
Early Cosmology and Fundamental
General Relativity





Contents

1 Topics 2335

2 Participants 2337
2.1 ICRANet participants . . . . . . . . . . . . . . . . . . . . . . . . 2337
2.2 Past collaborations . . . . . . . . . . . . . . . . . . . . . . . . . 2337
2.3 Ongoing Collaborations . . . . . . . . . . . . . . . . . . . . . . 2337

3 Brief Description 2339
3.1 Highlights in Early Cosmology and Fundamental General Rel-

ativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2339
3.1.1 Dissipative Cosmology . . . . . . . . . . . . . . . . . . 2339
3.1.2 On the Jeans instability of gravitational perturbations . 2339
3.1.3 Extended Theories of Gravity . . . . . . . . . . . . . . . 2340
3.1.4 Interaction of neutrinos and primordial GW . . . . . . 2341
3.1.5 Coupling between Spin and Gravitational Waves . . . 2342
3.1.6 The role of Plasma Physics in Accretion disk morphology2343
3.1.7 On the gravitational polarizability of black holes. . . . 2343

3.2 Appendix: The Generic Cosmological Solution . . . . . . . . . 2344
3.3 Appendix: Classical Mixmaster . . . . . . . . . . . . . . . . . . 2344
3.4 Appendix: Perturbation Theory in Macroscopic Gravity . . . . 2345
3.5 Appendix: Schouten’s Classification . . . . . . . . . . . . . . . 2346
3.6 Appendix: Inhomogeneous spaces and Entropy . . . . . . . . 2346
3.7 Appendix: Polarization in GR . . . . . . . . . . . . . . . . . . . 2347
3.8 Appendix: Averaging Problem in Cosmology and Gravity . . 2348
3.9 Appendix: Astrophysical Topics . . . . . . . . . . . . . . . . . 2348

4 Selected Publications Before 2005 2349
4.1 Early Cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . 2349
4.2 Fundamental General Relativity . . . . . . . . . . . . . . . . . . 2353

5 Selected Publications (2005-2009) 2359

H.1Dissipative Cosmology 2365

H.2On the Jeans instability of gravitational perturbations 2371

2333



Contents

H.3Extended Theories of Gravity 2377
H.3.1Cosmological expansion and the effects of a non-analytic f(R) 2380

H.3.1.1Power-law scale factor . . . . . . . . . . . . . . . . . . . 2381
H.3.1.2Exponential scale factor . . . . . . . . . . . . . . . . . . 2384

H.4Interaction of neutrinos and primordial GW 2387

H.5Coupling between Spin and Gravitational Waves 2395

H.6The role of Plasma Physics in Accretion disk morphology 2397

H.7On the gravitational polarizability of black holes 2407

H.8Activities 2409
H.8.1Book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2409

H.8.1.1Primordial Cosmology . . . . . . . . . . . . . . . . . . . 2409
H.8.2Seminars and Workshops . . . . . . . . . . . . . . . . . . . . . 2412

H.8.2.1“The directions of moderm cosmologies” meeting . . . 2412
H.8.2.2 II Italian-Pakistani Workshop on Relativistic Astrophysics2412
H.8.2.3XII Marcel Grossman meetings . . . . . . . . . . . . . . 2413

A.1Birth and Development of the Generic Cosmological Solution 2417

A.2Appendix: Classical Mixmaster 2421
A.2.1Chaos covariance of the Mixmaster model . . . . . . . . . . . . 2421
A.2.2Chaos covariance of the generic cosmological solution . . . . . 2422
A.2.3Inhomogeneous inflationary models . . . . . . . . . . . . . . . 2423
A.2.4The Role of a Vector Field . . . . . . . . . . . . . . . . . . . . . 2423

A.3Perturbation Theory in Macroscopic Gravity 2427

A.4Schouten’s Classification 2429

A.5Inhomogeneous Spaces and Entropy 2431

A.6Polarization in GR 2433

A.7Averaging Problem in Cosmology and Gravity 2435

A.8Astrophysical Topics 2437

Bibliography 2439

2334



1 Topics

Early Cosmology

– Birth and Development of the
Generic Cosmological Solution

– Classical Mixmaster

– Dissipative Cosmology

– On the Jeans instability of the gravitational perturbations

– Extended Theories of Gravity

– The interaction between relic neutrinos
and primordial gravitational waves

– On the coupling between Spin and
Cosmological Gravitational Waves

Fundamental General Relativity

– The role of Plasma Physics in Accretion disk morphology

– Gravitational polarizability of black holes

– Perturbation Theory in Macroscopic Gravity:
On the Definition of Background

– On Schouten’s Classification of the non-Riemannian Geometries
with an Asymmetric Metric

– Gravitational Polarization in General Relativity:
Solution to Szekeres’ Model of Gravitational Quadrupole

– Averaging Problem in Cosmology and Macroscopic Gravity

– Astrophysical Topics

2335





2 Participants

2.1 ICRANet participants

- Vladimir Belinski

- Riccardo Benini

- Massimiliano Lattanzi

- Giovanni Montani

2.2 Past collaborations

- Nicola Nescatelli

2.3 Ongoing Collaborations

- Alexander Kirillov (Nizhnii Novgorod, Ru)

