 − 9M2a2 + 18L2)

(4M4 − 3M2a2 − 3L2)
3/2

])]
, (7.2.39)

rNS
V0

M
≡ 2

3

[
1 − κ0 sin

(
1

3
arcsin

[
M2(8M4 − 9M2a2 + 18L2)

(4M4 − 3M2a2 − 3L2)
3/2

])]
, (7.2.40)

r̃NS
V0

M
≡ 2

3

[
1 − κ0 sin

(
1

6

(
π + 2 arccos

[
M2(8M4 − 9a2M2 + 18L2)

(4M4 − 3M2a2 − 3L2)
3/2

)])]
,

(7.2.41)

for a < aµ , a > M, and a ∈ [M, aµ], respectively. Here aµ ≡ 4
√

2/3/3M ≈
1.08866M and

κ0 =

√
4M4 − 3a2M2 − 3L2

M2
. (7.2.42)

We note that the radii rV0
are even in a and L; this means that the solutions

are independent of the corotating or counterrotating nature of the orbit. The
boundary of the regions of orbital momentum where rV0

exists, are given by
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L = −L±
V0

, which can be written as

L+
V0

Mµ
≡

√
κ+ cos

[
1
3 arccos

[
128M4−27a2(80M2+27a2)

16M(4M2+27a2)
3/2

]]

√
3M

, (7.2.43)

L−
V0

µM
=

√
κ− sin

[
1
3 arcsin

[
128M4−27a2(80M2+27a2)

16M(4M2+27a2)
3/2

]]

√
3M

, (7.2.44)

where
κ± = −8M2 − 3a2 ± 4M

√
4M2 + 27a2 (7.2.45)

These values of angular momenta are valid only for a < aµ. At the limiting

value a = aµ, they reduce to L+
V0

= L−
V0

= 2/3
√

3Mµ: Moreover, L−
V0

= 0

at a = M (see Fig. 7.3). We will see below that indeed there are particles
with zero energy in the case of black holes (not circular orbits but spiraling
motion as discussed in Sec. 7.3). In naked singularities, instead, there are two
possible types of zero-energy particles moving along circular orbits.

7.3 Black holes

We will consider in this case three different intervals of values of the source
angular momentum which define three different sets of black holes denoted
by BH − I : a ∈ [0, ã1], BH − II : a ∈]ã1, ã2], and BH − III : a ∈]ã2, M]. For
each of these sets we will now investigate the properties of the circular orbits,
the effective potential, and the energy of the orbiting test particle.

7.3.1 The set BH − I : a ∈ [0, ã1]

Orbital regions:
In general, corotating orbits with L = L− exist for r > r−γ , and counter-

rotating orbits with L = −L+ for r > r+γ (cf. Fig.7.2; see also [29]). In the

region (r−γ , r+γ ), there are timelike orbits. For the limiting orbits with r = r±γ ,

the circular corotating (E−, L−) and counterrotating (E
(−)
+ ,−L+) orbital en-

ergies and angular momenta, respectively, are not well defined. The radius
r−γ crosses the static limit, r−γ = r+ǫ , on the equatorial plane only if the rotation

of the source is ã1 ≡ 1/
√

2M ≈ 0.707107M, i.e., no circular motion can occur
for r < r+ǫ in the spacetime with spin ã1. The orbital amplitude of this region
reaches its maximum ∆Max

I ≡ (r+ǫ − r+)|ã1
≈ 0.458804M in its upper extreme

(cf. Fig. 7.4-upper-left and Figs. 7.2).
Effective potential:
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7 Properties of the ergoregion in the Kerr spacetime

Figure 7.3: Left panel: The angular momenta L+
V0

(black curve) and L−
V0

(gray

curve) versus the source spin a/M. The black line represents a = M and the
dashed line is a = aµ ≡ 4

√
2/3/3M. Right panel: The angular momentum

L+
V0

(black) and L−
V0

(gray); the black region is r < r+. The radii rV0
for L−

V0

(gray) and for L+
V0

(black) are also plotted.
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7.3 Black holes

Figure 7.4: Arrangement of the radii determining the properties of circular orbits around
a rotating central mass. Different regions covering the black hole BH and naked singularity
NS sources are enlightened. The region outside the static limit r > r+ǫ is in gray, and the one
with r < r+ is in black. The arrow covers the region a ∈]ã2, ã4[. where stability for orbits
inside the ergoregion can occur.
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7 Properties of the ergoregion in the Kerr spacetime

Figure 7.5: Arrangement of the radii determining the properties of circular orbits around
a rotating central mass. Different regions covering the black hole BH and naked singularity
NS sources are enlightened. The region outside the static limit r > r+ǫ is in gray, and the
one with r < r+ is in black. The orbital stability in each region is analyzed and explicitly
shown: The angular momentum is quoted with its stability property as |s for stable and |u
for unstable orbits. The last stable circular orbit rlsco is plotted as a function of the spin a/M
source (see text). The right plot shows a subset of sources of the classes BH-III and NS-I. The
gray region is a neighborhood of the extremal case a = M. Orbits with radii r̂± have L = 0,
and with radii r±υ are counterrotating orbits (L = −L−) with E = 0. The region ]r−υ , r+υ [
contains only counterrotating orbits with E < 0. At the radii r±b (gray dotted lines) defined
in Eqs. (7.2.36,7.2.37) there are corotating orbits (L = L−) with E = µ.
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There is no solution for Eqs. (7.2.25), because the effective potential has
no extreme point and it is always increasing (V′

> 0) in this region. This
implies that black holes with spin value in the interval a ∈ [0, ã1] does not
allow circular motion inside the ergoregion. For the sake of completeness,
however, we describe here the behavior of the effective potential for this class
of black holes. As has been described in Sec. 7.2, the potential is always
positive definite for L > 0. For L = 0, the potential is positive and vanishes
as the horizon is approached. For negative values of L, the potential can
be negative or zero at L = L±

V0
(see Fig. 7.3 and Eqs. (7.2.39)). Thus, for

particles with angular momentum L < L+
V0

we have that V ≤ 0 in the interval
r ∈]r+, rBH

V0
], whereas for L+

V0
< L < 0 the potential V ≤ 0 in the interval r ∈

]r+, rBH
V0
]. Notice, however, that in this case L is just a parameter that controls

the behavior of the potential function, as there are no orbits for these sources
in the ergoregion.

7.3.2 The set BH − II : a ∈]ã1, ã2]

Orbital regions:
In these spacetimes, there are only unstable circular orbits in the ergoregion

with L = L− and r > r−γ (see Fig. 7.4-upper-left). The width of the unstable
circular orbit region increases with the spin, and the upper limit of this re-

gion is for sources with ã2/M = 2
√

2/3 ≈ 0.942809 which corresponds to the
value where rlsco(L−) = r+ǫ . The maximum extension of the instability region

is ∆Max
II ≡ (r+ǫ − r−γ )

∣∣∣
ã2

≈ 0.585384M. The extension of the complementary

orbital region, where circular orbits are not possible, is ∆̄II ≡ [r+, r−γ ]. This
length has an upper and lower extreme which decreases with a/M; its ex-
tension therefore varies in the range |∆̄II|/M ∈]0.585384, 0.17547] in units of
mass. The analysis of the orbit stability outside the ergoregion for this set of
spacetimes has been studied in detail in [29]. In general, the existence of a
region of instability in these spacetimes is important because it should give
rise to the decay phenomena in which a particle may either escape, spiraling,
into the outer region and therefore could become observable, or be captured
by the source changing its spin-to-mass ratio (see, for example,[39]. We con-
clude that no disk of test particles can be formed inside the ergoregion due to
the instability.

Effective potential and particle energy:
We first consider the sign of the potential function. The results are similar

to those obtained for sources within the class BH-I: For L ≥ 0, we have V > 0,
and V → 0 as the horizon is approached. For the solution with negative en-
ergy we obtain similar results. The novelty is the presence of critical points
for the energy function and, therefore, the presence of unstable orbits, as can
be seen in see F ig. 7.6. Clearly, for this case E− > 0, and, as the orbital angu-
lar momentum (L−) increases, it approaches r−γ where it is not well defined.
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7 Properties of the ergoregion in the Kerr spacetime

Figure 7.6: The energy E− ≡ V(L−)µ and angular momentum L− (inside
panel) as functions of r/M and for different values of the spin-to-mass ratio of
BH-II sources. For sources within the class BH-III we also plot E− ≡ V(L−)
as a function of a/M and r/M. The horizon surface r+ (black) and r−lsco (gray)
are also plotted. The gap in the energy profile in the region r < r−γ is evident.

On the other hand, it decreases with the source spin, indicating that at a fixed
orbit the energy decreases as the spin of the source increases. The instability
region also covers a larger orbital region. In general, in the instability region
the orbiting particles can possibly fall into the singularity, giving its energy
and angular momentum to the black hole. Since the particle energy and the
angular momentum in such orbits cannot be negative, they cannot contribute
negatively to the black hole energy. However, the particle might run away to
infinity, because the energy to decay into a lower circular orbit is higher than
the energy required for spiraling outward to an exterior orbit. This could give
rise to the ejection of positive energy outside the static limit. The presence of
these orbits might be used to identify the black hole spin. However, consid-
ering the energy of the unstable orbits, it is evident from Figs. 7.8 and 7.9 that
the class BH-II is crossed by the radius r−b in the interval ∈]r−γ , r+ǫ [, where

V(r−b , L−) ≡ E−(r−b ) = µ (cf. Eq. (7.2.37)).
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7.3.3 The set BH − III : a ∈]ã2, M]

Orbital regions:
For the third set of sources the orbital stability in the ergoregion needs

to be discussed in more detail. In fact, since the radius r−lsco lies entirely in
this region, it becomes split into two parts, one with only stable circular or-
bits and the other one with only unstable circular orbits, i.e., in the interval
]r+ǫ , r−lsco[ there are only stable orbits with L = L−; the extension of this re-
gion increases with the intrinsic spin of the source. It should be noted that
this set of sources is characterized by large values of the spin-to-mass ratio,
i.e. a/M ∈]0.942809, 1], and it includes the extreme Kerr-BH. The maximum
orbital extension of this region occurs then in the extreme-BH case where
r−lsco(a = M) = M. It interesting to note that close to the boundary space-
times (at a = ã2 and a = M), the properties around the limiting spin value
are rather subject to a sort of fine-tuning in the sense that, at a fixed radial
distance from the source, the dynamical properties of the test particles are
completely different for a source situated to the left or to the right within the
interval of spins a = ã2 and a = M. For this reason, the case of extreme black
holes deserve a detailed analysis which will be carried out in Sec. 7.5. For the
BH-III set of black holes we have that ∆Max

III = M. On the other hand, how-
ever, the internal region determined by the interval ]r−γ , r−lsco[ is characterized
by unstable circular orbits with L = L−, followed by the region in the interval
]r+,r

−
γ ] which is forbidden for this type of orbits. Nevertheless, in contrast to

BH-II and BH-I spacetimes, the extension of the orbital region and the region
of stability for BH-III sources decreases with the spin of the source, having a
maximum extension at the spin ã2. However, the remarkable feature of this
region is the presence of a stability zone where the following conditions are
valid V(L−) = E−, V′(L−) = 0, V′′(L−) > 0 (see Fig. 7.4-upper-left).

Effective potential and particle energy:
As for the BH-I and BH-II sources the potential V is always positive if

the angular momentum is positive and goes to zero as L approaches zero
on the horizon. On the other hand, for L ≤ 0 the potential increases with
the distance from the source; thus, there are no (stable or unstable) orbits
with L = 0 (zero angular momentum observers) or counterrotating orbits.
Consequently, there are no orbits with negative or zero energy. The angular
momentum and energy of the orbits are always decreasing with the spin and
L− > E− (see Fig. 7.6).

7.3.4 Some final notes on the BH−case

In the ergoregion, BH-sources are characterized by a unique family of coro-
tating orbits with L = L−. Spacetimes of the type BH-I are characterized by
lower spins up to a maximum value of ã1 ≈ 0.707M. No circular orbits are
allowed in this case. In the second set of sources BH-II, with spins contained
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between ã1 and ã2 ≈ 0.943M, there exists a region where circular orbits are
allowed, but all of them are unstable. Finally, only in the third set of sources
BH-III, the ergoregion can be filled with stable circular orbits. The stabil-
ity region increases as the intrinsic spin increases. It is clear that only black
holes with larger spin can allow the existence of stable circular orbits. This
fact is very important in view of the following analysis which investigates
black holes with superextreme spin. Finally, we notice that the ergoregion in
back holes is characterized by the presence of a photon-like orbit at r = r−γ .
The energy and angular momentum of the particle diverge as the photon-like
orbit is approached. The properties of circular orbits outside the ergoregion
of black holes are sketched in Fig. 7.4 (left and lower plots), and have been
analyzed in detail in [29].

7.4 Naked singularities

The different intervals for the intrinsic angular momentum define different
sets of naked singularities which we will denote as NS − I : a ∈]1, ã3], NS − II :
a ∈]ã3, ã4], NS − III : a ∈]ã4, ã5], and NS − IV : a ∈]ã5, ∞]. For each of these
sets we will now analyze the main physical properties of the test particles
moving along circular orbits.

7.4.1 The set NS − I : a ∈]1, ã3]

Orbital regions:
The spin ã3 ≡ 3

√
3/4M ≈ 1.29904M arises as the solution of the equa-

tion r̂+ = r̂− = 3/4M (see Fig. 7.4-right). The radii r̂± are solutions of the
equations V′ = 0 and L = 0. These radii determine a close region whose
maximum extension is ∆Max

ˆr± = 0.704402M when a = M, and null at a = ã3

(see Figs. 7.5). Naked singularities contained in this set present rather com-
plex orbital stability properties and, as they limit with the extreme-BH case
at a = M, they could be involved in the hypothetical transitions between the
two main BH and NS classes, implying a dynamical processes with a shift in
the central object spin.

Effective potential and particle energy:
For orbits at the radius r = r̂− the energy is positive and increases with the

source spin. For the higher orbit with r = r̂+ the energy also increases with
the source rotation, however, r̂+ decreases as a/M increases. One can also
show that E(r̂−) > E(r̂+). A characterization of the orbital energy outside
the ergosphere was presented with some details in [29]. The results of the
present analysis are based upon the interpretation of Figs. 7.5, 7.8 and 7.9,
and can be summarized in the following points:

1. In the interval ]0, r̂−[ there are unstable circular orbits with angular
momentum L = L−. Notice, however, that the curvature singularity is lo-
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7.4 Naked singularities

cated within this interval. This region reaches its maximum orbital extension,
∆NS-I = 3/4M, for the maximum spin ã3. This is a major difference with the
BH-case where regions very close to the horizon r+ are always prohibited for
any circular orbit.

2. In contrast with the BH-case, there is a region of counterrotating orbits
with angular momentum L = −L− < 0. This property characterizes only
this set of naked singularities, and it can be interpreted as the result of the
existence of a repulsive gravitational field, an effect that has been detected
also in other spacetimes with naked singularities represented by axisymmet-
ric solutions of the Einstein equations [33? , 58]. This orbital region is split by
the radius rNS-

lsco which is a solution of the equation V′′ = 0. The orbits with
r > rNS-

lsco and L = −L− are stable, as for them it holds that V′′
> 0; lower

orbits, included in ] ˆr−, r̂+[, are unstable. The energy of these orbits can be
positive, negative or even null.

3. Objects within the class NS-I are characterized by the presence of a sub-
set with a ∈ [M, aµ] which allows counterrotating orbits with negative energy
up to the limit E = 0 (see Fig. 7.5). The radii of the counterrotating orbits are
located at

r+υ ≡ 4

3
M

(
1 + sin

[
1

3
arcsin

(
1 − 27a2

16M2

)])
, (7.4.1)

r−υ ≡ 8

3
M sin

[
1

6
arccos

(
1 − 27a2

16M2

)]2

, (7.4.2)

and are included in the orbital region ]r̂−, r̂+[. Moreover, r±υ (aµ) = (2/3)M
and r+υ |a=M = M, r−υ |a=M = 0.381966M. This region is always separated
from the source by a region of corotating unstable orbits. The angular mo-
menta L±

υ ≡ −L−(r±υ ) of these orbits are plotted as functions of the spin
parameter in Fig. 7.7.

4. Finally, the orbits in r ∈]r̂+, r+ǫ ] are once again corotating with L = L−
and unstable. The largest orbital extension of this region is ∆Max

NS-I,L = 1.25M
and it is reached at its upper limit ã3.

The region of stable orbits is disconnected in the sense discussed in [29?
, 33, 47, 58]. This means that if we imagine a hypothetical accretion disk
made of test particles only, the disconnected stability regions form a ring-like
configuration around the central object. This is an intrinsic characteristic of
NS-sources that has been also highlighted for other axisymmetric exact solu-
tions of the Einstein equations, in particular, for the electrovacuum spacetime
described by the Reissner-Nordström (RN) solution. The circular orbit con-
figuration on the equatorial plane of this spacetime has been addressed in
detail in [? 33, 47]. It is indeed particularly interesting to compare the re-
sults obtained for the circular motion of an electrically charged test particle
moving in the charged non-rotating RN spacetime, with the present anal-
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7 Properties of the ergoregion in the Kerr spacetime

Figure 7.7: Angular momenta L±
υ ≡ −L−(r±υ ) as functions of the source spin a ∈ [M, aµ].