- Roustam Zalaletdinov (Tashkent, Uz)

- Irene Milillo (Roma 2, IT and Portsmouth, UK)

- Giovanni Imponente (Centro Fermi, Roma)

- Nakia Carlevaro (Florence, IT)

2337





3 Brief Description

3.1 Highlights in Early Cosmology and
Fundamental General Relativity

3.1.1 Dissipative Cosmology

In section “Dissipative Cosmology” we analyze the dynamics of the grav-
itational collapses (both in the Newtonian approach and in the pure rela-
tivistic limit) including dissipative effects. The physical interest in dealing
with dissipative dynamics is related to the thermodynamical properties of
the system: both the analyzed regimes are characterized by a thermal his-
tory which can not be regarded as settled down into the equilibrium. At
sufficiently high temperatures, micro-physical processes are no longer able
to restore the thermodynamical equilibrium and stages where the expansion
and collapse induce non-equilibrium phenomena are generated. The average
effect of having such kind of micro-physics results into dissipative processes
appropriately described by the presence of bulk viscosity, phenomenologically
described by a power-law of the energy density. With respect to dissipa-
tive dynamics, we also study the early singularity proposed in the scheme
of matter creation. The attention is focused on those scenarios for which it
is expected that the Universe has been created as a vacuum fluctuation, thus
the study of the particle creation should be added for a complete analysis
of its dynamics (Montani and Nescatelli, 2008). We can conclude (Carlevaro
and Montani, 2008) that the Universe cannot be created like an isotropic sys-
tem and only after a certain time it becomes close to our usual conception of
isotropy. In this respect, this analysis encourages the idea of an early Uni-
verse as characterized by a certain degree of anisotropy and inhomogeneity.

The people involved in this line of research are Giovanni Montani and
Nakia Carlevaro (Nicola Nescatelli as past collaborator).

3.1.2 On the Jeans instability of gravitational perturbations

In section “On the Jeans instability of gravitational perturbations” we fo-
cus on the non-relativistic analysis of gravitational collapses. The standard
Jeans Mechanism and the generalization in treating the Universe expansion
are both analyzed when bulk viscosity affects only the first order Newtonian
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3 Brief Description

dynamics. Since we deal with homogeneous model the so-called shear vis-
cosity is neglected. In fact, no displacement of matter layer occurs and the
dissipative effects are described by volume changes, i.e., by the presence of
bulk viscosity. As results (Carlevaro and Montani, 2009), the perturbations
are founded to be dumped by dissipative processes and the top-down mech-
anism of structure formation is strongly suppressed. In such a scheme the
Jeans mass remain unchanged also in presence of viscosity.

The people involved in this line of research are Nakia Carlevaro and Gio-
vanni Montani

3.1.3 Extended Theories of Gravity

In section ”Extended Theories of Gravity”, we analyze the dynamical impli-
cations of an exponential Lagrangian density for the gravitational field, as
referred to an isotropic FRW Universe (Lecian and Montani, 2008). Then, we
discuss the features of the generalized deSitter phase, predicted by the new
Friedmann equation. The existence of a consistent deSitter solution arises
only if the ratio between the vacuum energy density and that associated with
the fundamental length of the theory acquires a tantalizing negative charac-
ter. This choice allows us to explain the present universe dark energy as a relic
of the vacuum-energy cancellation due to the cosmological constant intrinsi-
cally contained in our scheme. The corresponding scalar-tensor description
of the model is addressed too, and the behavior of the scalar field is analyzed
for both negative and positive values of the cosmological term. In the first
case, the Friedmann equation is studied both in vacuum and in presence of
external matter, while, in the second case, the quantum regime is approached
in the framework of repulsive properties of the gravitational interaction, as
described in recent issues in Loop Quantum Cosmology. In particular, in the
vacuum case, we find a pure non-Einsteinian effect, according to which a
negative cosmological constant provides an accelerating deSitter dynamics,
in the region where the series expansion of the exponential term does not
hold.
Furthermore, we analyze the Solar-System constraints imposed on a non-
analityc Lagrangian for the gravitational field, whose Taylor expansion does
not hold. To this end, the weak-field limit of the model is considered. The pa-
rameter space of such a model is analyzed in both Jordan and Einstein frame.
In the Einstein frame, those configurations are selected, according to which
the potential of the scalar field behaves like an attractor for General Relativity.
In the Jordan frame, the request that the effects of such a modified theory be a
negligible correction to the Schwarzschild terms at Solar-System scales is ful-
filled, as far as experimental evidence is concerned. As a result, we conclude
that this kind of model is viable at Solar-System lengths.

The same form of a non-analytical polinomial function of the Ricci scalar
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3.1 Highlights in Early Cosmology and Fundamental General Relativity

is, moreover, analyzed in a cosmological context facing its influence on the
dynamics of a pure isotropic Universe. The Riemann tensor is expressed, as
usual, using a FRW metric and an ideal fluid is addressed as matter source.
Two distinct regimes for the scale factor are analyzed: a power-law evolution
and an exponential one. In the first case, the asymptotic Universe behaviors
reach qualitatively the standard FRW ones with interesting new features. In
particular, we get, as a result, a scale-factor asymptotic evolution like t1/2 in
the radiation dominated era and a t2/3 growth for a matter dominated (flat)
Universe. The most interesting feature which arises in this scenario is that, in
the second case, an exponential (dark matter) evolution of the scale factor is
found to be allowed for a matter dominated era and such a solution strongly
depends on the f (R) parameters.

The people involved in this research line are Orchidea Maria Lecian, Gio-
vanni Montani and Nakia Carlevaro.

3.1.4 The interaction between relic neutrinos and primordial
gravitational waves

In the section “The interaction between relic neutrinos and primordial gravi-
tational waves” we study the effect of the anisotropic stress generated by free
streaming relic neutrinos on the propagation of gravitational waves (Lattanzi
and Montani, 2005). In the extremely low frequency region, this acts as an ef-
fective viscosity, absorbing gravitational waves and thus resulting in a damp-
ing of the B-modes of the Cosmic Microwave Background polarization . We
have studied the generalization of this result to other regions of the frequency
domain; in particular, we have considered GWs that enter the horizon before
the electroweak phase transition (EWPT). This corresponds to an observable
frequency today ν0 & 10−5 Hz, i.e., to all waves possibly detectable by inter-
ferometers.
In order to study this issue, one has to solve the Boltzmann equation for the
phase space density f of cosmological neutrinos. It is found that the inten-
sity of GWs is reduced to ∼ 90% of its value in vacuum (see Fig H.4.1), its
exact value depending only on one physical parameter, namely the density
fraction of neutrinos. Neither the wave frequency nor the detail of neutrino
interaction affect the value of the absorbed intensity, resulting in an universal
behaviour in the frequency range considered.
The importance of our results relies in the fact that the damping affects GWs
in the frequency range where the LISA space interferometer and future, sec-
ond generation ground-based interferometers can possibly detect a signal of
cosmological origin.
Recently we have refined our treatment of this problem, by using a different
formalism, involving a multipole expansion of the Boltzmann equation, that
makes the numerical integration of the coupled Einstein-Boltzmann system
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3 Brief Description

more feasible, and accounting for the precise thermal history of the neutrino
fluid. We find that the abrupt change in the neutrino energy density fraction
associated to the electron-positron annihilation occurring at ∼ 1 MeV can
possibly give rise to a distinct spectral feature in the spectrum of primordial
gravitational waves in the nano-hertz region (Benini et al., 2009). Interest-
ingly, this region will be probed in the next years through the so-called Pulsar
Timing Arrays (Verbiest et al., 2009).

The people involved in this research line are Riccardo Benini, Massimiliano
Lattanzi and Giovanni Montani.

3.1.5 On the coupling between Spin and Cosmological
Gravitational Waves

In the section “On the coupling between spin and cosmological gravitational
waves” we study the influence of spin on the dynamics of particles and on
their interaction with gravitational waves, in a cosmological framework . The
equations of motion of spinning particles in the framework of general rela-
tivity were derived by Papapetrou in 1951.
We have considered a fluid of collisionless spinning particles in a Friedmann-
Robertson-Walker (FRW) background. Considering only the unperturbed
background, the distribution function of the fluid evolves in the same way as
the spinless case, due to the symmetry proprieties of the metric tensor. Then
we turned to consider the effect of small perturbations in the background
spacetime. We added a small tensorial perturbation hij to the metric, look-
ing for a coupling between the fluid and the perturbation itself, representing
a gravitaional wave. The resulting Boltzmann equation gives a first order
variation of the distribution function that is proportional to the product be-
tween the spin tensor and the time derivative of the metric perturbation. We
find that, even if the spin alters some components of the anisotropic stress
tensor, the final result is that these components are those that don’t couple
with the evolution of the metric perturbation. This implies that there is not
coupling between spin and cosmological gravitational waves, if only tensor
perturbations are present (Milillo et al., 2008). As a subsequent step, we have
considered how the inclusion of scalar and vector perturbation as well alters
the picture described here (Lattanzi et al., 2009). In this case we find that
the presence of the spin couples the different kinds of perturbations between
them. The next step will be to study if this modified cosmological evolution
could possibly have any observational consequence.

The people involved in this line of research are Massimiliano Lattanzi,
Irene Milillo and Giovanni Montani.
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3.1 Highlights in Early Cosmology and Fundamental General Relativity

3.1.6 The role of Plasma Physics in Accretion disk
morphology

In section “Accretion Disks”, we analyse the two-dimensional MHD configu-
rations characterising the steady state of the accretion disk on a highly mag-
netised neutron star. The model we describe has a local character and rep-
resents the extension of the crystalline structure outlined in Coppi (2005a),
dealing with a local model too, when a specific accretion rate is taken into
account. We limit our attention to the linearised MHD formulation of the
electromagnetic back-reaction characterising the equilibrium, by fixing the
structure of the radial, vertical and azimuthal profiles. Since we deal with
toroidal currents only, the consistency of the model is ensured by the pres-
ence of a small collisional effect, phenomenologically described by a non-zero
constant Nernst coefficient (thermal power of the plasma). Such an effect pro-
vides a proper balance of the electron force equation via non zero temperature
gradients, related directly to the radial and vertical velocity components.