The region ]r−υ , r+υ [ contains only counterrotating orbits with E < 0, and the radii r±υ sets
counterrotating orbits with E = 0. The behavior of the radii r±υ is depicted in Figs. 7.5. The

values of the L±
υ ≡ −L−(r±υ ) are bounded by a minimum value at L±

υ (aµ)/Mµ = −2/3
√

3
and a maximum value at L+

υ (a = M)/Mµ = 0.
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7.4 Naked singularities

ysis on the plane θ = π/2. In general, these two axisymmetric solutions
have some remarkable similar geometrical features which can be seen, for
instance, in the expressions for the outer and inner horizons r±, where one
sees the spin parameter a/M of the Kerr spacetime corresponding to an elec-
tric charge parameter Q/M of the RN solution. However, even if the global
structure of the Kerr spacetime is θ-dependent, on the equatorial plane the
structure of different aspects of its geometry is similar to the RN spherical
solution, where the spin-orbit coupling terms in the Kerr source correspond
to the electrodynamic interaction between the test charge q and the intrinsic
charge of the source. Thus, on the equatorial plane the conformal diagram
for the maximally extended Kerr (BH and NS) spacetimes is identical to that
of the RN solution [41]. The analogy with the case of charged test particles
in the RN spacetime extends also to the definition of an effective ergoregion

]rRN
+ , rǫ

e f f [, where rRN
+ ≡ M +

√
M2 − Q2 is the outer horizon in the RN geom-

etry and rǫ
e f f ≡ M +

√
M2 − Q2(1 − q2/µ2) is the effective ergosurface in the

RN solution [40]. In particular, the definition of an effective ergoregion is in-
troduced in the description of the energy extraction phenomena that equally
characterizes the particle dynamics in the RN spacetime and Kerr solution.
This region is thus not induced (also in the case of BH spacetimes) by a rota-
tion or a deformation of the source, but it is due to the attractive interaction
(Qq < 0) between the two charges that results in negative energy states for
test particles [33, 47]. As discussed in detail in these works, this region is well
defined even for the naked singularity case as long as certain constraints on
the values of the charges are fulfilled. However, although this situation ap-
pears very complex, it essentially evidences the existence of a limited region
of values of Q and q for which (stable or unstable) orbits with negative en-
ergy are possible. Again, these phenomena only involve a limited region of
sources with parameter values very close to the black hole case; this situation
was also found in the charged and rotating axisymmetric solution [58]. One
can extrapolate the analogy further to the correspondence between the case of
corotating or counterrotating orbits in the effective ergoregion and the motion
of test particles in charged spacetimes with Qq < 0 or Qq > 0, respectively.
Notice that the effective ergosurface is located at a radius with E = 0; thus,
we can equally introduce the concept of an outer effective ergosurface and an in-
ner effective ergosurface defined by the radii r−υ < r+υ which satisfy Eq. (7.4.1).
However, these radii are independent of the orbital angular momentum and
for each value of the spacetime rotation in the interval ]M, aµ[, they include a
region of counterrotating orbits with negative energy inside the ergoregion.
Furthermore, this effective ergoregion is actually a surface on the equatorial
plane (θ = π/2) only. Finally, we note that r±υ (a), where E = 0, are partic-
ular sections of the curves rRN

V0
(a, L) defined by the condition V = 0. For the

counterrotating orbit L = −L−, we have considered the analysis reported
in Fig. (7.3). For the spin interval a/M ∈ [aµ, ã3] with aµ/M ≡ 4

√
2/3/3
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7 Properties of the ergoregion in the Kerr spacetime

it holds that V < 0 in the interval r < rNS
V0

or in the case of circular orbits
r ∈]r−υ , r+υ [. This leads to the possibility of orbits with particles having neg-
ative conserved energy (as defined by means of observers at infinity). In the
outer region, r > rNS

V0
, where in fact there are two distinct angular momenta

for the zeros of the potential function, the situation is more varied than in the
BH case. The potential is always negative in the region r < rNS

V0
, for different

values of the angular momentum L < L+
V0

and L−
V0
< L < 0. The situation is

more complex for L−
V0
< L < L+

V0
.

The existence of counterrotating orbits can be seen as a “repulsive gravity”
effect.

We note that the last stable orbit rNS-

lsco for particles with L = −L− has a
minimum for the source aµ where rNS-

lsco/M = 2/3. This naked singularity
has peculiar properties: the maximum extension of the stability region is
∆stab-Max

NS = 0.324601M and then decreases to zero at the boundary. The sta-
bility properties of these regions can be derived from Fig. 7.4 and Fig. 7.1;
it follows that there are stable orbits, even with negative or zero energies,
only for sources with sufficiently small spin, i.e., a ∈ [M, aµ]. It is important
to note that counterrotating orbits are confined in a bounded orbital region.
The stability of these orbits would suggest the presence of a belt of material
covering the singularity (see Figs. 7.8 and Figs. 7.9). The existence of stable
and unstable circular orbits with L < 0 and E < 0, although located on an
orbital region far from the source, can be important for the phenomena of
accretion from the equatorial plane, because it would imply dropping “test”
material into the singularity with a negative contribution to the total energy
and momentum.

7.4.2 The set NS − II : a ∈]ã3, ã4]

Orbital regions:

The upper boundary ã4 = 2
√

2M ≈ 2.82843M corresponds to the intersec-
tion of the radius rlsco with the static limit. There is a last stable orbit with
L = L−. The stability region for these orbits decreases with the spin until it
disappears at the boundary spin for this set (see Fig. 7.4-right). The behav-
ior of these orbits outside the ergoregion is analyzed in [29] and summarized
schematically in the lower plot of Fig. 7.4. The analysis inside the ergosphere
leads to the following results. There are only corotating orbits with L = L−.
In the region r < rlsco which extends, in principle, to the singularity, the or-
bits are unstable. In r ∈]rlsco, r+ǫ ], circular orbits are always allowed and all of
them are stable. The case r = r+ǫ will be analyzed separately. We note that for
this kind of sources there are no counterrotating orbits, circular orbits are al-
ways allowed inside the stability region, and the unstable orbits are expected
to end in the naked singularity. There are no orbits with L = 0 or orbits with
negative energy.

734



7.4 Naked singularities

Figure 7.8: NS-I sources-a ∈]M, ã3]. Left: The energy E−
− ≡ V(−L−)µ and

the angular momentum L = −L− of the last stable circular orbit rlsco for
NS-I-sources. For spacetimes with a ∈]M, aµ[, the energy of any circular or-

bit is negative. In the limiting case, a = aµ ≡ (4
√

2/3)/3M, the energy

vanishes E−
−(rlsco, aµ) = 0. In general, for sources within this class it holds

E−
−(rlsco) > L−

−(rlsco). The right and lower plots show the effective potential
E/µ as a function of the orbital angular momentum L/µM and the source
spin a/M. The plane with E = 0 intersects the plane with a = aµ (black
vertical plane). The light gray surfaces correspond to r̂± and the gray surface
represents orbits with r = rlsco. The lower plot shows a zoom for sources
with a ∈]M, aµ[.
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7 Properties of the ergoregion in the Kerr spacetime

Figure 7.9: NS-I sources-a ∈]M, ã3]. Left: The energy E−
− ≡ V(−L−)µ (black

curves) and E− ≡ V(L−)µ (gray curves) of the circular orbits for different
spacetime spins. The last stable circular orbit rlsco il also plotted and the min-
imum of the energy is marked with a point. At a = ã3 it holds that r̂± = rlsco.
The potential V(−L−) is plotted for the entire range r ∈]0, r+ǫ ], but the only
counterrotating orbit is located at the boundary point r̂± = rlsco. For space-
times with a ∈]M, aµ[ the energy of the circular orbit is negative, and for a

source with a = aµ ≡ (4
√

2/3)/3M the energy vanishes, E−
−(rlsco, aµ) = 0.
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7.5 The extreme black hole

Effective potential and particle energy
For L ≤ 0 the effective potential is positive. For L < 0, no circular orbits are

possible. The effective potential is zero at r̃NS
V0

, and V < 0 for r ∈]0, r̃NS
V0
[. At r+ǫ ,

the potential is positive. The orbital region decreases as the magnitude of the
orbital angular momentum |L| decreases and as the source spin increases (see
Figs. 7.8 and 7.9). For L ≤ 0 the effective potential is an increasing function
of the orbital radius.

7.4.3 The set NS − III : a ∈]ã4, ã5]

Orbital regions:
These spacetimes are characterized by unstable corotating orbits with L =

L− which theoretically can reach the singularity. The maximum spin for this
set is ã5 = 9M which is the spin value where r+γ = rNS-

lsco (see Fig. 7.4-right).
Effective potential and particle energy:
As in the case of NS-II sources, for L ≤ 0 the effective potential is always

positive and increases with the radius. For L < 0 there is a radius r̃NS
V0

(not a
circular orbit) where the energy function is zero, and for r < r̃NS

V0
it becomes

negative. The energy and the angular momentum decrease with the radius
and increase with the spacetime spin, and L− > E−. Both the energy and the
angular momentum diverge as the source is approached.

7.4.4 The set NS − IV : a ∈]ã5,+∞]

Orbital regions:
Finally, the set NS-IV includes spacetimes with a spin greater than ã5 =

9M. For these spacetimes, rNS-

lsco > r+γ > r−γ , meaning that in the region

r ≤ r+ǫ < r+γ there are only unstable orbits with L = L−. This situation is
quite similar to the BH-II and NS-III cases. We can conclude that naked sin-
gularities with sufficiently high spins do not allow any orbiting test particles
in the ergoregion. This is in contrast with the BH case where only sources
with spin sufficiently close to the extreme case BH-III allow stable orbits be-
low the static limit (see Fig. 7.4).

Effective potential:
The potential is positive definite for L ≤ 0, it vanishes at r = r̃NS

V0
, and is

negative in the interval r < r̃NS
V0

with L < 0. The derivative V′ is always
positive for L ≤ 0. The functions E− and L− decrease with r/M and increase
with the spin a/M. It then holds that E− < L−.

7.5 The extreme black hole

The extreme Kerr black hole, a = M, is the limiting case that separates the
class of BH and NS classes. We classified it as the upper boundary of BH-III
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7 Properties of the ergoregion in the Kerr spacetime

sources. It possesses distinctive features from the point of view of stability of
the orbiting particles. These characteristics may give rise to entirely different
effects even for a slight change in the spin. We therefore now investigate the
properties of circular orbits located within a neighborhood of the spin value
a = M.

Orbital regions:

For a = M the effective potential is an increasing function of the radius
orbits with L ≤ 0.

Corotating orbits are allowed only for the angular momentum interval

]2/
√

3, 1.68707[µM. For particles with angular momentum L/Mµ ∈]0, 2/
√

3],
the effective potential increases with the radius r/M, whereas for L > 1.68707Mµ
the potential decreases with the radius r/M.

The orbital arrangement in this spacetime follows the main features of the

BH-I sources: There are circular orbits with L = L− ∈]2/
√

3, 1.68707[µM.
For these angular momenta the effective potential increases with r within the
interval r ∈]rBH

L , r+ǫ ], and decreases with r for r ∈]M, rBH

L [. Therefore, the radius
rBH

L (L) corresponds to a stable orbit with angular momentum L = L−(rBH

L ).
The radius is implicitly defined as a solution of the equation L−(r) = L for
values of the spin-parameter a < M, i.e., rBH

L (L) : L−(rBH

L ) = L.

There are no last stable circular orbits, i.e., no solutions to the equations
V′ = 0, V′′ = 0. This means that circular orbits are stable even close to the
horizon. The energy of the rotating particles is positive so that one can imag-
ine a rotating ring inside the ergosphere which extends up to the horizon.
However, it must be emphasized that this configuration is highly unstable
with respect to infinitesimal changes of the black hole spin. It is important
to note that the radius r̂+ for naked singularities can be defined at any value
a = M + ǫ with ǫ > 0; the black hole counterpart r̂+ = M + f (ǫ), where
f (ǫ) < 0, can be easily evaluated and is of the order of (a − M)2; the orbital
structures in the two cases a / M and a ' M are completely different. More-
over, the radius r+υ has a maximum at a = M, and the surface is orthogonal
to the horizon a = M.

Effective potential and particle energy:

For L ≥ 0, the potential is positive, V(a = M) > 0 (see also Fig. 7.10). We
investigate the energy of circular orbits in the BH-case with a/M = 1− ǫ and
in the NS-case with a/M = 1 + ǫ and ǫ = 10−5, considering all the angular
momenta in the interval L ∈ (L−,−L−). The plot shows the analogies and
differences between the orbits in the two cases. We note certain asymmetry
for the energies and angular momenta around the orbit r = M. Nevertheless,
close to the left-hand side of r/M = 1 all the orbits have negative energy and
angular momentum, whereas on the opposite side those quantities are posi-
tive. In Fig. 7.10, we present several details of the behavior of the energies
and angular momenta in terms of the radius of the circular orbits.
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7.5 The extreme black hole

Figure 7.10: Extreme black hole (a = M). Bottom: Radii r+V0
(black curve) and r−V0

(gray
curve) as functions of the orbital angular momentum L/Mµ. The effective potential is zero
on r±V0

, negative in r < r±V0
(gray region), and positive for r > r±V0

(white region) with r±V0
=

rBH
V0

∣∣∣
a=M

. Top: Orbital energies and angular momenta of the orbits in the BH-case a/M =

1− ǫ (solid curve), and the NS-cases a/M = 1+ ǫ with ǫ = 10−5 for E−NS
− ≡ E(−L−) (dotted-

dashed curve) and ENS
− ≡ E(L−) (gray curve) as functions of r/M. The orbit r̂− where

L = 0 is shown (dashed line), the maximum and minimum of ENS-
− and ENS

− , respectively,
are represented by a dashed line. It is rBH

lsco = 1.03523M, rNS
lsco = 0.966815M, and r̂+ = M,

r̂− = 0.295605M, inside plots are zooms for the region close to the BH horizon. Stable
counterrotating orbits for NS-sources are located in the interval rNS

lsco < r < r̂+. For BH-
sources the stable circular orbits are located at r > rBH

lsco. Notice the existence of orbits with
negative or null energy and orbits with negative and zero angular momentum. The values
(ENS

− , EBH
− ) and (LNS

− , LBH
− ) in the region M < r < 2M converge, even if in NS-spacetimes

orbits are stable and in the BH-spacetimes orbits are unstable.
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7 Properties of the ergoregion in the Kerr spacetime

7.6 The static limit

The effective potential V(r; L, a) is well defined at the radius of the ergosphere
r+ǫ , and reduces to:

V(2M; L, a) =
aL +

√
a2 (4M4 + 2M2a2 + L2)

2(2M2 + a2)
> 0, ∀a > 0 . (7.6.1)

It is null only in the limit a = 0 (see Fig. 7.11).
Circular orbits:
We study the effective potential V+

ǫ ≡ V(r+ǫ ; L, a) around the static limit for
both NS- and BH-sources. Particles that cross the ergosphere on the equato-
rial plane should be able to detect some specific aspects of the source nature,
because their behavior should depend on the intrinsic spin source. It turns
out that the upper boundary ã1 of the BH-I-sources (see Fig. 7.2), can be
used to classify different orbits. In fact, the derivative of the effective poten-
tial in the static limit is zero at L = L− for a > ã1, i.e., V′(r; L, a)|r+ǫ = 0 at

Lǫ
− ≡ L−(r+ǫ ; a). If the momentum parameter is L < Lǫ

−, then the effective
potential increases with the source spin; on the other hand, if L > Lǫ

−, then
for a > ã1 the effective potential decreases with a/M. In the limiting case
a = ã1, the energy Eǫ

− diverges as shown in Fig. 7.11. A detailed analysis of
the involved quantities leads to the following results:

1. The potential has always an extreme on the static limit for sources not
belonging to BH-I and, therefore, on r = r+ǫ there exists a circular orbit with
angular momentum L−(r+ǫ ). The potential decreases with the radius, i.e.,
V′|r+ǫ < 0 only for particles with angular momentum higher than L > Lǫ

− in
the BH-I-class.

2. For particles in the BH-I-class, the effective potential is increasing for
any value of the angular momentum, while for any sources not belonging
to the BH-I-class, V+

ǫ grows if the angular momentum is sufficiently small
within the interval L ∈]0, Lǫ

−[. The nature of these orbits is investigated by
considering the second derivative of the potential at that point. It is then
necessary to consider the two extreme spins ã2 and ã4. The orbits located
on the static limit correspond to a minimum point of the effective potential
(stable orbit) with angular momentum L = L−, only for sources with spins in
the interval a ∈]ã2, ã4[, which include the sources of the sets BH-III, NS-I and
NS-II. These sources are precisely in the region of admissible orbital stability
within the ergoregion (see Fig. 7.4). Then, the static limit allows an orbit with
an inflection point in the potential, last stable circular orbit, for the extreme
spins ã2 and ã4. These particular spins in fact are defined as solutions of the
equation rlsco = r+ǫ = 2M. Unstable orbits on the ergosphere are allowed in
spacetimes of the classes BH-II, NS-III and NS-IV.

Angular momentum and energy of the particle

The energy function is always increasing with the orbital angular momen-
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tum on the static limit. We note that the radius of the static limit on the equa-
torial plane is independent of the spacetime spin and, therefore, it can be con-
sidered as invariant with respect to a slow change of the source spin. It is
therefore interesting to study the variation of the orbital energy and angular
momentum with respect to the spin. To this end, let us introduce the particu-

lar rotation parameter a⋄ ≡
√

2M ≈ 1.41421M and the angular momentum

L⋄
µM

≡ 2
√

2

√
M2

a2 − 2M2
, (7.6.2)

which diverges at a = a⋄.

The angular momentum L⋄ increases as the spacetime rotation decreases
and reaches its asymptotic value at a = a⋄, as shown in Fig. 7.11. The values
of the spin parameters imply aµ < ã3 < a⋄ < ã4 so that a source with a = a⋄
is a NS-II-spacetime. The energy function in the static limit decreases with
the source spin for a > a⋄ and for a particle angular momentum L > L⋄; for
L = L⋄, the potential V+

ǫ is constant, independently of the source spin. For
lower spins (a < a⋄), regardless of the orbital angular momentum, the energy
function increases with the spin of the BH- or NS-sources.

We now consider the conditions under which the static limit corresponds to
an admissible stable or unstable orbit. To this end, we analyze the behavior of
the energy E− of the orbiting particle and its angular momentum L−. These
quantities will be only functions of the spacetime spin. It appears that for a
source with a = a⋄ the particle energy on the static limit reaches a minimum
value, and therefore the particle energy increases as the spacetime rotation
increases, until it reaches its asymptotic value for a → ã1 (upper extreme of
BH-I sources). This behavior is illustrated in Fig. 7.11. A different situation
appears if we consider the variation of the potential with respect to the orbital
angular momentum: The source which corresponds to the minimum of the
particle orbital angular momentum has in fact the spin a� ≡ 2ã2 ≈ 1.88562M
and belongs to the NS-II class, as ã3 < a⋄ < a� < ã4.

We summarize our results as follows. We have shown that in any sources,
except for BH-I-sources, at r = r+ǫ there can be in fact a circular orbit in
the sense of Eq. (7.2.25) with angular momentum L = Lǫ

− and energy Eǫ
− >

0 with the following property: The orbit is unstable in BH-II, NS-III and
NS-IV sources, and stable in BH-III, NS-II and NS-III sources. The circular
orbits on r+ǫ are of the type L = L−. A distant observer at infinity will verify
that a particle moving along an unstable orbit will eventually cross the static
limit and fall into the source, which can be either a black hole or a naked
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singularity. However the function

Lǫ
−(r; a)

µM
=

L−(2M; a)

µM
=

√√√√√
(

4M2 − 2
√

2Ma + a2
)2

4M3(
√

2a − M)
(7.6.3)

is regular, and has a minimum value at a = a�. The energy function Eǫ
− has

instead a minimum at a = a⋄. Thus, the values of the energy and angular
momentum of the unstable orbits do not have a monotonically increasing
behavior on the static limit with respect to a variation of the source spin, but
they reach a minimum in the NS-region. Thus, formally r = 2M is a possible
unstable circular orbit on the equatorial plane for specific sets of black holes
and naked singularities. The details are characterized by the spin parameter
ã1 which is determined from the equation r−γ = r+ǫ (see Fig. 7.11). On the

other hand, V(r+ǫ ; L, a) increases with the orbital angular momentum L, but
not with the intrinsic spin. Thus, the angular momentum L−(r+ǫ ) can be used
to distinguish between black holes and naked singularities. Finally, we have
identified in the naked singularity regions the two limiting spins (a⋄ and a�)
on the basis of the orbital nature of the static limit.

7.7 Summary of black holes and naked singularities

In this section, we review the results of the analysis performed above for
the dynamics of test particles moving along circular orbits, emphasizing the
similitude and difference between the case of NS-sources and BH-sources.
We also formulate some ideas regarding possible scenarios for gravitational
collapse and transitions between black holes and naked singularities.

- In NS spacetimes, there is no last circular orbit (rlco ≡ r−γ ) for corotating
particles with L = L−, indicating that the particles can theoretically
reach the singularity. In other words, there is at least one circular orbit
as long as the particle angular moment assume certain values. On the
other hand, counterrotating orbits (L = −L−), which are a characteris-
tic of specific NS-I sources, can exist only in the bounded orbital region:
r ∈]r̂−, r̂+[.

- Photon-like circular orbits are a feature of BH-II and BH-III sources only;
there is no equivalent in the case of NS-sources.

- The lower the spin, the more structured are the stability regions. The orbit
stability is limited to only one possible source class with spin values
within the interval a ∈]ã2, ã4[, which includes the sets BH-III, NS-I and
NS-II (see Fig. 7.4). In other words, stable circular orbits are allowed
only inside certain range of source spins.
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Figure 7.11: The static limit r = r+ǫ = 2M. Right panel: Semi-log plot of the
orbital angular momentum L− (gray curve) and the energy E− (black curve)
as functions of a/M. The minima are marked with points. The different BH
and NS regions are also marked. It holds L− > E−. Left panel: Plot of
L⋄ (gray curve) and L− (black curve) versus the spin a/M. The asymptote

at a⋄ ≡
√

2M is plotted with a dashed line. The spin a� ≡ (4
√

2)/3M ≈
1.88562M is also plotted. At L = L⋄ the effective potential V+

ǫ is constant with
respect to a change of the intrinsic spin. Bottom-panel: The effective potential
V+

ǫ as a function of L/µM and a/M; the gray vertical plane represents a = M.
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- A final remark concerns the possibility that during its evolution, the source
can pass through stages of adjustment of its spin, i.e., spin-down or spin-
up processes, associated with different stages of the source life where
it can interact differently with the surrounding matter and fields, see
also [42, 43, 44, 24, 45, 46, 48, 49, 50, 51]. In any case, these phenom-
ena involve, in the majority of scenarios considered in high energy as-
trophysics, the interaction of the accretor with matter and fields in the
ergoregion (see for example[21]). In order to make an analysis of this
kind of dynamical transition between different kind of spacetimes, one
should look at the timescale transition and the geometric properties of
the spacetime regions, considering a small variation of the spin. This
analysis would imply serious problems in the transition regions where
the properties of spacetime are completely different, especially near the
spins ãi with i ∈ {1, ..., 5} and a = M which define the BH and NS
classes. An example of this behavior was found in Sec. 7.5, where
we analyzed the orbital properties of a source with intrinsic rotation
around the extreme spin a = M.

- Questioning about the possible disruption or formation of an horizon and
the formation and existence of a NS-spacetime, it is obviously impor-
tant to consider the possibility of a transition through the BH-III and
NS-I regions. These are indeed the source classes that are mostly af-
fected during a hypothetical collapse or “spacetimes-transition” between
rotating geometries at different spin that could lead to a disruption of
the event horizon, but preserving axial symmetry. The analysis of the
orbital configuration and its stability shown in Figs. 7.4 and 7.5) can
give a hint on what might happen in this kind of phenomenon. In par-
ticular, it is seen that some source characteristics can change profoundly
the behavior of matter in a spacetime with horizon and in a horizon-free
spacetime. In particular, we notice i) the presence of counterrotating or-
bits, stable or not, enclosed in bounded orbital and spacetime ranges;
ii) the presence of negative and zero-energy states for a set of coun-
terrotating orbits and spacetimes; iii) the existence of orbits with L = 0,
and, finally, iv) a band of orbiting test particles which extends, in princi-
ple, up to the singularity (see Fig. 7.5). The possibility of having a spin
transition in the early stage of the evolution of a Kerr source (during
the gravitational collapse or the subsequent stages involving the inter-
action of the source with the surrounding matter) should be of special
interest in particular within the range of values determined by a subset
of the gray region in Fig. (7.5)-right, i.e., in the interval of sources close
to the extreme-Kerr solution and to r = M (I ≡ Ia=M × Ir=M). How-
ever, regarding the phenomena of extraction of energy and angular mo-
mentum, one might look at these regions as mainly involved during
the gravitational collapse of compact objects by dragging mechanisms
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in which the angular momentum of the collapsing object is reduced to
a < M. The same kind of mechanism should finally fall within those
phenomena which hinder the destruction of a horizon by the accretion
of matter (for a more thorough investigation of this aspect see, for ex-
ample, [52, 53]).

Some further considerations were briefly addressed also in the study of
some properties in the extremal case a = M. For instance, if we focus
on the NSneighborhood, r = M is the point of convergence of counter
rotating stable orbits with negative energy. Any hypothetical spin-shift
a = M + ǫ with ǫ > 0, could perhaps give rise to retroactive effects and
bring hypothetically to spin-up or spin-down process.

7.8 Conclusions

In this work, we performed a complete analysis of the properties of circular
motion inside the ergoregion of a Kerr spacetime. From the physical point
of view, the ergosurface is a particularly interesting surface, because it rep-
resents the limit at which an observer can stay at rest. In the ergoregion, an
observer is forced to move due to the rotation of the gravitational source.

The dynamics inside the ergoregion is relevant in astrophysics for the pos-
sible observational effects, as the matter can eventually be captured by the
accretion, increasing or removing part of its energy and angular momentum,
prompting a shift of its spin, and inducing an unstable phase in which the in-
trinsic spin changes (spin-down and spin-up processes with the consequent
change in the causal structure). For further consideration of a possible de-
struction of the horizon and naked singularity formation see, for example,
[52, 53, 54, 55, 56, 57]. A discussion on the ergoregion stability can be found
in [59, 60]. It is therefore possible that, during the evolutionary phases of
the rotating object, the interaction with orbiting matter could lead to evolu-
tionary stages of spin adjustment, in particular for example in the proximity
of the extreme Kerr solution (with a . M) where the speculated spin-down
of the BH can occur preventing the formation of a naked singularity with
a & M (see also [42, 43, 44, 24, 45, 46, 48, 49, 50, 51]). On the other hand, the
accreting matter can even get out, giving rise, for example, to jets of matter
or radiation[21].

In our analysis, we limit ourselves to the study of circular orbits located
on the equatorial plane of the Kerr spacetime. On the equatorial plane, the
static limit does not depend on the source spin, but for any Kerr spacetime
it is r+ǫ = 2M and it coincides with the event horizon of the Schwarzschild
spacetime. This is a simple setting that allows an immediate comparison with
the limiting case a = 0. Furthermore, matter configurations in accretion are
typically axially symmetric and many of the geometrical and dynamical char-
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acteristics of the disk are determined by the properties of the configuration
on the accretion equatorial section.

Our approach consists in rewriting the geodesic equations in such a form
that the motion along circular orbits is governed by one single ordinary dif-
ferential equation whose properties are completely determined by an effec-
tive potential. The conditions imposed on the effective potential for the exis-
tence of circular motion allow us to derive explicit expressions for the energy
and angular momentum of the test particle. The behavior of these physical
quantities determine the main properties of the circular orbits in terms of the
radial distance which, in this case, coincides with the radius of the orbit, and
the intrinsic angular momentum of the gravitational source. We performed
a very detailed investigation of all the spatial regions inside the ergoregion
where circular motion is allowed. In addition, we investigate the stability
properties of all the existing circular orbits.

The distribution of circular orbits inside the ergoregion turns out to depend
very strongly on the rotation parameter a of the source, and makes it neces-
sary to split the analysis into two parts: black holes and naked singularities.
In addition, the behavior of the effective potential in the ergoregion in terms
of the rotational parameter suggests an additional split by means of which
black holes become classified in three classes, BH-I, etc., and naked singular-
ities become classified in four classes NS-I, etc. We then investigate in detail
for each class the behavior of the energy and angular momentum of the test
particle, as well as the properties of the effective potential. In this manner, the
analysis of circular motion allows us to derive physical information about en-
tire sets of black holes and naked singularities.

Our results prove that circular motion is possible inside the ergoregion in
black holes and naked singularities as well. However, there are fundamental
differences if we consider the stability properties. In the case of black holes,
only the set BH-III can support a spatial region with particles moving along
circular corotating stable orbits. The BH-III class includes all the black holes

whose rotation parameter is contained within the interval a/M ∈]2
√

2/3, 1],
i.e., rapidly rotating black holes which include the extreme black hole. The
spatial region with stable particles extends from the radius of the ergoregion
(r+ǫ = 2M) to the radius of the last stable circular orbit, so that the maximum
radial extension of this region is M for an extreme black hole, and the min-

imum extension is zero for a black hole with a = 2
√

2/3M. The last case
corresponds to particles moving on the last stable circular orbit. If we imag-
ine a hypothetical accretion disk made of test particles only, then we conclude
that black holes can support inside the ergoregion only one corotating disk
with a maximum extension of M.

The case of naked singularities is more complex. In fact, one of the inter-
esting features is that inside the ergoregion there can exist particles moving
along counterrotating stable orbits. As a consequence, the location and struc-
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ture of the regions with stable particles is much more complex than in the
case of black holes. In particular, it was shown that there can exist several
stability regions, separated by instability regions. This implies a discontin-
uous structure of the stability regions so that, if certain energetic conditions
are satisfied, an accretion disk made of test particles would show a ring-like
structure. This makes naked singularities essentially different from black
holes. The characteristics of the rings and their extensions depend on the
explicit value of the rotation parameter. Finally, we found that there exists
a maximum value of the spin for which no more stable configurations can

exist, namely, a = 2
√

2M ≈ 2.828M for which the radius of the last stable
circular orbit coincides with the radius of the ergoregion. Naked singulari-
ties with spins greater than this critical value do not support any disk-like or
ring-like configurations inside the ergoregion. In NS-I spacetimes, there are
both stable and unstable counterrotating orbits inside the ergoregion. This
fact can be understood as the effect of repulsive gravity, but it is interest-
ing to note that this phenomenon can occur only in sufficiently slow rotating
naked singularities with spin values close to the value of the extreme BH-
case. In NS-II spacetimes, there can exist stable corotating orbits; this is the
major difference with the BH case and it represents also the main difference
with the other NS sources. We have introduced the concept of inner and outer
effective ergosurface defined by the radii r−υ and r+υ , where E = 0. The effec-
tive ergoregion (at r ∈]r−υ , r+υ [) is defined for supercritical configurations with
a ∈]M, 1.008866M] in NS-I spacetimes, where E < 0.

For the sake of completeness, we also investigated all the properties of cir-
cular orbits in the limiting case of extreme black holes, and classify all the
sources that allow circular orbits on the radius of the static limit. In both
cases, we used the available physical parameters to perform a detailed anal-
ysis which confirms the rich structure of the gravitational sources described
by the Kerr spacetime.

Our results show that the complex stability properties of circular orbits in-
side the ergoregion of naked singularities is due to the presence of effects that
can be interpreted as generated by repulsive gravitational fields. The nature
of this type of fields is not known. We expect to investigate this problem in
future works.
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8.1 Introduction

Spherically symmetric charged boson stars are solutions of the Einstein-Maxwell
system of equations coupled to the general relativistic Klein-Gordon equa-
tions of a complex scalar field with a local U(1) symmetry. The study of
the phenomena related to the formation and stability of self-gravitating sys-
tems is of major interest in astrophysics. It has been conjectured, for instance,
that a boson star could model Bose-Einstein condensates on astrophysical
scales [99, 100, 101, 102, 103, 104, 105, 106]. The collapse of charged compact
objects composed by bosons could lead in principle to charged black holes
(see e.g. [107, 108] and also [109]). Compact boson objects play an important
role in astrophysics since these configurations may represent also an initial
condition for the process of gravitational collapse [110]; see also [111] for a
recent review. Moreover, boson stars have been shown to be able to mimic
the power spectrum of accretion disks around black holes (see, for example,
[112]). Scalar fields are also implemented in many cosmological models ei-
ther to regulate the inflationary scenarios [113, 114, 115, 116] or to describe
dark matter and dark energy (see e.g. [117, 118, 119, 120]). On the other hand,
in the Glashow-Weinberg-Salam Standard Model of elementary particles, a
real scalar particle, the Higgs boson, is introduced in order to provide lep-
tons and vector bosons with mass after symmetry breaking; in this respect,
the latest results of the Large Hadron Collider experiments [121] reflect the
importance of the scalar fields in particle physics. Scalar fields are also found
within superstring theories as dilaton fields, and, in the low energy limit of
string theory, give rise to various scalar-tensor theories for the gravitational
interaction [122].

Ruffini and Bonazzola [123] quantized a real scalar field and found a spher-
ically symmetric solution of the Einstein-Gordon system of equations. The
general relativistic treatment eliminates completely some difficulties of the
Newtonian approximation, where an increase of the number of particles cor-
responds to an increase of the total energy of the system until the energy
reaches a maximum value and then decreases to assume negative values. It
was also shown in [123] that for these many boson systems the assumption
of perfect fluid does not apply any longer since the pressure of the system is
anisotropic. On the other hand, this treatment introduces for the first time
the concept of a critical mass for these objects. Indeed, in full analogy with
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white dwarfs and neutron stars, there is a critical mass and a critical number
of particles and, for charged objects, a critical value of the total charge, over
which this system is unstable against gravitational collapse to a black hole.

In [124, 125, 126] the study of the charged boson stars was introduced
solving numerically the Einstein-Maxwell-Klein-Gordon equations. In [125]
charged boson configurations were studied for non singular asymptotically-
flat solutions. In particular, it was shown the existence of a critical value for
the central density, mass and number of particles. The gravitational attrac-
tion of spherically symmetric self-gravitating systems of bosons (charged and
neutral) balances the kinetic and Coulomb repulsion. On the other hand, the
Heisenberg uncertainty principle prevents neutral boson stars from a grav-
itational collapse. Furthermore, in order to avoid gravitational collapse the
radius R must satisfy the condition R ≥ 3RS where RS is Schwarzschild ra-
dius [127, 128]. On the other hand, stable charged boson stars can exist if
the gravitational attraction is larger than the Coulomb repulsion: if the re-
pulsive Coulomb force overcomes the attractive gravitational force, the sys-
tem becomes unstable [127, 129, 130, 131, 132, 150]. Moreover, as for other
charged objects, if the radius of these systems is less than the electron Comp-
ton wavelength and if they are super–critically charged, then pair production
of electrons and positrons occurs.

These previous works restricted the boson charge to the so-called “critical”

value (in Lorentz-Heaviside units) q2
crit = 4π (m/MPl)

2 for a particle of mass
m where MPl is the Planck mass. This value comes out from equating the
Coulomb and gravitational forces, so it is expected that for a boson charge q >

qcrit, the repulsive Coulomb force be larger than the attractive gravitational
one. However, such a critical particle charge does not take into account the
gravitational binding energy per particle and so there may be the possibility
of having stable configurations for bosons with q > qcrit.

Thus, in this work we numerically integrate the coupled system of Einstein-
Maxwell-Klein-Gordon equations, focusing our attention on configurations
characterized by a value of the boson charge close to or larger than qcrit. We
will not consider the excited state for the boson fields, consequently we study
only the zero-nodes solutions.

We here show that stable charged configurations of self-gravitating charged
bosons are possible with particle charge q = qcrit. In addition, it can be shown
by means of numerical calculations that for values q > qcrit localized solutions
are possible only for values of the central density smaller than some critical
value over which the boundary conditions at the origin are not satisfied. We
also study the behavior of the radius as well as of the total charge and mass
of the system for q ≃ qcrit.

The plan of the work is the following: In Sec. 8.2, we set up the problem
by introducing the general formalism and writing the system of Einstein-
Maxwell-Klein-Gordon equations for charged boson stars. In Sec. 8.3, we dis-
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cuss the concepts of charge, radius, mass and particle number. In Sec. 8.4, we
show the results of the numerical integration. Finally, in Sec. 8.6, we summa-
rize and discuss the results. To compare our results with those of uncharged
configurations, we include in the Appendix the numerical analysis of the lim-
iting case of neutral boson stars.

8.2 The Einstein-Maxwell-Klein-Gordon equations

We consider static, spherically symmetric self-gravitating systems of a scalar
field minimally coupled to a U(1) gauge field: charged boson stars. The La-
grangian density of the massive electromagnetically coupled scalar field Φ,
in units with h̄ = c = 1, is

LM =
√
−g

[
gµν

(
DµΦ

)
(DνΦ)∗ − m2ΦΦ∗ − 1

4
FµνFµν

]
, (8.2.1)

where g ≡ det gµν, m is the scalar field mass and Dµ ≡ ∇µ + ıqAµ, where
the constant q is the boson charge, ∇ stands for the covariant derivative, the
asterisk denotes the complex conjugation, Aµ is the electromagnetic vector
potential, while Fµν = ∂µ Aν − ∂ν Aµ is the electromagnetic field tensor [126,
133, 134]. We use a metric gµν with signature (+,−,−,−); Greek indices run
from 0 to 3, while Latin indices run from 1 to 3.

Therefore the total Lagrangian density L for the field Φ minimally coupled
to gravity and to a U(1) gauge field is

L =
√
−g

R

16πGN

+LM, (8.2.2)

where R is the scalar curvature, MPl = G−1/2
N is the Planck mass, and GN is

the gravitational constant.