We show that the obtained profile has the typical oscillating feature of the
crystalline structure, reconciled with the presence of viscosity, associated to
the differential rotation of the disk, and with a net accretion rate. In fact,
we provide a direct relation between the electromagnetic reaction of the disk
and the (no longer zero) increasing of its mass per unit time. The radial accre-
tion component of the velocity results to be few orders of magnitude below
the equatorial sound velocity. Its oscillating-like character does not allow
a real matter in-fall to the central object (an effect to be searched into non-
linear MHD corrections), but it accounts for the out-coming of steady fluxes,
favourable to the ring-like morphology of the disk.

The persons involved in this line of research are Giovanni Montani, Ric-
cardo Benini, Massimiliano Lattanzi, Bruno Coppi (MIT) and Remo Ruffini.

3.1.7 On the gravitational polarizability of black holes.

The gravitational polarizability properties of black holes are compared and con-
trasted with their electromagnetic polarizability properties. The “shape” or “height”
multipolar Love numbers hl of a black hole are defined and computed. They
are then compared to their electromagnetic analogs hEM

l . The Love numbers
hl give the height of the l-th multipolar “tidal bulge” raised on the horizon of
a black hole by faraway masses. We also discuss the shape of the tidal bulge
raised by a test mass m, in the limit where m gets very close to the horizon.

The persons involved in this line of research are Thibault Damour (IHES
and ICRANet) and Orchidea Maria Lecian (IHES and ICRANet).
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3 Brief Description

3.2 Appendix: The Generic Cosmological Solution

In section “Birth and Development of the Generic Cosmological Solution” we
propose a historical review about the generic cosmological solution, from its
birth at the end of the 60’s, up to the most advanced and recent developments.
The review follows a chronological order discussing the most important pa-
pers by Vladimir A. Belinski et al, ending with three papers by Giovanni
Montani which is the leader of the group of ICRANet people working now
on this research line.

3.3 Appendix: Classical Mixmaster

In the section “Classical Mixmaster” the most important results achieved on
the classical dynamics of homogeneous model of the type IX of the Bianchi
classification are reviewed together with its generalization to the more im-
portant topic of the generic cosmological solution. The people involved in
this line of research are Riccardo Benini, Giovanni Imponente and Giovanni
Montani

Chaos covariance of the Mixmaster model

In “Chaos covariance of the Mixmaster model” we face the study of the subtle
question concerning the covariance chaoticity of the Bianchi type VIII and IX
model. We introduce the Arnowitt-Deser-Misner formalism for General Rel-
ativity, and adopt Misner-Chitre like variables. This way, the time evolution
is that of a ball on a billiard characterized by a constant negative curvature.
The statistical properties (Kirillov and Montani, 2002) are described using
the ensemble representation of the dynamics, while the problem of a correct
definition of the Lyapunov exponent in such a relativistic system is resolved
adopting a generic time-variable (Imponente and Montani, 2001).

Chaos covariance of the generic cosmological solution

In “Chaos covariance of the generic cosmological solution” the question of
covariance is extended to the more general frame of the generic cosmological
solution (Benini and Montani, 2004). The problem is reformulated in terms
of the Hamilton approach to General Relativity, and Misner-Chitre like vari-
ables are adopted. The problem of the dependence of the chaos on the choice
of the gauge is solved with a quite general change of coordinates on the space-
time manifold, allowing us to solve the super Hamiltonian constraint and
the super-momentum one without fixing the forms of the lapse function and
of the shift-vector. The analysis developed for the homogeneous Mixmaster
model is then extended to this more generic case.
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3.4 Appendix: Perturbation Theory in Macroscopic Gravity

Inhomogeneous inflationary models

In “Inhomogeneous inflationary models” we consider the inflationary sce-
nario as the possible way to interpolate the rich and variegate Kasner dy-
namics of the Very Early Universe (Imponente and Montani, 2004), in order
to reach the present state observable FLRW Universe, via a bridge solution.
Hence we show how it is possible to have a quasi-isotropic solution of the
Einstein equations in presence of the ultrarelativistic matter and a real self-
interacting scalar field.

The Role of a Vector Field

In “The Role of a Vector Field” we study the effects of an Abelian vector field
on the dynamics of a generic (n + 1)-dimensional homogeneous model in
the BKL scheme; the chaos is restored for any number of dimensions, and a
BKL-like map, exhibiting a peculiar dependence on the dimension number, is
worked out (Benini et al., 2005). Within the same spirit of the Mixmaster anal-
ysis, an unstable n-dimensional Kasner-like evolution arises, nevertheless the
potential term inhibits the solution to last up to the singularity and induces
the BKL-like transition to another epoch. There are two most interesting fea-
tures of the resulting dynamics: the map exhibits a dimensional-dependence,
and it reduces to the standard BKL one for the four-dimensional case.