The Lagrangian density is invariant under a local U(1) gauge transforma-
tion (of the field Φ). The corresponding conserved Noether density current
Jµ is given by

Jµ =
√
−ggµν

[
ıq (Φ∗∂νΦ − Φ∂νΦ∗)− 2q2AνΦΦ∗

]
, (8.2.3)

while the energy-momentum tensor Tµν is

Tµν =
(

DµΦ
)∗

(DνΦ) +
(

DµΦ
)
(DνΦ)∗ − gµνgαβ (DαΦ)∗

(
DβΦ

)

−gµνm2ΦΦ∗ +
1

4
gµνFαβFαβ − gαβFµαFνβ. (8.2.4)

In the case of spherical symmetry, the general line element can be written in
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standard Schwarzschild-like coordinates (t, r, ϑ, ϕ) as

ds2 = eνdt2 − eλdr2 − r2
(

dϑ2 + sin ϑ2dϕ2
)

, (8.2.5)

where ν and λ are functions of the radial coordinate r only. Since we want
to study only time-independent and spherically symmetric spacetimes, the
metric and energy-momentum tensor must be time-independent even if the
matter field Φ may depend on time. Then, we set the following stationarity
ansatz [135, 136, 127, 137, 138]

Φ(r, t) = φ(r)eıωt, (8.2.6)

where φ is in general a complex field. Equation (8.2.6) describes a spherically
symmetric bound state of scalar fields with positive (or negative) frequency
ω. Accordingly, the electromagnetic four-potential is

Aµ(r) =
(

At(r) = A(r), Ar = 0, Aθ = 0, Aϕ = 0
)

. (8.2.7)

From Eq. (8.2.4) we obtain the following non-zero components of the energy-
momentum tensor T

µ
ν:

T0
0 =

[
m2 + e−ν (ω + qA)2

]
φ2 +

e−λ−ν(A′)2

2
+ φ′2e−λ, (8.2.8)

T1
1 =

[
m2 − e−ν (ω + qA)2

]
φ2 +

e−λ−ν(A′)2

2
− φ′2e−λ, (8.2.9)

T2
2 = T3

3 =
[
m2 − e−ν (ω + qA)2

]
φ2 − e−λ−ν(A′)2

2
+ φ′2e−λ,(8.2.10)

where the prime denotes the differentiation with respect to r. Let us note
from Eqs. (8.2.8–8.2.10) that the energy-momentum tensor is not isotropic.

Finally, the set of Euler-Lagrange equations for the system described by
Eq. (8.2.2) gives the two following independent equations for the metric com-
ponents:

λ′ =
1 − eλ

r
+ 8πGNreλ

{[
m2 + e−ν (ω + qA)2

]
φ2 +

e−λ−ν(A′)2

2
+ φ′2e−λ

}
,

(8.2.11)

ν′ =
−1 + eλ

r
+ 8πGNreλ

{[
−m2 + e−ν (ω + qA)2

]
φ2 − e−λ−ν(A′)2

2
+ φ′2e−λ

}
,

(8.2.12)

which are equivalent to the Einstein equations G
µ
ν = 8πGNT

µ
ν, where G

µ
ν =
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R
µ
ν − 1

2 δ
µ
νR is the Einstein tensor. Then the Maxwell equations are simply

A′′ +
(

2

r
− ν′ + λ′

2

)
A′ − 2qeλφ2 (ω + qA) = 0, (8.2.13)

and the Klein-Gordon equation is

φ′′ +
(

2

r
+

ν′ − λ′

2

)
φ′ + eλ

[
(ω + qA)2 e−ν − m2

]
φ = 0. (8.2.14)

In order to have a localized particle distribution, we impose the following
boundary conditions:

φ(∞) = 0, φ′(∞) = 0, and φ(0) = constant, φ′(0) = 0. (8.2.15)

We also impose the electric field to be vanishing at the origin so that

A′(0) = 0 , (8.2.16)

and we demand that
A(∞) = 0 , A′(∞) = 0. (8.2.17)

Furthermore, we impose the following two conditions on the metric com-
ponents:

gtt(∞) = 1, (8.2.18)

grr(0) = 1 . (8.2.19)

Equation (8.2.18) implies that the spacetime is asymptotically the ordinary
Minkowski manifold, while Eq. (8.2.19) is a regularity condition [124].

We can read Eqs. (8.2.11–8.2.14), with these boundary conditions, as eigen-
value equations for the frequency ω. They form a system of four coupled
ordinary differential equations to be solved numerically.

It is also possible to make the following rescaling of variables:

ω → mω, q → q m
√

8πGN, φ(r) → φ(r)
/√

8πGN (8.2.20)

r → r/m, A(r)q + ω → C(r), (8.2.21)

in order to simplify the integration of the system [124, 107].
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Using Eqs. (8.2.20) and (8.2.21), Eqs. (8.2.11–8.2.14) become:

φ′′ = −eλ
(
−1 + e−νC2

)
φ + eλrφ2φ′ −

(
eλ + 1

r
− e−νrC′2

2q2

)
φ′(8.2.22)

C′′ = 2eλq2Cφ2 + eλ−νrC2φ2C′ − C′
(

2

r
− rφ′2

)
, (8.2.23)

λ′ = − (eλ − 1)

r
+ reλ(C2e−ν + 1)φ2 + rφ′2 +

C′2

2q2
re−ν, (8.2.24)

ν′ =
eλ − 1

r
+ reλ(C2e−ν − 1)φ2 + rφ′2 − C′2

2q2
re−ν. (8.2.25)

It is worth noting that these equations are invariant under the following
rescaling:

C → γC, eν(r) → γ2eν(r), (8.2.26)

where γ is a constant. Therefore, since we impose the conditions at infinity:

gtt(∞) = 1, A(∞) = 0, (8.2.27)

we can use this remaining invariance to make C(0) = 1. Thus the equations

become eigenvalue equations for eν(0) and not for ω. For each field value
φ(0) > 0, one can solve the equations and study the behavior of the solutions
for different values of the charge q imposing

λ(0) = 0, φ′(0) = 0, (8.2.28)

C(0) = 1, C′(0) = 0, (8.2.29)

and looking for ν(0) in such a way that φ be a smoothly decreasing function
and approaches zero at infinity. (See also [125]).

8.3 Charge, radius, mass and particle number

The locally conserved Noether density current (8.2.3) provides a definition
for the total charge Q of the system with

Q =
∫

d3xJ0 = 8πq
∫ ∞

0
drr2 (ω + qA) φ2e

λ−ν
2 . (8.3.1)

Assuming the bosons to have the identical charge q, the total number N can
be related to Q by Q = qN, so N is given by as [127]

N ≡ 8π
∫ ∞

0
drr2 (ω + qA) φ2e

λ−ν
2 . (8.3.2)
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For the mass of the system it has been widely used in the literature the ex-
pression (see e.g. [124, 125, 126])

M = 4π
∫ ∞

0
drr2

{[
(ω + qA)2 e−ν + m2

]
φ2 + φ′2e−λ +

1

2
A′2e−(λ+ν)

}
,

(8.3.3)
which follows from the definition M = 4π

∫
drr2T0

0 , using Eq. (8.2.8). The
solution represented by the line element (8.2.5) with the parameters M, N
and Q as given above is spherically symmetric and time-independent. We
expect to match this interior solution with an external electro-vacuum solu-
tion, inheriting the spacetime symmetries of the self-gravitating configura-
tion. We consider here the exact, asymptotically flat solution of the Einstein-
Maxwell equations, namely the Reissner-Nordström metric, describing the
field around an isolated spherical object with mass M∗ and charge Q. Notice
that, however, the mass parameter M does not satisfy the matching condi-
tion with an exterior Reissner-Nordström spacetime, which relates the actual
mass M∗, and charge Q of the system with the metric function λ through the
relation

e−λ = 1 − 2M∗GN

r
+

Q2GN

4πr2
, (8.3.4)

where Q is given by the integral (8.3.1). Thus, the contribution of the scalar
field to the exterior gravitational field is encoded in the mass and charge only,
see e.g. [107, 125, 124, 126, 127, 128, 139].

The masses M and M∗ given by Eqs. (8.3.3) and (8.3.4), respectively, are
related to each other as

M∗ ≡ M +
Q2

8πr
, (8.3.5)

so the difference ∆M ≡ M∗ − M gives the electromagnetic contribution to
the total mass. Using the variables (8.2.20) and (8.2.21), Eq. (8.3.5) reads

M∗ ≡ M +
Q2

r
. (8.3.6)

We will discuss below the difference both from the quantitative and quali-
tative point of view of using the mass definitions (M, M∗) for different boson
star configurations.

Finally, we define the radius of the charged boson star as

R ≡ 1

qN

∫
d3xJ0r =

8π

N

∫ ∞

0
drr3 (ω + qA) φ2e

λ−ν
2 , (8.3.7)

where N is given by the integral (8.3.2). This formula relates the radius R to
the particle number N and to the charge q (and also to the total charge Q)
[126]. Using the variables (8.2.20) and (8.2.21), the expressions (8.3.1–8.3.7)
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8 Charged boson stars

become

M =
1

2

∫ ∞

0
r2

(
e−νC2φ2 + e−λφ′2 + φ2 +

1

2

e−(λ+ν)C′2

q2

)
dr, (8.3.8)

N =
∫ ∞

0
drr2Ce

(λ−ν)
2 φ2, (8.3.9)

Q = q
∫ ∞

0
drr2Ce

(λ−ν)
2 φ2, (8.3.10)

R =
1

N

∫ ∞

0
drr3Ce

(λ−ν)
2 φ2. (8.3.11)

Note that M is measured in units of M2
Pl/m, the particle number N in units

of M2
Pl/m2, the charge q in units of

√
8πm/MPl and R and Q = qN in units of

1/m and
√

8πMPl/m, respectively[124].
We notice that in these units the critical boson charge defined above be-

comes q2
crit = 1/2 or |qcrit| = 1/

√
2 ≈ 0.707. Thus, the construction of config-

urations with boson charge q2 ≃ 1/2 will be particularly interesting.

8.4 Numerical integration

We carried out a numerical integration of Eqs. (8.2.22–8.2.25) for different val-
ues of the radial function φ(r) at the origin and for different values of the
boson charge. An ordinary integrator, based on Runge-Kutta-like methods,
has been used to find the numerical solution of the ordinary differential equa-
tions. We fix the initial values of the problem and the boundary conditions
to solve the associated eigenvalue problem, imposing the condition that φ
be a smoothly decreasing function that approaches zero at infinity1. The re-
sults are summarized in Figs. 8.1– 8.10 and in Tables 8.2– 8.5. We pay special
attention to the study of zero-nodes solutions.

We found, in particular, that bounded configurations of self-gravitating
charged bosons exist with particle charge q ≤ qcrit, and for values q > qcrit lo-
calized solutions are possible only for low values of the central density, that
is for φ(0) < 0.3. For instance, for q = 0.8 we found localized zero-nodes so-
lutions only at φ(0) = 0.1. On the other hand, for q > qcrit and higher central
densities, the boundary conditions at the origin are not satisfied any more
and only bounded configurations with one or more nodes, i.e. excited states,

1The numerical integration has been performed using the algebraic package Mathematica
7. The central densities have been fixed at intervals of (0.1, 0.05). An interpolation order
in the range (2, 4) has been used for the curves fitting the functions (R, M, M∗, N, Q)
and their ratios (the interpolation order specifies that polynomials of degree n should be
fitted between data points). The maximum number of steps (MaxSteps) used to generate
a result from the equation of state was set to 1500. In fixing the machine zeros for the
initial and boundary conditions, we refer to the orders ≤ (10−4, 10−3).
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could be possible (see also [126]).

In Sec. 8.4.1, we analyze the features of the metric functions (eν, eλ) and the
Klein–Gordon field φ. In Sec. 8.4.2 we focus on the charge and mass, total
particle number and radius of the bounded configuration. Since we have
integrated the system (8.2.11–8.2.14) using the Eqs. (8.2.20–8.2.21), i.e.,

ω̄ = mω C(r) = qA + ω , (8.4.1)

to obtain Eqs. (8.2.22–8.2.25), we may use the asymptotic assumption A(∞) =
0 for the potential so that

C(∞) = ω . (8.4.2)

Different values of ω are listed in Table 8.1.

Table 8.1: Table provides the eigenvalues ω for different values of the central density φ(0)

and for different values of the charge q. The charge q in measured in units of
√

8πm/MPl

φ(0) ω ω ω ω

q=0.5 q=0.65 q=0.7 q = 1/
√

2
0.1 1.03433 1.05912 1.07885 1.07464
0.2 1.10489 1.24457 1.43809 1.38764
0.3 1.17031 1.44232 1.96159 2.05052
0.4 1.22759 1.61925 2.15270 2.30157
0.5 1.27042 1.72349 2.25687 2.38881
0.6 1.29767 1.78963 2.26809 2.39819
0.7 1.30994 1.79980 2.26305 2.37248
0.8 1.30852 1.76409 2.16889 2.25671
0.9 1.29720 1.72279 2.08637 2.12406
1 1.28046 1.67749 1.99464 2.08020

We recall that the mass M is measured in units of M2
Pl/m, the particle num-

ber N in units of M2
Pl/m2, the charge q in units of

√
8πm/MPl and R and Q in

units of 1/m and
√

8πMPl/m, respectively.

8.4.1 Klein-Gordon field and metric functions

In Fig. 8.1, the scalar field φ, at fixed value of the charge q = qcrit, is plotted as
a function of the radial coordinate r and for different values at the origin φ(0).
The shape of the function does not change significantly for different values
of the boson charge, i.e, the electromagnetic repulsion between particles has
a weak influence on the behavior of φ.

In Fig. 8.2, the radial function φ is plotted for different initial values at the
origin and for different values of the charge q. As expected φ decreases mono-
tonically as the radius r increases. Moreover, we see that for a fixed value of
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Figure 8.1: (Color online) The radial function of the scalar field, for a fixed value of the

charge q = qcrit = 1/
√

2 in units of
√

8πm/MPl, is plotted as a function of the radial coordi-
nate r for different values at the origin. The radial function decreases monotonically as the
dimensionless radius increases.

r and of the central density, an increase of the boson charge corresponds to
larger values of φ.
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Figure 8.2: (Color online) The radial function φ is plotted as a function of r (dimensionless)
for selected values of the radial function at the origin and different values of the charge:
q = 0 (blue line), q = 0.5 (dashed red line), q = 0.65 (dotted thick green line), q = 0.7

(dottted-dashed magenta line), q = 1/
√

2 (dashed thick black line), in units of
√

8πm/MPl.
Inside plots are enlarged views of curve sections.

In Figs. 8.3 and 8.4 the metric function eλ = −g11 is plotted as a function of
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the dimensionless radius r for different values of the radial function φ(r) at
the origin and for a selected values of the charge q.
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Figure 8.3: (Color online) The coefficient eλ of the metric is plotted as a function of r (di-
mensionless) for different values of the radial function at the origin and for selected values

of the charge q(in units of
√

8πm/MPl).
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Figure 8.4: (Color online) The coefficient eλ = −g11 (eλ(r)) of the metric is plotted as a
function of r (dimensionless) for fixed values of the radial function at the origin and for

different values of the charge q(in units of
√

8πm/MPl).

.

In general, we observe that eλ reaches its maximum value at the value, say,
rMax of the radial coordinate. Once the maximum is reached, the function
decreases monotonically as r increases and tends asymptotically to 1, in ac-
cordance with the imposed asymptotic behavior. For a fixed value of the
charge, the value of rMax decreases as the central density increases.

Table 8.2 provides the maximum values of eλ(r) and the corresponding ra-
dial coordinate rMax, for different values of the central density. In the case of
a neutral configuration [123], q = 0, the boson star radius is defined as the

759



8 Charged boson stars

value rMax corresponding to the maximum value of eλ(r) = −g11. Then, the
values of rMax, listed in Table 8.2 can be assumed as good estimates of the
radius of the corresponding charged configurations. Moreover, in Figs. 8.4,

Table 8.2: The maximum values of eλ(r) = −g11 and the corresponding radial coordinate
rMax for different values of the central density. For a fixed φ(0), an increase of the boson
charge q generates an increase of the maximum value of eλ and of the value of the radius
rMax.

q φ(0)
0.1 0.2 0.3 0.4 0.5

eλMax rMax eλMax rMax eλMax rMax eλMax rMax eλMax rMax

0 1.0984 6.4060 1.2328 4.7090 1.3471 3.5184 1.4528 2.7582 1.5482 2.2144
0.5 1.1179 6.8172 1.3132 5.2940 1.4705 3.9800 1.6094 3.1282 1.7234 2.512
0.65 1.1212 6.6753 1.4635 5.9912 1.7395 4.6225 1.9524 3.6451 2.0729 2.8975
0.7 1.1469 7.2189 1.8154 7.0841 2.4602 5.5813 2.5159 4.1125 2.5409 3.2099

1/
√

2 1.1323 6.8585 1.6764 6.5422 2.5981 5.6016 2.6873 4.1943 2.6637 3.2650
φ(0)

0.6 0.7 0.8 0.9 1
0 1.6324 1.7964 1.7031 1.4561 1.7609 1.1707 1.8064 0.92659 1.8414 0.7175
0.5 1.8124 2.0394 1.8774 1.6600 1.9197 1.3430 1.9432 1.0722 1.9526 0.8383
0.65 2.1520 2.3519 2.1795 1.9132 2.1688 1.5471 2.1470 1.2464 2.1144 0.9895
0.7 2.5116 2.5649 2.4798 2.0919 2.3972 1.6925 2.3222 1.3706 2.2420 1.0939

1/
√

2 2.6123 2.6133 2.5519 2.1275 2.4469 1.7199 2.3420 1.3806 2.2745 1.1198

the coefficient eλ of the metric is plotted as a function of the radial coordinate
r for fixed values of the radial function at the origin and different values of
the charge q. For a fixed φ(0), an increase in the maximum value of g11 and
of the value of rMax, corresponds to an increase of the boson charge q. At a
fixed value of r, the value of the coefficient −g11 increases with an increase of
the central density, reaching the maximum value at φMax(0) ≃ 0.3.

8.4.2 Mass, charge, radius and particle number

The masses M and M∗ of the system, in units of M2
Pl/m, and the particle

number N, in units of M2
Pl/m2, are plotted in the Fig. 8.5 as functions of the

central density φ(0), for different values of the boson charge q.

In Fig. 8.6, the masses M and M∗ are plotted as functions of the scalar cen-
tral density for selected values of the boson charge; we have indicated the
difference ∆ = M∗ − M at a certain φ(0). This quantity clearly increases with
the boson change q, as expected. Analogously to the case of white dwarfs
and neutron stars, a critical mass MMax and, correspondingly, a critical num-
ber NMax exist for a central density φ(0)Max ≃ 0.3, independently of the value
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Figure 8.5: The charged boson star mass M and mass M∗ in units of M2
Pl/m (solid line),

and particle number N in units of M2
Pl/m2 (dashed line) are plotted as functions of the central

density φ(0) for different values of the charge q (in units of MPl/
√

8πm): (a) shows M and
N, (b) M∗ and N and (c) M, N and M∗ as functions of φ(0). We note that in particular at the

critical density φ(0) ≈ 0.3 for q = 1/
√

2 it is M∗
> N.
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Figure 8.6: The mass M (in units of M2
Pl/m) and the mass M∗ are plotted as functions of the

central density φ(0) and for different values of the boson charge q (in units of
√

8πm/MPl).

of q within the precision of our numerical integration. This behavior is also
evident from Table 8.3 (see also Table 8.4 and Table 8.5). We refer also to
[142, 143, 124, 128, 141, 125, 140, 126, 144, 129, 107, 137] for further discus-
sions on the existence of critical values for the mass, particle number and the
respective central density. Configurations with φ(0) > φ(0)Max are gravita-
tionally unstable, see e.g. [124, 125, 126, 128, 141, 140, 142, 143]. In Table 8.3,
the maximum values of the charged boson star mass MMax, and the number of
particles NMax, and φMax are listed for selected values of q.

Comparing the plots at different charge values we can see that the pres-
ence of charge does not change the behavior qualitatively. However, to an
increase of the boson charge values corresponds an increase of MMax, M∗

Max

and NMax, and an increase of the difference (NMax − MMax) between the maxi-
mum number of particles and the mass at a fixed central density. The critical
central density value is φ(0)Max ≃ 0.3. This value seems to be independent of
the charge values q (see also [144]).
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Table 8.3: The maximum values of the boson star mass MMax and M∗
Max (in units of M2

Pl/m)
and of the number of particles NMax (in units of M2

Pl/m2), the charge QMax (in units of√
8πMPl/m) as functions of φ(0), and the corresponding central density values φ(0)(Max,M)

for the mass MMax, φ(0)(Max,N) for particle number NMax, φ(0)(Max,Q) for the total charge QMax are
listed for different q. The entries with a star (∗) do not correspond to maximum values but
to the initial points of the numerical integration. (See Fig. 8.7)

q MMax φ(0)(Max,M) M∗
Max φ(0)(Max,M∗) NMax φ(0)(Max,N) QMax φ(0)(Max,Q)

0 0.62374 0.3 0.62374 0.3 0.641665 0.3 X X 4.56589*
0.50 0.87536 0.271041 0.895504 0.271444 0.902576 0.271361 0.448485 0.3 4.79634*
0.65 1.33207 0.325797 1.4133 0.32305 1.402170 0.326816 0.90818 0.318766
0.70 2.31504 0.282575 2.63956 0.291404 2.63120 0.284047 1.84184 0.284047 4.74968*

1/
√

2 2.33016 0.3 2.67951 0.3 2.64329 0.3 1.86909 0.3

The radius R, the total charge Q, and the mass M are plotted (in units of

1/m,
√

8πMPl/m, and M2
Pl/m, respectively) in Figs. 8.7–8.8 as functions of

the central density φ(0), for different values of the charge q. We see that
the radius, for a fixed central density, increases as the charge increases (see
Fig. 8.7 and Table 8.3).

In Table 8.3 the maximum values of the total charge QMax, for φMax(0) ≃ 0.3
and for different q are listed. For fixed values of the charge q, the total charge
increases with an increase of the central density until it reaches a maximum
value for some density φ(0)Max. Then, the value of Q decreases monotonically
as φ(0) increases. In this way, it is possible to introduce the concept of a
maximum charge QMax for charged boson stars.

In Fig. 8.7, the charge Q is plotted as a function of the central density φ(0)
for different values of the charge q. For fixed values of the charge q, the to-
tal charge increases with an increase of the central density until it reaches a
maximum value for some density φ(0)Max. Then, the value of Q decreases
monotonically as φ(0) increases. In this way, it is possible to introduce the
concept of a critical charge QMax for charged boson stars. In Table 8.3 the max-
imum values of the total charge QMax, for φMax(0) ≃ 0.3 and for different values
of q are listed. Let us note that for a fixed central density, to an increase of the
boson charge q corresponds an increase of the maximum QMax (see Fig. 8.7
and Table 8.3).

Fig. 8.8 depicts the total charge Q (in units of
√

8πMPl/m), the radius R (in
units of 1/m), and the mass M (in units of M2

Pl/m), as functions of the central
density φ(0) and for different values of the boson charge q (in

√
8πm/MPl).

Note that, for a fixed value of the charge q, the mass, the radius and the
charge are always positive and to an increase (decrease) of the total charge
there always corresponds an increase (decrease) of the total mass (and total
particle number). Both quantities increase as the central density increases
and they reach a maximum value for the same density φ(0)Max ≃ 0.3 (see also
Table 8.3). Once the maximum is reached, both quantities decrease monoton-
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Figure 8.7: This graphic shows the total charge Q (in units of
√

8πMPl/m) and the radius
R (in units of 1/m) as functions of the central density φ(0), for different values of the boson

charge q (in units
√

8πm/MPl).

ically as φ(0) increases.
In Figs. 8.9 we show the ratios R/N, R/M and R/M∗, M/N and M∗/N in

units of m/M2
Pl, 1/M2

Pl and m, respectively, as functions of the central density,
and for different values of the boson charge q. For fixed values of the charge
q, the ratio R/N, the ratio R/M, and M/N decrease as the central density in-
creases, until they reach a minimum value φ(0)(min,R/N), φ(0)(min,R/M), φ(0)(min,M/N),
respectively. After the minimum is reached, all ratios increase monotonically
as the central density increases.

In Table 8.4, the minimum values of R/N, M/N and R/M, M∗/N and
R/M∗ and the value of φmin, are given for different values of q. Furthermore,

Table 8.4: The minimum values of the ratios R/M and R/M∗ (in units of 1/M2
Pl), M/N

and M∗/N (in units of m) and R/N (in units of m/M2
Pl) as functions of φ(0) and for different

values of q. We note that to an increase of q corresponds a decrease of the minima of R/M,
R/M∗, M/N, and R/N. Viceversa the M∗/N increases with q.

q
R(φ(0))
M(φ(0))

φ(0)(min,R/M)

R(φ(0))
M∗(φ(0)) φ(0)(min,R/M∗)

M(φ(0))
N(φ(0))

φ(0)(min,M/N)

M∗(φ(0))
N(φ(0))

φ(0)(min,

0 2.87985 0.793811 2.87985 0.793811 0.972071 0.298102 0.972071 0.298102
0.50 2.47116 0.742725 2.43821 0.735351 0.969991 0.291616 0.992362 0.282309
0.65 2.08637 0.617825 2.00041 0.592344 0.949828 0.334285 1.00875 0.342184
0.70 1.76082 0.541418 1.63117 0.455206 0.879342 0.289220 1.00752 0.278012

1/
√

2 1.68120 0.499717 1.53638 0.446416 0.881540 0.300000 1.0137 0.300000

an increase of the boson charge values corresponds a decrease of the minima
of the ratios R/N and R/M, and of the corresponding φmin. For a fixed value
of the central density φ(0), to a decrease of the boson charge q corresponds
an increase of R/N, R/M and R/M∗. These ratios decrease as the particle
repulsion increases, leading to a minimum value for a given central density.
The ratio M/N and M∗/N decrease with an increase of the central density
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Figure 8.8: The total charge Q (in units of
√

8πMPl/m), the radius R (in units of 1/m), and

the mass M (in units of M2
Pl/m) are plotted as functions of the central density φ(0) and for

different values of the boson charge q (in units of
√

8πm/MPl).

until it reaches a minimum value, and then it increases as φ(0) increases. The
minimum values of M/N decrease as the charge q increases. On the other
side, from Table 8.4, we note that the minimum values of M∗/N increases as
the charge q increases. This can also be noted in Figs. 8.9: M∗/N increases
with q until the central density reaches a point φ(0) ≈ 0.75, at which the lines
M∗/N at different charges match and then M∗/N turns out to be a decreasing
function of q. It is clear that the quantity M/N is an indication of the binding
energy per particle, B/N = 1− M/N, in the units we are using. So M/N > 1
indicates negative binding energies (bound particles) while M/N < 1 indi-
cates unbound particles, in principle. It can be seen from the lower left panel
of Fig. 8.9 how the misinterpretation of the mass M as the mass of the sys-
tem would in principle lead to the conclusion that most of the configurations
have positive binding energy, since M/N < 1. Instead, the lower right panel
of Fig. 8.9-(d) shows that indeed most of the configurations have M∗/N > 1
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Figure 8.9: (Color online) The ratios R/N (a), R/M∗ (b), M/N (c) and M∗/N (d) in units

of m/M2
Pl, 1/M2

Pl, and m, respectively, are plotted as functions of the central density, and for

different values of the boson charge q (in
√

8πm/MPl). Dashed line is φ(0) = 0.3.

.

and have therefore negative binding. However, it can be also seen from this
figure that indeed there are configurations for which despite being in the sta-
ble branch, φ(0) ≤ 0.3, their binding energy is positive for some values of the
central density. In contrast, the configurations at the critical point, φ(0) ≈ 0.3,
and over it, show negative binding energies; this means that objects appar-
ently bound can be unstable against small perturbations, in full analogy with
what observed in the mass-radius relation of neutron stars. For a discussion
on this issue see, for instance, [108, 145].

Figs. 8.10 illustrate the behavior of the ratios Q/M, Q/M∗ and Q/R in

units of
√

8π/MPl and
√

8πMPl, respectively, as functions of the central den-
sity for different values of the boson charge q. The maximum values of the
charge-to-mass ratio satisfy the inequality Q/M > Q/M∗ since M < M∗ as
shown in Fig. 8.6. We also note that the inequality Q/M∗

< q/m is satisfied
for all charges q, in particular Q/M∗ never reaches the critical value qcrit/m;
a consequence of the non-zero gravitational binding.

To an increase of the central density corresponds an increase of the Q/M
(Q/M∗) ratio, until a maximum value is reached. As the boson charge q in-

765



8 Charged boson stars

0.2 0.4 0.6 0.8 1.0
0.4

0.5

0.6

0.7

0.8

ΦH0L

Q
�M

0.5

0.65

0.7

1� 2

0.2 0.4 0.6 0.8 1.0
0.40

0.45

0.50

0.55

0.60

0.65

0.70

ΦH0L

Q
�M
*

0.5

0.65

0.7

1� 2

0.2 0.4 0.6 0.8 1.0

0.1

0.2

0.3

0.4

ΦH0L

Q
�R

0.5

0.65

0.7

1� 2

(a) (b) (c)

Figure 8.10: The ratios Q/M (a) and Q/M∗ (b) in units of
√

8π/MPl, and Q/R (c), in units

of
√

8πMPl, as functions of the central density, for different values of the boson charge q (in√
8πm/MPl).

creases, the values of the maximum of Q/M (Q/M∗) increase. Table 8.5 pro-
vides the maximum value of the ratios Q/M, Q/M∗ and Q/R as functions
of the central density and for different values of the boson charge q.

Table 8.5: The maximum value of the ratios Q/M, Q/M∗, and Q/R, in units of
√

8π/MPl

and
√

8πMPl respectively, as functions of the central density and for different values of the

boson charge q (in
√

8πm/MPl).

q Q
M (φ(0)) φ(0)(Max,Q/M)

Q
M∗ (φ(0)) φ(0)(Max,Q/M∗)

Q
R (φ(0) φ(0)(Max,Q/R)

0.50 0.515469 0.291645 0.503848 0.282348 0.194576 0.648848
0.65 0.684291 0.333835 0.644347 0.34207 0.315191 0.534444
0.70 0.796011 0.289606 0.694768 0.278139 0.420745 0.340640

1/
√

2 0.802127 0.300000 0.697547 0.300000 0.449011 0.422762

The behavior of the total mass M and M∗, particle number N and charge
Q as functions of the configuration radius R is also shown in Figs. 8.11, for
different values of the charge q.

We can note that, for a fixed values of the charge q, the mass, the particle
number and the charge, increase as the radius R increases, until a maximum
value is reached for the same RMax. Then all these quantities decrease rapidly
as R increases. This means that the concept of “critical radius” RMax, together
with a critical mass and a critical particle number, for a charged boson star can
be introduced. The plots also indicate that the presence of a charge q does
not change the qualitative behavior of the quantities. However, the values
of MMax and NMax, and of the corresponding values of RMax, are proportional
to the value of q. Configurations are allowed only within a finite interval
of the radius R. The values of the minimum and maximum radii are also
proportional to the value of the boson charge q. The critical central density
φ(0) ≃ 0.3 represents a critical point of the curves. Configurations for φ(0) >
0.3, are expected to be unstable, see [124, 126]. It is interesting to notice that
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Figure 8.11: The mass M and M∗, in units of M2
Pl/m, the particle number N, in units of

M2
Pl/m2, and the charge Q, in units of

√
8πMPl/m, as functions of the radius R calculated

at a fixed central value φ(0), in units of 1/m, for different values of the charge q, in units of√
8πm/MPl. The central density values φ(0) are represented by markers on the curves and

numbers in brackets.

for small values of the radius, there is a particular range at which for a specific
radius value there exist two possible configurations with different masses
and particle numbers. This behavior has also been found in the case of neutral
configurations and is associated with the stability properties of the system.

Finally, we illustrate the behavior of the physical quantities for a fixed value
of the charge q in Fig. 8.12.

Figures 8.13 show the charge-to-mass ratio as a function of the radius of the
configuration evaluated at different central densities. At the central density
φ(0) ≃ 0.3 there exists a critical point on the curve. To lower central den-
sities correspond configurations with larger radius. The ratio Q/(RM) and
Q/(RM∗) and increases as φ(0) increases.
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8 Charged boson stars

8.5 Neutral boson stars

In this Appendix we shall focus on electrically neutral configurations explor-
ing in particular their global proprieties: mass, radius and total particle num-
bers. Neutral boson stars are gravitationally bound, spherically symmetric,
equilibrium configurations of complex scalar fields φ [123] (for further dis-
cussions about the neutral configurations see also [151, 152]). It is possible to
analyze their interaction by considering the field equations describing a sys-
tem of free particles in a curved space–time with a metric determined by the
particles themselves.

The Lagrangian density of the gravitationally coupled complex scalar field
φ reads

L = −
(

gµν∂µ φ∂νφ∗ − m2φφ∗
)

(8.5.1)

where m is the boson mass, φ∗ is the complex conjugate field (see, for exam-
ple, [123, 133, 134]). This Lagrangian is invariant under global phase transfor-
mation φ → exp (iθ) φ where θ is a real constant that implies the conservation
of the total particle number N.

Using the variational principle with the Lagrangian (8.5.1), we find the fol-
lowing Einstein coupled equations

Gµν ≡ Rµν −
1

2
gµνR = 8πGNTµν(φ), (8.5.2)

with the following Klein-Gordon equations

gµν∇µ∇νφ + m2φ = 0, (8.5.3)

gµν∇µ∇νφ∗ + m2φ∗ = 0. (8.5.4)

for the field φ and its complex conjugate φ∗.

The symmetric energy-momentum tensor is

Tµν = 2 (|g|)−1/2
(

∂

∂xα

∂ (
√−g)L

∂ (gµν/∂xα)
− ∂ (

√−g)L

∂gµν

)
, (8.5.5)

and the current vector is

Jµ = ı

{[
∂L

∂
(
∂µφ∗)φ∗

]
−
[

∂L

∂
(
∂µφ

)φ

]}
. (8.5.6)

The explicit form of Eq. (8.5.3)

1√
|g|

∂i

[
gij
√
|g|∂kφ

]
+ g00∂2

0φ + m2φ = 0 , (8.5.7)
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can be solved by using separation of variables

φ (r, θ, ϕ, t) = R(r)Ym
l (θ, ϕ) e−ıωt, (8.5.8)

where Ym
l (θ, ϕ) is the spherical harmonic. Equation (8.5.8) and its complex

conjugate describe a spherically symmetric bound state of scalar fields with
positive or negative frequency ω, respectively2. It ensures that the boson star
space–time remains static3.

In the case of spherical symmetry, we use as before the general line element

ds2 = eνdt2 − eλdr2 − r2
(

dϑ2 + sin ϑ2dϕ2
)

, (8.5.9)

where λ = λ(r) and ν = ν(r).

Thus, there are only three unknown functions of the radial coordinate r
to be determined, the metric function ν, λ, and the radial component R of
the Klein–Gordon field. From Eq. (8.5.7) we infer the radial Klein–Gordon
equation

R′′(r) +
(

2

r
− λ′(r)

2
+

ν′(r)
2

)
R′(r) + eλ(r)

(
−m2 + e−ν(r)ω2

)
R(r) = 0,

(8.5.10)
where the prime (′) denotes the differentiation with respect to r.

The energy momentum tensor components are (see [123])

T 0
0 =

1

2

{[
e−νω2 + m2

]
R2

01 + e−λR
′2
01

}
, (8.5.11)

T 1
1 = −1

2

{[
e−νω2 − m2

]
R2

01 + e−λR
′2
01

}
, (8.5.12)

T 2
2 = T 3

3 = −1

2

{[
e−νω2 − m2

]
R2

01 − e−λR
′2
01

}
, (8.5.13)

T i
0 = 0 (8.5.14)

From the expressions (8.5.11,8.5.12) and from the Einstein equation (8.5.2)

2In the distribution we have considered all the particles are in the same ground state (n =
1, l = 0).

3In the case of a real scalar field can readily be obtained in this formalism by requiring
ω = 0 due to the condition φ = φ∗.
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8 Charged boson stars

we finally obtain the following two independent equations

λ′ =
1

r

(
1 − eλ

)
+ 8πGre−ν

[
R2eλ

(
ω2 + m2eν

)
+ R′2eν

]
, (8.5.15)

ν′ = −1

r

(
1 − eλ

)
+ 8πGre−ν

[
R2eλ

(
ω2 − m2eν

)
+ R′2eν

]
, (8.5.16)

for the metric fields λ and ν, respectively.