3.4 Appendix: Perturbation Theory in Macroscopic
Gravity: On the Definition of Background

In section “Perturbation Theory in Macroscopic Gravity: On the Definition
of Background” the notion of background metric adopted in the perturbation
theory in general relativity is analysed and a new definition of background
is proposed. An existence theorem for a metric tensor which serves as the
background metric for a specific scale has been proven (Montani, 1995). It
can be shown that the average value of a tensor field remains invariant under
action of the averaging operator introduced in (Kirillov and Montani, 1997).
Such an averaging procedure on a space-time manifold provides a natural
criterium for a definition of background metric.
A background metric that is invariant with respect to the class of averagings
can be introduced, and the following theorem considering the existence of
such a metric tensor for a specific scale is proven:
Theorem.Given an averaging space-time procedure with an idempotent av-
eraging kernel of the class of bounded and continuous functions on a space-
time manifold M, there always exists a continuous and bounded background
metric gαβ(x) for a characteristic scale d = VΣ where Σ is a compact 4-region
of M.
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3 Brief Description

The people involved in this line of research are Roustam Zalaletdinov and
Giovanni Montani.

3.5 Appendix: On Schouten’s Classification of the
non-Riemannian Geometries with an
Asymmetric Metric

In section ”On Schouten’s Classification of the non-Riemannian Geometries
with an Asymmetric Metric”, after reviewing the Schouten classification of
non-Riemannian geometries with an asymmetric metric tensor, we find the
inverse of the “structure matrix”, which links the generalized connection
with all the metric objects, in the linear approximation (Casanova et al., 1999).
By adopting this approach for affine-connection geometries with an asym-
metric metric, the structure and variety of such geometries can be inves-
tigated in a fully-geometrical formalism without adopting any variational
principle. The definition of autoparallel trajectories at different approxima-
tion orders has been established. Because of the first-order approximation,
the asymmetricity object and the antisymmetric part of the non-metricity ten-
sor do not contribute to the determination of the autoparallel trajectory. In
this case, the role of torsion and of the antisymmetric part of the metric ten-
sor has to be investigated according to the approximation order. As a phys-
ical field, if considered at zeroth order, torsion influences the dynamics by
not allowing for a flat Minkowskian metric: in this as, the antisymmetric part
of the metric tensor contributes to the determination of the solution only at
first order. Contrastingly, if we require that torsion be of order 1, we find
out that the antisymmetric part of the metric tensor contribute only at second
order(Casanova et al., 2008). The persons involved in this research line are
Sabrina Casanova, Orchidea Maria Lecian, Giovanni Montani, Remo Ruffini
and Roustam Zalaledtinov.

3.6 Appendix: Approximate Symmetries,
Inhomogeneous Spaces and Gravitational
Entropy

In section “Approximate Symmetries, Inhomogeneous Spaces and Gravita-
tional Entropy” we treat the problem of finding an appropriate geometri-
cal/physical index for measuring a degree of inhomogeneity for a given space-
time manifold. Interrelations with the problem of understanding the gravita-
tional/ informational entropy are also pointed out. We propose an approach
based on the notion of approximate symmetry (Zalaletdinov, 2000): with this
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3.7 Appendix: Polarization in GR

respect a definition of a Killing-like symmetry is given and we provide a clas-
sification theorem for all possible averaged space-times acquiring such sym-
metries upon averaging out a space-time with a homothetic Killing symme-
try.

The main idea of the Killing-like symmetry is to consider the most gen-
eral form of deviation from the Killing equations. The expression for such
a deviation covers the cases of semi-Killing, almost-Killing and almost sym-
metries with additional equations. Also covered are standard generalizations
of Killing symmetry such as conformal and homothetic Killing vectors. The
algebraic classification of the deviation gives an invariant way to introduce
a set of scalar indexes measuring the degree of inhomogeneity of the space-
time compared with that isometries, or even weaker symmetry (e.g., confor-
mal Killing).

The person involved in this line of research is Roustdam Zalaletdinov.

3.7 Appendix: Gravitational Polarization in
General Relativity: Solution to Szekeres’
Model of Gravitational Quadrupole

In section “Gravitational Polarization in General Relativity: Solution to Szek-
eres’ Model of Gravitational Quadrupole”, we analyze a model for the static
weak-field macroscopic medium. In this respect, the equation for the macro-
scopic gravitational potential is derived: such an equation is found to be
a biharmonic equation which is a non-trivial generalization of the Poisson
equation of Newtonian gravity (Montani et al., 2000).

In the case of the strong gravitational polarization the equation essentially
holds inside a macroscopic matter source: the scheme is equivalent to a sys-
tem of the Poisson equation and the nonhomogeneous modified Helmholtz
equations. The general solution to this system is obtained by using Green’s
function method and it does not exist a limit to Newtonian gravity. In case
of the insignificant gravitational quadrupole polarization, the equation for
macroscopic gravitational potential becomes the Poisson equation with the
matter density renormalized by the factor including the value of the quadrupole
gravitational polarization of the source.

The persons involved in this line of research are Giovanni Montani, Remo
Ruffini and Roustdam Zalaletdinov.
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3 Brief Description

3.8 Appendix: Averaging Problem in Cosmology
and Macroscopic Gravity

In section “Averaging Problem in Cosmology and Macroscopic Gravity”, we
discuss the averaging problem using the approach of macroscopic gravity.
We start modifying the averaged Einstein equations of macroscopic gravity
(i.e., on cosmological scales) by the gravitational correlation tensor terms.
Such a correlation tensor satisfies an additional set of structure and field
equations. Then we focus on the cosmological solutions for spatially homo-
geneous and isotropic macroscopic space-times. As a result, we find that, for
a flat geometry, the gravitational correlation tensor terms have the form of a
spatial curvature term which can be either negative or positive. This scheme
exhibits a very non-trivial phenomenon from the point of view of the general-
relativistic cosmology: the macroscopic (averaged) cosmological evolution in
a flat Universe is governed by the dynamical evolution equations for either a
closed or an open Universe depending on the sign of the macroscopic energy-
density with a dark spatial curvature term (Montani et al., 2002).