To integrate numerically these equations it is convenient to make the fol-
lowing rescaling of variables:

r → r̂/m, σ(r) ≡ R(r)/
√

8πGN, ω → ωm . (8.5.17)

Thus, we finally obtain from Eqs. (8.5.10) and (8.5.15, 8.5.16) the following
equations

R′′ = eλR − ω2eλ−νR + R′
(
−1

r
− eλ

r
+ eλrR2

)
(8.5.18)

λ′ =
1

r

(
1 − eλ

)
+ re−ν

[
R2eλ

(
ω2 + eν

)
+ R′2eν

]
, (8.5.19)

ν′ = −1

r

(
1 − eλ

)
+ re−ν

[
R2eλ

(
ω2 − eν

)
+ R′2eν

]
, (8.5.20)

for the radial part of the scalar field R and the metric coefficients λ and ν in
the dimensionless variable r̂.

The initial and boundary conditions we impose are

R(∞) = 0, R′(∞) = 0, and R(0) = constant, R′(0) = 0. (8.5.21)

in order to have a localized particle distribution and

λ(0) = 0, (8.5.22)

ν(∞) = 0, (8.5.23)

to get asymptotically the ordinary Minkowski metric (8.5.22), and to satisfy
the regularity condition (8.5.23).

We calculate the mass of system as

M = 4π
∫ ∞

0
ρr2dr, (8.5.24)

where the density ρ, given by T0
0 , is

ρ =
1

2

[
R2
(

1 + ω2e−ν
)
+ e−λR′2

]
. (8.5.25)
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The particle number is determined by the following normalization condition

N =
∫ ∞

0

〈
J0
〉
(−g)1/2 d3x. (8.5.26)

which, using Eq. (8.5.6), becomes

N =
∫ ∞

0
r2ωe(λ−ν)/2R2dr. (8.5.27)

The mass M is measured in units of M2
Pl/m, the particle number N in units

of M2
Pl/m2, ω in units of mc2 and the radius of the configuration is in units of

h̄/(mc).
In the numerical analysis we obtain a maximum value of g11 from which

we determine the “effective radius” Reff of the distribution as the radius, rgMax
11

,

corresponding to the maximum of g11 [123, 127]. We carried out a numerical
integration for different values of the radial function R at the origin. We give
some numerical values in Table 8.6. We have fixed some values for R at the

Table 8.6: Numerical results for neutral boson stars. R (0) is the value of
the radial part of the wave function at the origin. The mass at infinity
has been computed by Eq. (8.5.24). The value is given in units M2

Pl/m =(
h̄2cG−1m−1

)
. The eigenvalue ω, measured in units of mc2, where m is the

boson mass, has been determined by requiring that the redial part R goes
to zero at infinity. The radius of the distribution (units h̄c−1m−1) has been
defined to be the value rgMax

11
of the radial coordinate corresponding to the

maximum of g11. The minimum g00 is attained at the origin.

R (0) ω
(
mc2

)
gMax

11 rgMax
11

(h̄/mc) gmin

00 g00 (rMax) N (m−2M2
Pl) M (M−2

Pl /m)

0.10 1.0000 1.10572 6.73590 0.860104 0.959895 0.338031 0.334027
0.20 0.9403 1.24099 4.84330 0.654933 0.859126 0.625526 0.602570
0.30 0.9003 1.34844 3.52866 0.495123 0.757922 0.644172 0.623620
0.40 0.8993 1.44335 2.71423 0.392571 0.712016 0.575796 0.573405
0.51 0.8790 1.53397 2.09463 0.276904 0.619017 X X
0.55 0.8770 1.56106 1.90578 0.242491 0.587189 X X

origin and a random value for the eigenvalue ω. We solved all the three
equations simultaneously, looking for the value of ω for which the radial
function decreases exponentially, reaching the value zero at infinity. We have
plotted some results in Fig. 8.14 and in Figs. 8.15,8.16 and 8.17 where the
profiles are shown in terms of the radial variable.
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The mass at infinity and the total number of particle always stays posi-
tive. To an increase (decrease) of the number of particles always corresponds
an increase (decrease) of the mass at infinity (see Fig. 8.18). The concept of
critical mass is introduced since the total particle number and the mass at in-
finity (as a function of the central density, see Fig. 8.18) reaches a maximum
value NCri = 0.658438M2

Pl/m2 and MCri = 0.635626M2
Pl/m, respectively, for a

specific central density R(0)Cri:

NCri = 0.658438M2
Pl/m2, R(0)Cri = 0.278289, (8.5.28)

MCri = 0.635626M2
Pl/m, R(0)Cri = 0.277619. (8.5.29)

For further details, see also [142].

8.6 Conclusions

In this work we studied spherically symmetric charged boson stars. We have
solved numerically the Einstein-Maxwell system of equations coupled to the
general relativistic Klein-Gordon equations of a complex scalar field with a
local U(1) symmetry.

As in the case of neutral boson stars and previous works on charged con-
figurations, we found that it is possible to introduce the concepts of critical
mass MMax and critical number NMax. It turns out that the explicit value of these
quantities increases as the value of the boson charge q increases. In previous
works [126, 124], it was shown that charged configurations are possible for

q < qcrit ≡
√

1/2 (in units of
√

8πm/MPl). We performed a more detailed anal-
ysis and determined that bounded charged configurations of self-gravitating
bosons are possible with a particle charge q = qcrit, and even for higher values
localized solutions can exist.

We compared and contrasted both from the qualitative and quantitative
point of view the function M given by Eq. (8.3.3), often misinterpreted as
the mass of a charged system, with the actual mass M∗, related to M by
Eq. (8.3.5), which allows a correct matching of the interior solution at the
surface with the exterior Reissner-Nordström spacetime. In fact, since the in-
terior solution is spherically symmetric and time-independent, and possesses
a net electric charge, one could expect a matching with this exact electro-
vacuum solution that is able to describe the field around an isolated spherical
object with mass M∗ and charge Q.

By means of numerical integrations it is possible to show that for q > qcrit

solutions, satisfying the given initial conditions without nodes, are possible
only for values of the central density smaller than the critical value φ(0) ≈ 0.3
(see e.g. Fig. 8.19). On the other hand, for q > qcrit and higher central densities
the boundary conditions for zero-node solutions at the origin are not satisfied
and only bounded configurations with one or more nodes could be possible.
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That is, no numerical solution is found for the system with a ground state
composed by over-critical (q > qcrit) particles. On the other hand, it can be
proved that there exist solutions of the system (8.2.22–8.2.25) with at least a
node, i.e., a zero of the scalar φ(r).

We established that the critical central density value corresponding to MMax

(M∗
Max) and NMax is φ(0)Max ≃ 0.3, independently of the boson charge q. The

critical total mass and number of particles increase as the electromagnetic
repulsion increases [126] (see [146, 147], and also [148, 149, 111], for a recent
discussion on the charge-radius relation for compact objects).

The total charge of the star increases with an increase of the value of the
central density until it reaches a maximum value at φ(0) = φ(0)Max ≃ 0.3.
As φ(0) continues to increase, the charge Q decreases monotonically. In this
manner, the concept of a critical charge QMax for charged boson stars can be
introduced in close analogy to the concept of NMax. In this respect, the value
φ(0) ≃ 0.3 plays the role of a point of maximum of the electromagnetic re-
pulsion (as a function of the central density).

In order to have a better understanding of these systems for φ ≃ φ(0)Max,
we studied the behavior of φ and g11 as functions of φ(0) and the radial coor-
dinate r. The density φ increases with larger values of q, at fixed r and fixed
central density. For a fixed value of the boson charge, g11 reaches a maximum
value corresponding to a value rMax of the radial coordinate. After this max-
imum is reached, it decreases monotonically with an arbitrary increase of r.
The maximum value of g11 depends on the value of the central density and
of the coupling constant q. However, this maximum is bound and reaches its
highest value for φMax(0) ≃ 0.3.

The radius R and the ratios Q/M, M/N, R/M, Q/M∗, M∗/N, R/M∗,
R/N, Q/R were also studied as functions of the central density. To the central
density value φ(0) ≃ 0.3 corresponds the maxima of the charge Q, the mass
M (M∗), the particle number N, and of the ratio Q/M (Q/M∗). On the other
hand, φ(0) ≃ 0.3 corresponds to the minima of M/N, R/N and R/M as well
as M∗/N and R/M∗.

The effects of the introduction of the mass definition M∗ are evident in
the analysis of the behavior of Q/M∗ and M∗/N with respect to Q/M and
M/N: we note that the minimum value of M∗/N increases as the charge q
increases while M/N decreases always with q. In particular M∗/N increases
with q until the central density reaches a point φ(0) ≈ 0.75, at which the lines
M∗/N at different charges match and then M∗/N turns out to be a decreasing
function of q.

The maximum values of the charge-to-mass ratio satisfy the inequality Q/M∗
<

q/m for all charges q, in particular Q/M∗ never reaches the critical value
qcrit/m. The contrary conclusion would be reached if the misinterpreted mass
M were used since the inequality Q/M > Q/M∗ is satisfied, i.e. the charge-
to-mass ratio Q/M indeed attain values larger than qcrit/m (see e.g. Fig. 8.10).
To summarize, we found that all the relevant quantities that characterize
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charged boson stars behave in accordance with the physical expectations.
Bounded configurations are possible only within an interval of specific val-
ues for the bosonic charge and the central density. The main contributions
of the present work concerns the exploration of the configuration structure
and stability properties by means of a definition of mass that properly takes
account of the electric charge. We performed a detailed analysis whose main
results can be therefore summarized in the following points: (i) The stability
issue is here faced considering the binding energy per particle, and taking
properly into account the electromagnetic contribution to the total mass de-
noted as M∗. Then, we discussed the configuration properties comparing our
results with those obtained by considering the most commonly used mass M.
As a result of this analysis, we verified the existence of configurations with
positive binding energy in which objects that are apparently bound can be un-
stable against small perturbations, in full analogy with the effect observed in
the mass-radius relation of neutron stars. (ii) A precise limit on the boson star
critical charge was established and the physical properties of configurations
around this value were explored. We determined that bounded charged con-
figurations of self-gravitating bosons are possible with a particle charge equal
to qcrit. More precisely, we showed here that there exist stable (in terms of
binding energy) configurations of self-gravitating charged bosons with par-
ticle charge qcrit. (iii) We also study the behavior of the radius as well as of
the total charge and mass of the system for q > qcrit. We found that there can
exist localized solutions, but for higher central densities the boundary condi-
tions for zero-node solutions at the origin are not satisfied and only bounded
configurations with one or more nodes could be possible.
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Figure 8.12: The total charge Q in
√

8πMPl/m (black curve), the total mass M (gray curve)

and M∗ (dotted–dashed curve) in M2
Pl/m, and the particle number N (dashed curve) in units

of M2
Pl/m2 are plotted as functions of the radius R (in units of 1/m) for different values of the

charge q (in units of
√

8πm/MPl). Dotted lines represent the curves φ(0) = const.; the central
density values are designed by points of the curves and numbers in brackets.

775



8 Charged boson stars

1 2 3 4 5
0.4

0.5

0.6

0.7

0.8

0.9

Radius

Q
�M

0.5

0.65

0.7
1� 2

+

+

+
+

*

**

*

*

H0.1L
H0.3L

+ H0.5L
* H1.0L

1 2 3 4 5
0.40

0.45

0.50

0.55

0.60

0.65

0.70

Radius
Q
�
M
*

0.5

0.65
0.7

1� 2

+

+

++

*

**

*

*

(a) (b)

0.2 0.4 0.6 0.8 1.0
0.10

0.15

0.20

0.25

0.30

0.35

0.40

ΦH0L

Q
�M

R

0.1 0.6 1
0.1

0.25

0.4

- 0.7

- 1� 2

0.5

0.65

0.2 0.4 0.6 0.8 1.0
0.10

0.15

0.20

0.25

0.30

0.35

0.40

ΦH0L

Q
�
H
M
*

R
L

0.1 0.6 1
0.1

0.25

0.4

- 0.7

- 1� 2

0.5

0.65

(c) (d)

Figure 8.13: Upper plot: The charge-to-mass ratio Q/M and Q/M∗ in units of
√

8π/MPl

is plotted in terms of the radius R (in units of 1/m) for different values of the charge q (in

units of
√

8πm/MPl). The central density values φ(0) are represented by markers on the
curves and numbers in brackets. Bottom plot: The ratio Q/(MR) and Q/(M∗R) in units

of m
√

8π/MPl is plotted as a function of the central density φ(0) for different values of the

charge (in units of
√

8πm/MPl): q = 0.5 (black curve) and q = 0.65 (gray curve). The inset

plot shows the curves q = 0.7 (black curve) and q = 1/
√

2 (gray curve).
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Figure 8.14: The radial function R of the Klein–Gordon field (gray line), the
metric coefficient g11 = −eλ (dotted line) and the function eν = g00 (dashed
line) are plotted as functions of r̂ (dimensionless) r̂ = r/m for selected values
of the redial function R(r) at the origin and different values of the eigenvalue
ω in units of mc2.
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Figure 8.15: (Color online) The metric coefficient g11 = −eλ (b) and the func-
tion eν = g00 (a) are plotted as functions of r̂ (dimensionless) r̂ = r/m for
selected values of the radial function R(r) at the origin.
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values of the redial function R(r) at the origin. See also Table 8.6.
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Figure 8.17: The radial function R is plotted as a function of r̂ (dimensionless)
r̂ = r/m for selected values of R at the origin. See also Table 8.6.
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Figure 8.18: The mass at infinity M in units of M2
Pl/m (solid line), and the

particle number N in units of M2
Pl/m2 (dashed line) are plotted as functions of

the central density R(0). Note that there exists a maximum value of the mass
M ≃ 0.635626M2

Pl/m for the central density R(0)Cri = 0.277619 above which
there are no static solutions. There exists a maximum value of the particle
number NCri = 0.658438M2

Pl/m2 for the central density R(0)Cri = 0.278289.
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Figure 8.19: The radial function of the scalar field φ(r) (gray curve) for the charge q = 0.8

in units of
√

8πm/MPl, ω = 1.10893 and for central density φ(0) = 0.1, function of the

radial coordinate r. Dotted curve is eν(r), black curve is eλ(r), dashed curve is C(r). Dashed
thick curve is N(r). Inside plot is a enlarged view of the curve M(r) (dotted-dashed curve),
and K(r) (black thick curve) where R =

∫ ∞

0 K′(r)dr. It is eλ
Max = 1.15874 in rMax = 7.18885.

Moreover the configuration mass M = 0.570768 and M∗ = 0.590706 measured in units of
M2

Pl/m. The particle number N = 0.558146 , in units of M2
Pl/m2, and the radius R = 4.95246

and the total charge Q = qN = 0.446517 in units of 1/m and
√

8πMPl/m, respectively.
Moreover, it is Q/R = 0.0901607, R/N = 8.87305, R/M = 8.67684, R/M∗ = 8.38397,
M/N = 1.02261, M∗/N = 1.05833, Q/M = 0.78231, Q/M∗ = 0.755905. Here R/M and
R/M∗ are in units of 1/M2

Pl, M/N and M∗/N in units of m and R/N in units of m/M2
Pl,

Q/M, Q/M∗, and Q/R, in units of
√

8π/MPl and
√

8πMPl, respectively
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9.1 Introduction

The black hole uniqueness theorems [81] state that the most general asymp-
totically flat solution of Einstein’s vacuum field equations with a regular hori-
zon is the Kerr metric that possesses two independent parameters only, cor-
responding to the mass and angular momentum. In terms of multipole mo-
ments, this statement is equivalent to saying that black holes can have only
mass monopole and angular dipole moments. All the higher multipole mo-
ments must disappear, probably in the form of gravitational waves, during
the gravitational collapse of an arbitrary rotating mass distribution whose
final state is a black hole.

On the other hand, astrophysical compact objects include not only black
holes, but also regular stars, neutron stars, white dwarfs, planets, etc. For
the description of the gravitational field of such objects, one can expect that
higher multipole moments could play an important role. Let us consider
the particular case of a static mass distribution with a quadrupole moment
that describes the deviation from spherical symmetry. The uniqueness theo-
rems demonstrate that, in the case of vanishing quadrupole, there exists only
one vacuum solution, namely, the Schwarzschild solution. As soon as a non-
vanishing quadrupole is considered, the uniqueness is no more valid and so
there could be in principle an infinite number of vacuum solutions with mass
and quadrupole parameters. The first vacuum solution with a quadrupole
parameter was derived by Weyl in 1917 [82]. Today, many other solutions
are known, including their stationary generalizations [83, 84, 85, 86, 87, 88,
89, 90, 91, 1]. Many other static solutions can be generated by using the fact
that the field equations are linear and by applying certain differential opera-
tors to the harmonic [92]. One common problem of all these solutions is that
they are difficult to be handled due to their complicated structure. Recently, it
was proposed to reinterpret the Zipoy-Voorhees metric [93, 94] as a general-
ization of the Shwarzschild metric with a quadrupole parameter (q−metric).
To our knowledge, the q−metric is the simplest static generalization of the
Schwarzschild spacetime with an additional parameter that determines an
independent mass quadrupole moment.

The aim of this work is to derive a stationary generalization of the q−metric
to take into account the rotation of the quadrupolar mass distribution. We
will show that this generalization satisfies all physical conditions to be con-
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sidered as a candidate to describe the exterior gravitational field of deformed
compact objects.

9.2 The q−metric and its properties

The q−metric in spherical coordinates can be expressed as [95]

ds2 = h1+qdt2 − h−q

[(
1 +

m2 sin2 θ

r2h

)−q(2+q)

×
(

dr2

h
+ r2dθ2

)
+ r2 sin2 θdϕ2

]
, (9.2.1)

h = 1 − 2m

r
.

This is an asymptotically flat vacuum solution of Einstein’s equation. The
physical interpretation of the parameters m and q can be clarified by calculat-
ing the invariant Geroch multipoles [96]:

M0 = (1 + q)m , M2 = −m3

3
q(1 + q)(2 + q) . (9.2.2)

Higher moments are proportional to mq and can be completely rewritten in
terms of M0 and M2; accordingly, the parameters m and q determine the mass
and quadrupole In the limiting case q = 0 only the monopole M0 = m sur-
vives, as in the Schwarzschild spacetime. In the limits m = 0 with arbitrary q
and q = −1 with arbitrary m, all moments vanish identically and the space-
time becomes flat. The deviation from spherical symmetry is described by
the quadrupole moment M2 which is positive for prolate sources and nega-
tive for oblate sources. Since the total mass M0 must be positive, we have that
q > −1 (we assume m > 0).

An investigation of the Kretschmann scalar shows that the hypersurface
r = 2m is always singular for any non-vanishing value of q. Moreover, r = 0
is also a singularity. Depending on the value of q, additional singularities
can appear that are always situated inside the exterior singularity located at
r = 2m.

All these properties indicate that the q−metric can be used to describe the
exterior gravitational field of deformed mass distribution. It also describes
the field of a naked singularity situated at r = 2m. From the physical point
of view, this is not a problem because one can “cover” the naked singularity
with an interior solution that must be matched with the exterior q−metric at
some radius rmatching > 2m.

To present the stationary generalization of the q−metric, it is convenient to
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introduce prolate spheroidal coordinates given by

x =
r

m
− 1 , y = cos θ . (9.2.3)

9.3 The rotating q−metric

The general stationary axisymmetric line element in prolate spheroidal coor-
dinates is given as

ds2 = f (dt − ωdϕ)2 − σ2

f

[
e2γ(x2 − y2)

×
(

dx2

x2 − 1
+

dy2

1 − y2

)
+ (x2 − 1)(1 − y2)dϕ2

]
, (9.3.1)

where σ =const. and all the metric functions depend on x and y only.

It turns out to be useful to introduce the the complex Ernst potential [2]

E = f + iΩ , (9.3.2)

where the function Ω is now determined by the equations

σ(x2 − 1)Ωx = f 2ωy , σ(1 − y2)Ωy = − f 2ωx . (9.3.3)

We can see that if the potential E is given, the metric function f can be found
algebraically and the metric function ω is computed by quadratures from
Eqs.(9.3.3). Moreover, the metric function γ is determined by two first-order
differential equations that can be integrated by quadratures once E is known.
It follows that all the information about the metric (9.3.1) is contained in the
Ernst potential E.

To obtain the explicit form of the new Ernst potential, we use the solu-
tion generating techniques [97] that allow us to generate stationary solutions
from a static solution. If we take as seed solution the q−metric in prolate
spheroidal coordinates, several differential equations must be solved to ob-
tain the explicit form of the Ernst potential. The details of this derivation will
be presented elsewhere. The final expression for the Ernst potential can be
written as

E =

(
x − 1

x + 1

)q x − 1 + (x2 − 1)−qd+
x + 1 + (x2 − 1)−qd−

, (9.3.4)

with
d± = α2(1 ± x)h+h− + iα[y(h+ + h−)± (h+ − h−)] , (9.3.5)

h± = (x ± y)2q . (9.3.6)

Here, we have a new arbitrary parameter α. As expected, in the limiting case
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α = 0, we obtain the q−metric.

By analyzing the behavior of the Ernst potential, one can prove that this
new solution is asymptotically flat. The computation of the corresponding
metric functions corroborates this result. Moreover, the behavior at the axis
y = ±1 shows that it is free of singularities outside a region which is always
inside the radius xs =

m
σ , which in the case of vanishing α corresponds to the

exterior singularity situated at rs = 2m. The expression for the Kretschmann
scalar is quite cumbersome and cannot be written in a compact form. Nev-
ertheless, a careful numerical and analytical inspection shows that the outer
most singularity is situated at xs = m

σ . Inside this radius, several singular
structures can appear that depend on the value of q and σ.

To find out the physical meaning of the parameters entering the new met-
ric, we compute the coordinate invariant multipole moments as defined by
Geroch [96], using a procedure proposed in [98] that allows to perform the
computations directly from the Ernst potential. First, let us consider the
particular limiting case with q = 0. Then, choosing the new parameter as
α = σ−m

a the resulting multipoles are

M2k+1 = J2k = 0 , k = 0, 1, 2, ... (9.3.7)

M0 = m , M2 = −ma2 , ... (9.3.8)

J1 = ma , J3 = −ma3 , .... (9.3.9)

These are the mass Mn and angular Jn multipole moments of the Kerr solu-
tion. From the corresponding Ernst potential one can derive the Kerr metric
in prolate spheroidal coordinates. This result shows that indeed the new solu-
tion given in Eq.(9.3.4) contains information about the rotation of the source.

In the general case of arbitrary q parameter, we obtain the following multi-
pole moments

M0 = m + σq , (9.3.10)

M2 = 7/3 σ3q − 1/3 σ3q3 + mσ2 − mσ2q2 − 3 m2σ q − m3 , (9.3.11)

J1 = ma + 2aσq , (9.3.12)

J3 = −1/3 a(−8 σ3q + 2 σ3q3 − 3 mσ2 + 9 mσ2q2

+12 m2σ q + 3 m3) . (9.3.13)

It can be shown that the even gravitomagnetic and the odd gravitoelectric
multipoles vanish identically because the solution has an additional reflec-
tion symmetry with respect to the plane y = 0 which represents the equato-
rial plane. Higher odd gravitomagnetic and even gravitoelectric multipoles
can be shown to be linearly dependent since they are completely determined
by the parameters m, a, σ and q.

784



9.4 Conclusions

9.4 Conclusions

In this work, we presented a stationary generalization of the static q−metric,
which is the simplest generalization of the Schwarschild metric containing
a quadrupole parameter. The new solution was given in terms of the Ernst
potential from which all the metric functions can be derived algebraically or
by quadratures.

The stationary q−metric turns out to be asymptotically flat and free of
singularities outside a region determined by the spatial coordinate xs = m

σ ,
which in the static limiting case is situated at the singular hypersurface rs =
2m. The new solution contains as a particular case the Kerr solution, indicat-
ing that the new free parameter can be associated with rotation of the mass
distribution. We conclude that the stationary q−metric can be used to de-
scribe the exterior gravitational field of a rotating deformed mass distribu-
tion.

It can be expected that for realistic compact objects the exterior singularity
is situated very closed to the center of the body, because in the static limit it
is located at the Schwarzschild radius of the mass distribution. Therefore, it
should be possible to cover the exterior singularity with a suitable interior
solution. This is the task of future investigations.
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10 Repulsive gravity in the

Kerr-Newman spacetime

10.1 Introduction

In Einstein’s general relativity, naked singularities have been shown to ex-
ist under quite general assumptions as exact solutions of the corresponding
field equations [153]. Indeed, each one of the black hole solutions possesses a
naked singularity counterpart that appears as soon as the black hole param-
eters violate the condition for the existence of an event horizon. Many other
naked singularity solutions are known for which no black hole counterpart
exists [1]. This means that naked singularities are well-defined mathematical
solutions of Einstein’s equations. The interesting question is whether these
mathematical solutions describe physical configurations that could exist in
Nature. The answer to this question is negative, if the cosmic censorship
conjecture [154] turns out to be true. Indeed, according to this conjecture, a
physically realistic gravitational collapse, which evolves from a regular initial
state, can never lead to the formation of a naked singularity; that is, all sin-
gularities resulting from a gravitational collapse should always be enclosed
within an event horizon so that they cannot be observed from outside the
horizon. Many attempts have been made to prove the cosmic censorship hy-
pothesis with the same mathematical rigor used to show the inevitability of
singularities in general relativity [155]. So far, no general proof has been for-
mulated and the investigation of several particular scenarios of gravitational
collapse corroborate the correctness of the conjecture. Other studies studies
[156], however, indicate that under certain circumstances naked singularities
can appear during the evolution of a mass distribution into a gravitational
collapse. It has been shown that in an inhomogeneous collapse, there exists a
critical degree of inhomogeneity below which black holes form. Naked sin-
gularities appear if the degree of inhomogeneity is bigger than the critical
value [157]. The collapse speed and the shape of the collapsing object are
also factors playing an important role in the determination of the final state.
Naked singularities form more frequently if the collapse occurs very rapidly
and the object is not exactly spherically symmetric. These results indicate that
the probability of existence of naked singularities cannot be neglected a pri-
ori. In view of this fact, one of the main goals of our work is to investigate the
physical effects around naked singularities, showing possible regions of re-
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pulsive gravity. The simplest case of naked singularity is the Schwarzschild
spacetime with negative mass. The naked singularity is situated at the ori-
gin of coordinates and the entire spacetime represents a repulsive gravita-
tional field. One can interpret this case as represented by an effective mass
which follows from the corresponding Newtonian limit, and is always neg-
ative. This interpretation can be generalized to other spacetimes, leading
however to certain difficulties as we will show in Sec. 10.2. Other defini-
tions of effective mass show a completely different behavior [158]. One may
also try to define repulsive gravity in terms of invariants of the curvature ten-
sor [159], although several problems appear. In particular, the Schwarzschild
naked singularity is characterized by the same curvature invariants as the
Schwarzschild black hole. Analogously, the use of null cones to define repul-
sive gravity is also not free of difficulties [160].

The main purpose of the present work is to propose and test an approach
based upon an invariant representation of the curvature tensor and its eigen-
values. A preliminary study of this idea was presented in [161]. The region
where repulsive gravity can become dominant is defined in an invariant way
by considering the behavior of the curvature tensor eigenvalues. To this end,
the extremal points of the eigenvalues are considered as indicating a change
in the behavior of gravity. We will show that this definition can be applied
to different types of naked singularities, and in all the analyzed cases the
obtained results are physically reasonable. In fact, we will see that the repul-
sion region is always located at a very short distance from the central gravity
source.

10.2 The effective mass

The most general black hole spacetime in Einstein-Maxwell theory is de-
scribed by the Kerr-Newman metric that in Boyer-Lindquist coordinates can
be written as [162]

ds2 =
r2 − 2Mr + a2 + Q2

r2 + a2 cos2 θ
(dt − a sin2 θdϕ)2 − sin2 θ

r2 + a2 cos2 θ
[(r2 + a2)dϕ − adt]2

− r2 + a2 cos2 θ

r2 − 2Mr + a2 + Q2
dr2 − (r2 + a2 cos2 θ)dθ2 ,

where M is the mass of the rotating central object, a = J/M is the specific
angular momentum, and Q represents the total electric charge. The corre-
sponding electromagnetic vector potential

A = −Qr

Σ

[
dt − a sin2 θdϕ

]
, (10.2.1)
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indicates that the magnetic field is generated by the rotation of the charge
distribution.

The limiting cases of the Kerr-Newman metric are the Kerr metric for Q =
0, the Schwarzschild metric which is recovered for a = Q = 0, the Reissner-
Nordström spacetime for a = 0, and the Minkowski metric of special relativ-
ity for a = Q = M = 0. The Kerr-Newman spacetime is asymptotically flat
and free of curvature singularities outside a region situated very close to the
origin of coordinates. Indeed, the central ring singularity is determined by
the roots of the equation

r2 + a2 cos2 θ = 0 , (10.2.2)

and is covered from the outside spacetime by two horizons situated at

r± ≡ M ±
√

M2 − a2 − Q2, (10.2.3)

which are real quantities only if the condition M2 ≥ Q2 + a2 is satisfied.
In this case, r+ and r− represent the radius of the outer and inner horizon,
respectively, and the Kerr-Newman solution is interpreted as describing the
exterior field of a rotating charged black hole. In the case M2

< a2 + Q2, no
horizons exist and the gravitational field corresponds to that of a naked ring
singularity.

The Newtonian potential Φ and the effective mass are usually computed
from the metric component gtt as

lim
r→∞

gtt = 1 − 2Φ = 1 −
2Me f f

r
. (10.2.4)

In the case of the Kerr-Newman spacetime, we obtain [163]

Me f f = M − Q2

2r
− a2M cos2 θ

r2
, (10.2.5)

where we neglected all terms proportional to 1/r3 and higher. Since the ef-
fective mass depends on the radius r, it then follows that near the origin of
coordinates the effective mass can become negative. The effective mass can
be therefore interpreted as a source for generating possible repulsive gravita-
tional fields [164, 165, 166].

In the regions where the effective mass is positive, the gravitational field
becomes attractive so that the limit of the repulsion region is determined by
the zero of the effective mass function, Me f f = 0, i.e.,

rN
rep =

1

4M

(
Q2 +

√
Q4 + 16M2a2 cos2 θ

)
. (10.2.6)

In the limiting case of the Reissner-Nordström spacetime (a = 0), the repul-
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sion region lies inside the sphere with radius Q2

2M . Interestingly, this radius
is located inside the classical radius of a charged particle with mass M and

charge Q, rclass = Q2

M which is usually interpreted as the radius of a sphere
inside which quantum effects become important [167]. This fact makes dif-
ficult the physical interpretation of the repulsion region as a classical (non
quantum) effect. In the case of a Kerr spacetime (Q = 0), the repulsion re-
gion depends on the azimuthal angle, reaching its maximum value on the
axis and its minimum value on the equatorial plane. Although the above
definition of the repulsive gravity region is very simple and intuitive, it is
based on assuming the Newtonian potential. Thus, the regions of repulsive
gravity would depend on the choice of coordinates, and cannot be defined in
a coordinate independent way.

Indeed, some time ago Ehlers [168, 169] noticed that the computation of the
Newtonian potential leads to contradictory results when different coordinate
systems are used. Ehlers introduced a general theory (Rahmentheorie) in
which Newtonian gravity and Einstein’s general relativity are considered as
particular theories and the Newtonian limit is mathematically well defined. It
can be shown that using Ehlers’ Rahmentheorie, the Newtonian limit of the
Kerr-Newman metric does not depend on the specific angular momentum
[98]. In some sense, this result is expected because in Newtonian’s gravity
the rotation is not a source of gravity. We conclude that the Newtonian ap-
proximation is not suitable for investigating repulsive gravity in an invariant
manner.

10.3 Curvature invariants and eigenvalues

In general relativity, it is necessary to use invariant quantities, e.g. scalars,
to describe physical phenomena independently of the choice of coordinates
or observers. Since curvature is interpreted as a measure of the gravitational
interaction, it is reasonable to use the curvature invariants to analyze the be-
havior of gravity. From the components of the Riemann curvature tensor, one
can build in general 14 functionally independent scalars. In the case of empty
space, only four scalars are linearly independent [170]. In the case of scalars
that are quadratic in the components of the curvature tensor, one can form
the following combinations [171]

K1 = RαβγδRαβγδ , (10.3.1a)

K2 = [∗R]αβγδRαβγδ , (10.3.1b)

K3 = [∗R∗]αβγδRαβγδ , (10.3.1c)

where the asterisk represents dual conjugation. They are known as the
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Kretschmann invariant, the Chern-Pontryagin invariant, and the Euler in-
variant, respectively. Those invariants have been employed also for describ-
ing the effects of dark matter and dark energy in late time cosmology [172,
173]. It has been argued that both the effects of dark matter and dark energy
may be described in terms of a single scheme, by means of Eqs. (10.3.1). In-
deed, for describing repulsive effects due to the antigravitational behavior of
dark energy, one may include the Kretschmann invariants as a source for the
whole energy momentum tensor.

The behavior of the above invariants has been proposed to determine the
“repulsive domains” of gravity and negative effective masses in curved space-
times [159]; however, their quadratic structure does not allow us to consider
all possible cases of naked singularities. Indeed, for the Schwarzschild space-
time one obtains K1 = 48M2/r6 whereas K2 and K3 are proportional to K1.
Since the change M → −M does not affect the behavior of K1, these invari-
ants do not acknowledge the existence of a Schwarzschild naked singularity.
Rephrasing it differently, a Schwarzschild black hole and a corresponding
naked singularity have the same quadratic invariants. Similar difficulties ap-
pear in more general cases like the Kerr and Kerr-Newman naked singulari-
ties. It is worth noticing that the Ricci scalar, which is the only linear invari-
ant in the curvature tensor components, is not suitable for investigating the
problem of repulsive gravity, because it vanishes identically for all the above
naked singularity solutions.

Hence, the need for addressing the problem of using first order invariants
to characterize repulsive effects becomes essential in order to describe naked
singularities. To this end, here we propose an alternative approach in which
the eigenvalues of the curvature tensor play the most important role. There
are different ways to determine these eigenvalues [1]. Our strategy is to use
local tetrads and differential forms. From the physical point of view, a local
orthonormal tetrad is the simplest and most natural choice for an observer
in order to perform local measurements of time, space, and gravity. More-
over, once a local orthonormal tetrad is chosen, all the quantities related to
this frame are invariant with respect to coordinate transformations. The only
freedom remaining in the choice of this local frame is a Lorentz transforma-
tion. So, let us choose the orthonormal tetrad as

ds2 = gµνdxµdxν = ηabϑa ⊗ ϑb , (10.3.2)

with ηab = diag(+1,−1,−1,−1), and ϑa = ea
µdxµ. The first

dϑa = −ωa
b ∧ dϑb , (10.3.3)

and second Cartan equations

Ωa
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Ra

bcdϑc ∧ ϑd (10.3.4)
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10 Repulsive gravity in the Kerr-Newman spacetime

allow us to compute the components of the Riemann curvature tensor in the
local orthonormal frame. It is convenient to decompose the curvature tensor
in terms of its irreducible parts with respect to the Lorentz group which are
the Weyl tensor [170]

Wabcd = Rabcd + 2η[a|[cRd]|b] +
1

6
Rηa[dηc]b , (10.3.5)

the trace-free Ricci tensor

Eabcd = 2η[b|[cRd]|a] −
1

2
Rηa[dηc]b , (10.3.6)

and the curvature scalar

Sabcd = −1

6
Rηa[dηc]b , (10.3.7)

where the Ricci tensor is defined as Rab = ηcdRcabd. It is possible to repre-
sent the curvature tensor as a (6×6)-matrix by introducing the bivector in-
dices A, B, ... which encode the information of two different tetrad indices,
i.e., ab → A. We follow the convention proposed in [162] which establishes
the following correspondence between tetrad and bivector indices

01 → 1 , 02 → 2 , 03 → 3 , 23 → 4 , 31 → 5 , 12 → 6 . (10.3.8)

This correspondence can be applied to all the irreducible components of the
Riemann tensor given in Eqs.(10.3.5)–(10.3.7) so that the bivector representa-
tion can be expressed as

RAB = WAB + EAB + SAB , (10.3.9)

with

WAB =

(
M N
N −M

)
, EAB =

(
P Q
Q −P

)
, SAB = − R

12

(
I3 0
0 −I3

)
.

(10.3.10)

Here M, N and P are (3 × 3) real symmetric matrices, whereas Q is anti-
symmetric. We see that all the independent components of the Riemann ten-
sor are contained in the (3×3)-matrices M, N, P, Q and the scalar R. This sug-
gests to introduce a further representation of the curvature tensor by using
only (3×3)-matrices. Indeed, noting that (10.3.10) represents the irreducible
pieces of the curvature with respect to the Lorentz group SO(3, 1) that is iso-
morphic to the group SO(3, C), it is possible to introduce a local complex
basis where the curvature is given as a (3×3)-matrix. This is the so-called
SO(3, C)-representation of the Riemann tensor whose irreducible pieces can
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10.3 Curvature invariants and eigenvalues

be expressed as [170, 11]

R = W + E + S , (10.3.11a)

W = M + iN , (10.3.11b)

E = P + iQ , (10.3.11c)

S =
1

12
R I3 . (10.3.11d)

Notice that the Einstein equations can be written as algebraic equations in
this representation. For instance, in the case of vacuum spacetime we have
that E = 0 and S = 0 and the vanishing of the Ricci tensor in terms of the
components of the Riemann tensor corresponds to the algebraic condition
Tr(W) = 0. The matrix W has therefore only ten independent components,
the matrix E is hermitian with nine independent components and the scalar
piece R has only one component.