From the observational point of view, such a cosmological model gives a
new paradigm to reconsider the standard cosmological interpretation and
treatment of the observational data. Indeed, such model has the Riemannian
geometry of a flat homogeneous, isotropic space-time and all measurements
and data are to be considered and designed for this geometry. The dynamical
interpretation of the obtained data should be considered and treated for the
cosmological evolution of either a closed or an open spatially homogeneous,
isotropic Riemannian space-time.

3.9 Appendix: Astrophysical Topics

In section “Astrophysical Topics” we propose a review of different astrophys-
ical topics by a brief discussion of very important papers by V. A. Belinski et
al.
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4 Selected Publications Before
2005

4.1 Early Cosmology

1. G. Montani; “On the general behaviour of the universe near the cosmo-
logical singularity”; Classical and Quantum Gravity, 12, 2505 (1995).

In this paper we discuss dynamical features characterizing the oscilla-
tory regime near a spacelike singularity in a generic inhomogeneous
cosmological model, the effect of which leads to a profound modifica-
tion of the asymptotic behaviour toward that singularity, and creates
conditions under which the system can evolve into a qualitatively tur-
bulent regime. The well known pointwise ‘chaotic’ behaviour of the
evolution of the gravitational field toward such a singularity is shown
to lead to a similarly complicated spatial structure on the spacelike slices
which approach it.

2. A.A Kirillov, G. Montani; “Description of statistical properties of the
mixmaster universe”; Phys. Rev. D, 56, 6225 (1997).

Stochastic properties of the homogeneous Bianchi type-VIII and -IX (the
mixmaster) models near the cosmological singularity are more distinc-
tive in the Hamiltonian formalism in the Misner-Chitre parametriza-
tion. We show how the simplest analysis of the dynamical evolution
leads, in a natural way, to the construction of a stationary invariant
measure distribution which provides the complete statistical descrip-
tion of the stochastic behavior of these systems. We also establish the
difference between the statistical description in the framework of the
Misner-Chitre approach and that one based on the BKL (BelinskiKha-
latnikovLifshitz) map by means of an explicit reduction of the invariant
measure in the continuous case to the measure on the map. It turns out
that the invariant measure in the continuous case contains an explicit
information about durations of Kasner eras, while the measure in the
case of the BKL map does not.

3. G. Imponente, G. Montani; “Covariance of the mixmaster chaoticity”;
Phys. Rev. D, 63, 103501 (2001).
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We analyze the dynamics of the mixmaster universe on the basis of a
standard Arnowitt-Deser-Misner Hamiltonian approach showing how
its asymptotic evolution to the cosmological singularity is isomorphic
to a billiard ball on the Lobachevsky plane. The key result of our study
consists in the temporary gauge invariance of the billiard ball represen-
tation, once provided the use of very general Misner-Chitre-like vari-
ables.

4. Kirillov, A. A. and Montani, G.; “Quasi-isotropization of the inhomoge-
neous mixmaster universe induced by an inflationary process”; Phys.
Rev. D, 66, 064010 (2002).

We derive a generic inhomogeneous “bridge” solution for a cosmolog-
ical model in the presence of a real self-interacting scalar field. This
solution connects a Kasner-like regime to an inflationary stage of evo-
lution and therefore provides a dynamical mechanism for the quasi-
isotropization of the universe. In the framework of a standard Arnowitt-
Deser-Misner Hamiltonian formulation of the dynamics and by adopt-
ing Misner-Chitre-like variables, we integrate the Einstein-Hamilton-
Jacobi equation corresponding to a “generic” inhomogeneous cosmo-
logical model whose evolution is influenced by the coupling with a
bosonic field, expected to be responsible for a spontaneous symmetry
breaking configuration. The dependence of the detailed evolution of the
universe on the initial conditions is then appropriately characterized.

5. Imponente, Giovanni and Montani, Giovanni; “Inhomogeneous de Sit-
ter solution with scalar field and perturbations spectrum”; Mod. Phys.
Lett., A19, 1281 (2004).

We provide an inhomogeneous solution concerning the dynamics of a
real self interacting scalar field minimally coupled to gravity in a region
of the configuration space where it performs a slow rolling on a plateau
of its potential. During the inhomogeneous de Sitter phase the scalar
field dominant term is a function of the spatial coordinates only. This
solution specialized nearby the FLRW model allows a classical origin
for the inhomogeneous perturbations spectrum.

6. Riccardo Benini and Giovanni Montani; “Frame independence of the in-
homogeneous mixmaster chaos via Misner-Chitré-like variables”; Phys-
ical Review D, 70, 103527 (2004).