The eigenvalues of the curvature tensor correspond to the eigenvalues of
the matrix R. In general, they are complex λn = an + ibn with n = 1, 2, 3.
It is with respect to these curvature eigenvalues that the Petrov classification
of gravitational fields is carried out. As mentioned above, in the case of a
vacuum solution the curvature matrix is traceless and hence the eigenvalues
must satisfy the condition λ1 + λ2 + λ3 = 0. Moreover, the case λ1 6= λ2 is
the most general type in Petrov’s classification and is called type I. Vacuum
solutions with λ1 = λ2 correspond to type D gravitational fields. All the
naked singularities we will study here belong to type I or D [1].

Since curvature eigenvalues characterize in an invariant manner the grav-
itational field in Petrov’s classification, we propose to use them to identify
the repulsive behavior of gravity. Our motivation is based upon the intu-
itive idea that a change in the gravitational field must generate a change at
the level of the eigenvalues, since curvature is a measure of the gravitational
interaction. If repulsive gravity is interpreted as the “opposite” of attractive
gravity, the curvature eigenvalues should be able to reproduce this behavior.
In the case of compact gravitational sources, e.g. black holes or naked sin-
gularities, the idea is to assume that the eigenvalues vanish at spatial infinity
as a consequence of the asymptotic flatness condition. As we approach the
central source, the eigenvalues will increase in value until they become infin-
ity at the singularity. If gravity is everywhere attractive, one would expect
that the eigenvalues increase monotonically from zero at spatial infinity until
they reach their maximum value near the curvature singularity. However,
if gravity becomes repulsive in some region, one would expect a different
behavior for the eigenvalues; in particular, if repulsive gravity becomes dom-
inant at a given point, one would expect at that point a change in the sign
of at least one eigenvalue. The point where the eigenvalue vanishes would
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10 Repulsive gravity in the Kerr-Newman spacetime

indicate that attractive gravity becomes entirely compensated by the action
of repulsive gravity. This implies that the eigenvalue must have an extremal
at some point before it changes its sign. According to this intuitive analysis,
we propose to define the radius of repulsion rrep as the first extremal that
appears in a curvature eigenvalue as we approach the origin of coordinates
from infinity, i.e.,

∂λ

∂r

∣∣∣∣
r=rrep

= 0 , (10.3.12)

where λ is any curvature eigenvalue and r is a radial coordinate. In other
words, the repulsion radius is the radial distance from the origin to the posi-
tion of farthest extremal. This radius determines the region where it should
be possible to detect the effects of repulsive gravity, for instance, by using test
particles.

We will see in the following sections that the above purely intuitive moti-
vation, which is the basis of our definition of repulsion radius, leads to phys-
ically reasonable results in several examples.

10.4 Naked singularities with black hole

counterparts

To study the structure of the curvature tensor of the Kerr-Newman naked
singularities represented by the line element (10.2.1), it is convenient to intro-
duce the orthonormal tetrad

ϑ0 =

(
r2 − 2Mr + a2 + Q2

r2 + a2 cos2 θ

)1/2

(dt − a sin2 θdϕ) ,

ϑ1 =
sin θ

(r2 + a2 cos2 θ)1/2
[(r2 + a2)dϕ − adt] ,

ϑ2 =(r2 + a2 cos2 θ)1/2dθ ,

ϑ3 =

(
r2 + a2 cos2 θ

r2 − 2Mr + a2 + Q2

)1/2

dr . (10.4.1a)

Thus, using the Cartan equations and the matrix formalism presented in
the previous section, is is straightforward to show that the (3 × 3) curvature
matrix can be written as

R =




l 0 0
0 l 0
0 0 −2l + k


 , (10.4.2)
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with

l = −
[

M − Q2 (r + ia cos θ)

r2 + a2 cos2 θ2

] (
r − ia cos θ

r2 + a2 cos2 θ

)3

, (10.4.3)

k = − Q2

(r2 + a2 cos2 θ)
2

. (10.4.4)

Notice that in this invariant representation of the curvature all the important
properties of the spacetime can easily be seen: It is asymptotically flat be-
cause limr→∞ l = 0 = limr→∞ k; it is flat in the limit M = Q = a = 0; the
only singular surface is defined by the equation r2 + a2 cos2 θ = 0; and the
curvature does not suffer any particular change on the horizon.

Consider the simplest case of the Schwarzschild spacetime. The SO(3, C)
curvature matrix reduces to

RSchw = −M

r3
diag(1, 1,−2) , (10.4.5)

and so the eigenvalues are

λ3 =
2M

r3
, λ1 = λ2 = −M

r3
= −1

2
λ3 . (10.4.6)

All these eigenvalues as well as the corresponding first derivatives are mono-
tonically increasing, do not change their sign, and diverge at the central sin-
gularity situated at r = 0. This means that the field is always attractive if we
assume a positive mass. The only way to change the sign of these eigenval-
ues is to change the sign of the mass, M → −M, leading to the vanishing of
the black hole horizon. This implies that the spacetime with negative mass
represents a naked singularity whose gravitational field is always repulsive.
This is in accordance with our standard interpretation of the Schwarzschild
spacetime.

Consider now the Reissner-Nordström case. The curvature matrix can be
represented as

RRN = − 1

r3

(
M − Q2

r

)
diag(1, 1,−2) +

Q2

r4
diag(0, 0,−1) , (10.4.7)

and the eigenvalues are

λ1 = λ2 = −M

r3
+

Q2

r4
, λ3 =

2M

r3
− 3Q2

r4
= −2λ1 −

Q2

r4
. (10.4.8)

The behavior of these eigenvalues is depicted in Fig. 10.1. Computing their

first derivatives, it is easy to see that λ1 and λ3 have extremals at 4Q2

3M and

at 2Q2

M respectively. Thus, according to our definition of repulsion radius
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Figure 10.1: Behavior of the curvature eigenvalues λ1 (dashed curve) and λ3

(solid curve) in terms of the radial coordinate r for the values M = 1 and
Q2 = 2 that correspond to a naked singularity

(10.3.12), we take the greatest value

r
RN

rep =
2Q2

M
, (10.4.9)

as defining the repulsion radius of the Reissner-Nordström spacetime.

In contrast with the value obtained from the Newtonian limit in Sec. 10.2,
this value of the repulsion radius is greater than the classical radius of a
charged body with mass M and charge Q. It is therefore possible to inter-
pret repulsive gravity in this case as a classical effect.

In Fig. 10.2, we show the behavior of the eigenvalue λ3, which determines
the repulsion radius, for a fixed value of the mass and different values of the
charge. We notice that even in the case of black holes a repulsion radius exists.
This is in accordance with the repulsive effects that have been detected by
analyzing the motion of test particles in the Reissner-Nordström black hole
[174? ]. In fact, the outer horizon radius can be expressed as

r+ = M


1 +

√

1 −
r

RN

rep

2M


 (10.4.10)

in terms of the repulsion radius. We see that a black hole can exist only if

r
RN

rep ≤ 2M, and naked singularities are characterized by r
RN

rep > 2M. The two

radii coincide at r+ = r
RN

rep = 3
2 M, i.e. for Q2

M2 = 3
4 . Accordingly, for values of
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Figure 10.2: Behavior of the curvature eigenvalues λ3 in terms of the radial

coordinate r for M = 1 and Q =
√

0.9 (red dotted curve), Q = 1 (blue solid
curve), Q =

√
1.1 (black dashed curve) and Q =

√
1.2 (green dash-dotted

curve).

the charge-to-mass ratio Q2

M2 ≤ 3
4 , the repulsion radius is completely covered

by the horizon. For values in the interval 1 ≥ Q2

M2 >
3
4 , the repulsion radius is

located outside the horizon. Finally, for naked singularities with 1 <
Q2

M2 only
the repulsion radius exists. This is in agreement with the results obtained by
analyzing the circular motion of test particles. In fact, in [? ] it was found that

due to repulsive gravity a test particle situated on the radius Q2

M can stay at
rest with respect to an observer at infinity. The place where the test particle
can stay at rest is located inside the sphere defined by the repulsion radius.

Consider now the case of the Kerr spacetime. The curvature matrix is given
by

R = −M

(
r − ia cos θ

r2 + a2 cos2 θ

)3

diag(1, 1,−2) , (10.4.11)

with eigenvalues

λ1 = λ2 = −1

2
λ3 = −M

(
r − ia cos θ

r2 + a2 cos2 θ

)3

. (10.4.12)

Computing the partial derivatives of the real and imaginary part of the eigen-
values, one can see that there are several extremal points. We choose the
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10 Repulsive gravity in the Kerr-Newman spacetime

Figure 10.3: Region determined by the repulsion radius r
K

rep =(
1 +

√
2
)

a cos θ in a Kerr spacetime with a = 1. Only the projection

of the repulsion spheres on a plane orthogonal to the equatorial plane is here
illustrated.

greatest value to define the repulsion radius

r
K

rep =
(

1 +
√

2
)

a cos θ ≈ 2.41a cos θ , (10.4.13)

of the Kerr central source. The configuration determined by this repulsion ra-
dius corresponds to two spheres whose centers are located on the symmetry

axis at a distance 1
2(1 +

√
2)a from the equatorial plane (see Fig. 10.3).

Notice that on the equatorial plane (cos θ = 0) the repulsion radius van-
ishes. This is in accordance with the behavior of the curvature eigenvalues
(cf. Eq.(10.4.11)) which on the equatorial plane coincide with those of the
Schwarzschild spacetime. This, however, does not mean that on the equa-
torial plane repulsive gravity is absent. In fact, we interpret the repulsion
spheres as the regions where repulsive gravity is “generated”, and can be-
come dominant. Of course, outside these regions, the effects of repulsive
gravity can also be detected [175, 176]. This has been recently confirmed by
studying the circular motion of test particles on the equatorial plane of the
Kerr spacetime [29].

Notice also that the Kerr repulsion radius vanishes as the angular momen-
tum vanishes, independently of the value of the mass. This result is in agree-
ment with the result obtained in the Schwarzschild case. In fact, we have
seen that a positive mass cannot generate repulsive gravity and therefore the
limiting case of a vanishing angular momentum with positive mass cannot
correspond to a repulsion radius. This means that a positive mass alone can-
not generate repulsive gravity, but only in connection with an angular mo-
mentum it can act as a source of repulsive gravity.
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10.4 Naked singularities with black hole counterparts

Using the expression for the repulsion radius, it is possible to rewrite the
radius of the outer ergosphere as

rerg

M
= 1 +


1 −

(
r

K

rep

(1 +
√

2)M

)2



1/2

, (10.4.14)

so that the two radii coincide at

r
K

rep = rerg =
(1 +

√
2)2

2 +
√

2
M ≈ 1.71M . (10.4.15)

This implies that the repulsion spheres can be entirely contained inside the er-
gosphere, depending on the value of the angular momentum. Nevertheless,
there exists a wide interval of values for black holes and naked singularities in
which parts of the repulsion spheres can be situated outside the ergosphere.

We finally analyze the case of the Kerr-Newman spacetime. The curvature
matrix is given in Eq.(10.4.2), and the eigenvalues are

λ1 = λ2 = l , λ3 = −2l + k = −2λ1 + k , (10.4.16)

with l and k given in Eqs.(10.4.3) and (10.4.4), respectively. A numerical anal-
ysis shows that all the eigenvalues have extremals, and the one of the real
part of λ3 is the first found when approaching the origin of coordinates from
infinity. The real part of λ3 has extremals at the roots of the equation

r3(Mr − 2Q2) + a2 cos2 θ[2Q2r + M(a2 cos2 θ − 6r2)] = 0 . (10.4.17)

In the limiting case of a vanishing angular momentum (a = 0), we obtain

the Reissner-Nordström repulsion radius, r
RN

rep = 2Q2

M , and for a vanishing

electric charge we recover the expression for the Kerr repulsion radius r
K

rep =

(1 +
√

2)a cos θ. In general, the roots will depend on the explicit values of Q
and a. In Fig. 10.4, we find numerically the zeros of the polynomial (10.4.17)
for a particular naked singularity, indicating that the repulsion radius exists.

We see that on the equator, the repulsion radius coincides with the Reissner-
Nordström radius. Then, it increases as the azimuthal angle decreases and
reaches its maximum value on the axis, θ = 0. A more detailed numerical
analysis shows the presence of a second repulsion radius at distances very
close to the singularity. We illustrate this behavior in Fig. 10.5 for a partic-
ular extreme black hole. It follows that in this case each repulsion region is
represented by two intersecting spheroids whose radius is proportional to
the value of the angular momentum parameter a. The intersection of the
spheroids with the equatorial plane determines a circle whose radius coin-

cides with the Reissner-Nordström repulsion radius, r
RN

rep = 2Q2

M . This means
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Figure 10.4: The zeros of the polynomial (10.4.17) determine the repulsion

radius of a Kerr-Newman naked singularity with M = 1, Q =
√

2, and a =√
10, for different values of the azimuthal angle: θ = 0 (solid curve), θ = π

6
(long-dashed curve), θ = π

3 (dash-dotted curve), θ = π
2 (dotted curve).

that as the value of the electric charge tends to zero, the intersecting circle
must vanish, and the repulsion regions turn into two spheres with only one
point of intersection on the origin of coordinates. This coincides with the re-
sult obtained for the Kerr spacetime, as illustrated in Fig. 10.3. In the case of
naked singularities, the geometric structure of the repulsion regions remains
unchanged for small values of Q. In the limit Q → ∞, however, the outer re-
pulsion regions turn into a sphere, whereas the interior repulsion region still
corresponds to two spheroids with no intersection on the equatorial plane.

Our numerical study of the Kerr-Newman repulsion radius leads to re-
sults that are in agreement with the limiting cases in which the results can
be obtained analytically. In addition, the idea of determining regions where
repulsive effects occur may represent a criterion to investigate how to match
interior and exterior solutions of Einstein’s equations [177].

10.5 Final outlooks and perspectives

In this work, we proposed an invariant definition of the repulsion radius in
terms of the eigenvalues of the curvature tensor. It is defined as the radial dis-
tance between the origin of coordinates and the first extremal that is found in
any curvature eigenvalue when approaching the origin of coordinates from
infinity. The space contained within the repulsion radius can be interpreted
as the region where the effects due to repulsive gravity can become very im-
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Figure 10.5: Location of the repulsion regions of a Kerr-Newman extreme

black hole with M = 1, Q = 1
2 and a =

√
3
4 . The repulsion region closer to

the central singularity exists only for θ 6= 0, and corresponds to a second root
of the polynomial (10.4.17) which exists only outside the equator.

portant.
We tested our invariant definition of the repulsive gravity in all the naked

singularity spacetimes with a black hole counterpart. In the case of the Schwarzschild
metric we established that repulsive gravity can only exist for negative val-
ues of the mass parameter, a result which is in agreement with our intuitive
representation of a Schwarzschild naked singularity. In the case of a Reissner-
Nordström spacetime we found an analytic expression for the repulsion ra-

dius, r
RN

rep = 2Q2

M . In this case, for black holes with Q2

M2 ≤ 3
4 the repulsion sphere

is covered by the horizon. Otherwise, the repulsion sphere is located outside
the horizon.

We derived for the Kerr spacetime the repulsion radius r
K

rep = (1+
√

2)a cos θ,
determining a configuration of two spheres that can be located either com-
pletely or partially inside the ergosphere. In the case of the Kerr-Newman
spacetime, it was not possible to derive an analytic expression for the repul-
sion radius, but we performed a detailed numerical analysis of the corre-
sponding conditions. We found that in this case the repulsion region consists
of two intersecting ellipsoids that generate a geometric structure which is
symmetric with respect to the equatorial plane and to the azimuthal axis.
This structure reduces to the corresponding configurations in the limiting
Kerr and Reissner-Nordström cases.

We notice that the invariant definition of repulsion radius as presented in
this work is not unique. One could, for instance, define an alternative ra-
dius as the largest distance from zero of the radial integral of the curvature
eigenvalues which vanish at infinity1. A straightforward computation shows
that the integral of the real part of λ3 yields the largest alternative repulsion

1We thank an anonymous referee for pointing out this possibility.
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radius which can be expressed as

r̃
KN

rep =
Q2 +

√
Q4 + 4 a2M2 cos2 θ

2M
(10.5.1)

for the Kerr-Newman spacetime. The technical advantage of this alternative
definition is that it leads to an analytic expression also in the Kerr-Newman
spacetime, instead of the numerical approach that must be used when ap-
plying our definition as given in Eq.(10.3.12). However, there is a partic-
ular difference between the two radii, suggesting that our definition could
lead to more physically reasonable results. In fact, we can see that r̃rep as
well as rrep define a similar geometric structure for the repulsion regions,
but in general the only difference is that r̃rep < rrep in all the cases (the ex-
terior repulsion radius in the Kerr-Newman spacetime). So, for instance, in
the Reissner-Nordström spacetime, the alternative repulsion radius coincides
with the classical radius Q2/M. This choice, however, does not agree with the
results obtained by analyzing the motion of test particles in this spacetime. In
fact, in [? ] it was shown that a particle located at the classical radius can re-
main “at rest” (zero angular momentum) with respect to an observer situated
at infinity. This means that the classical radius corresponds to the place where
repulsive gravity entirely compensates attractive gravity and, therefore, can-
not be considered as a definition for the onset of repulsion. Moreover, inside
the classical radius no timelike circular orbits are allowed. It is also interest-
ing to note that at the classical radius the Weyl part of the curvature tensor
(10.4.7) vanishes, which could be interpreted as a spot of “zero gravity”. The

definition proposed here in Eq.(10.3.12) yields in this case r
RN

rep = 2Q2/M,
which is greater than the classical radius and, therefore, more suitable to be
used as the definition of the onset of repulsive gravity.

The repulsion region as defined here is located in all the cases near the
origin of coordinates so that repulsive effects are expected to become very
important only in the vicinity of the central compact object. This result is
confirmed by a different study in which the circular motion of test particles
has been investigated for black holes and naked singularities [? 29, 47].
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