We outline the covariant nature, with respect to the choice of a reference
frame, of the chaos characterizing the generic cosmological solution
near the initial singularity, i.e., the so-called inhomogeneous mixmaster
model. Our analysis is based on a gauge independent Arnowitt-Deser-
Misner reduction of the dynamics to the physical degrees of freedom.
The resulting picture shows how the inhomogeneous mixmaster model
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is isomorphic point by point in space to a billiard on a Lobachevsky
plane. Indeed, the existence of an asymptotic (energylike) constant of
the motion allows one to construct the Jacobi metric associated with the
geodesic flow and to calculate a nonzero Lyapunov exponent in each
space point. The chaos covariance emerges from the independence of
our scheme with respect to the form of the lapse function and the shift
vector; the origin of this result relies on the dynamical decoupling of the
space points which takes place near the singularity, due to the asymp-
totic approach of the potential term to infinite walls. At the ground of
the obtained dynamical scheme is the choice of Misner-Chitre-like vari-
ables which allows one to fix the billiard potential walls.

7. Imponente, G. and Montani, G.; “Bianchi IX chaoticity: BKL map and
continuous flow”; Physica A, 338, 282 (2004).

We analyze the Bianchi IX dynamics (Mixmaster) in view of its stochas-
tic properties; in the present paper we address either the original ap-
proach due to Belinski, Khalatnikov and Lifshitz (BKL) as well as a
Hamiltonian one relying on the ArnowittDeserMisner (ADM) reduc-
tion. We compare these two frameworks and show how the BKL map
is related to the geodesic flow associated with the ADM dynamics. In
particular, the link existing between the anisotropy parameters and the
Kasner indices is outlined.

8. Imponente, G. and Montani, G.; “Covariant Feature of the Mixmaster
Model Invariant Measure”; International Journal of Modern Physics D,
11, 1321 (2002).

We provide a Hamiltonian analysis of the Mixmaster Universe dynam-
ics showing the covariant nature of its chaotic behavior with respect to
any choice of time variable. Asymptotically to the cosmological singu-
larity, we construct the appropriate invariant measure for the system
(which relies on the appearance of an “energy-like” constant of motion)
in such a way that its existence is independent of fixing the time gauge,
i.e. the corresponding lapse function. The key point in our analysis
consists of introducing generic Misner-Chitr-like variables containing
an arbitrary function, whose specification allows us to set up the same
statistical scheme in any time gauge.

9. Imponente, Giovanni and Montani, Giovanni; “Covariant Mixmaster
Dynamics”.

We provide a Hamiltonian analysis of the Mixmaster Universe dynam-
ics on the base of a standard Arnowitt-Deser-Misner Hamiltonian ap-
proach, showing the covariant nature of its chaotic behaviour with re-
spect to the choice of any time variable, from the point of view either of
the dynamical systems theory, either of the statistical mechanics one.
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10. Imponente, G. and Montani, G.; “On the Quasi-Isotropic Inflationary
Solution”; International Journal of Modern Physics D, 12, 1845 (2003).

In this paper we find a solution for a quasi-isotropic inflationary Uni-
verse which allows to introduce in the problem a certain degree of in-
homogeneity. We consider a model which generalizes the (flat) FLRW
one by introducing a first order inhomogeneous term, whose dynamics
is induced by an effective cosmological constant. The 3-metric tensor
is constituted by a dominant term, corresponding to an isotropic-like
component, while the amplitude of the first order one is controlled by
a ”small” function. In a Universe filled with ultra relativistic matter
and a real self-interacting scalar field, we discuss the resulting dynam-
ics, up to first order, when the scalar field performs a slow roll on a
plateau of a symmetry breaking configuration and induces an effective
cosmological constant. We show how the spatial distribution of the ul-
tra relativistic matter and of the scalar field admits an arbitrary form but
nevertheless, due to the required inflationary e-folding, it cannot play
a serious dynamical role in tracing the process of structures formation
(via the Harrison-Zeldovic spectrum). As a consequence, this paper re-
inforces the idea that the inflationary scenario is incompatible with a
classical origin of the large scale structures.

11. Giovanni Montani; “Influence of particle creation on flat and negative
curved FLRW universes”; Classical and Quantum Gravity, 18, 193 (2001).

We present a dynamical analysis of (classical) spatially flat and nega-
tive curved Friedmann-Lameı̂tre-Robertson-Walker (FLRW) universes
evolving (by assumption) close to the thermodynamic equilibrium in
the presence of a particle creation process. This analysis is described by
means of a realiable phenomenological approach, based on the appli-
cation to the comoving volume (i.e. spatial volume of unit comoving
coordinates) of the theory for open thermodynamic systems. In partic-
ular we show how, since the particle creation phenomenon induces a
negative pressure term, then the choice of a well-grounded ansatz for
the time variation of the particle number, leads to a deep modification
of the very early standard FLRW dynamics. More precisely, for the con-
sidered FLRW models, we find (in addition to the limiting case of their
standard behaviour) solutions corresponding to an early universe char-
acterized respectively by an ‘eternal’ inflationary-like birth and a spatial
curvature dominated singularity. In both these cases the so-called hori-
zon problem finds a natural solution.
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1. G Montani, R Ruffini and R Zalaletdinov; “The gravitational polariza-
tion in general relativity: solution to Szekeres’ model of quadrupole
polarization”; Classical and Quantum Gravity, 20, 4195 (2003).

A model for the static weak-field macroscopic medium is analysed and
the equation for the macroscopic gravitational potential is derived. This
is a biharmonic equation which is a non-trivial generalization of the
Poisson equation of Newtonian gravity. In the case of strong gravi-
tational quadrupole polarization, it essentially holds inside a macro-
scopic matter source. Outside the source the gravitational potential
fades away exponentially. The equation is equivalent to a system of the
Poisson equation and the non-homogeneous modified Helmholtz equa-
tions. The general solution to this system is obtained by using the Green
function method and it is not limited to Newtonian gravity. In the case
of insignificant gravitational quadrupole polarization, the equation for
macroscopic gravitational potential becomes the Poisson equation with
the matter density renormalized by a factor including the value of the
quadrupole gravitational polarization of the source. The general solu-
tion to this equation obtained by using the Green function method is
limited to Newtonian gravity.

2. Bisnovatyi-Kogan, G. S. and Lovelace, R. V. E. and Belinski, V. A.; “A
Cosmic Battery Reconsidered”; ApJ, 580 (2002).

We revisit the problem of magnetic field generation in accretion flows
onto black holes owing to the excess radiation force on electrons. This
excess force may arise from the Poynting-Robertson effect. Instead of
a recent claim of the generation of dynamically important magnetic
fields, we establish the validity of earlier results from 1977 that show
that only small magnetic fields are generated. The radiative force causes
the magnetic field to initially grow linearly with time. However, this
linear growth holds for only a restricted time interval that is of the or-
der of the accretion time of the matter. The large magnetic fields re-
cently found result from the fact that the linear growth is unrestricted.
A model of the Poynting-Robertson magnetic field generation close to
the horizon of a Schwarzschild black hole is solved exactly using gen-
eral relativity, and the field is also found to be dynamically insignifi-
cant. These weak magnetic fields may however be important as seed
fields for dynamos.

3. Barkov, M. V. and Belinski, V. A. and Bisnovatyi-Kogan, G. S.; “Model of
ejection of matter from non-stationary dense stellar clusters and chaotic
motion of gravitating shells”; arXiv:astro-ph/0107051.
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It is shown that during the motion of two initially gravitationally bound
spherical shells, consisting of point particles moving along ballistic tra-
jectories, one of the shells may be expelled to infinity at subrelativis-
tic speed vexp ≤ 0.25c. The probelm is solved in Newtonian gravity.
Motion of two intersecting shells in the case when they do not run-
away shows a chaotic behaviour. We hope that this toy and oversim-
plified model can nevertheless give a qualitative idea on the nature of
the mechanism of matter outbursts from dense stellar clusters.

4. Zalaletdinov, R. M.; “Averaging out the Einstein equations”; General
Relativity and Gravitation, 24, 1015 (1992).

A general scheme to average out an arbitrary 4-dimensional Rieman-
nian space and to construct the geometry of the averaged space is pro-
posed. It is shown that the averaged manifold has a metric and two
equi-affine symmetric connections. The geometry of the space is charac-
terized by the tensors of Riemannian and non-Riemannian curvatures,
an affine deformation tensor being the result of non-metricity of one
of the connections. To average out the differential Bianchi identities,
correlation 2-form, 3-form and 4-form are introduced and the differ-
ential relations on these correlations tensors are derived, the relations
being integrable on an arbitrary averaged manifold. Upon assuming
a splitting rule for the average of the product including a covariantly
constant tensor, an averaging out of the Einstein equations has been
carried out which brings additional terms with the correlation tensors
into them. As shown by averaging out the contracted Bianchi identities,
the equations of motion for the averaged energy-momentum tensor do
also include the geometric correction terms. Considering the gravita-
tional induction tensor to be the Riemannian curvature tensor (then the
non-Riemannian one is the macroscopic gravitational field), a theorem
that relates the algebraic structure of the averaged microscopic metric
with that of the induction tensor is proved. Due to the theorem the
same field operator as in the Einstein equations is manifestly extracted
from the averaged ones. Physical interpretation and application of the
relations and equations obtained to treat macroscopic gravity are dis-
cussed.

5. Mars, M. and Zalaletdinov, R. M.; “Space-time averages in macroscopic
gravity and volume-preserving coordinates”; Journal of Mathematical
Physics, 38, 4741 (1997).

The definition of the covariant space-time averaging scheme for the ob-
jects (tensors, geometric objects, etc.) on differentiable metric manifolds
with a volume n-form, which has been proposed for the formulation of
macroscopic gravity, is analyzed. An overview of the space-time aver-
aging procedure in Minkowski space-time is given and comparison be-
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tween this averaging scheme and that adopted in macroscopic gravity
is carried out throughout the paper. Some new results concerning the
algebraic structure of the averaging operator are precisely formulated
and proved, the main one being that the averaging bilocal operator is
idempotent iff it is factorized into a bilocal product of a matrix-valued
function on the manifold, taken at a point, by its inverse at another
point. The previously proved existence theorems for the averaging and
coordination bilocal operators are revisited with more detailed proofs of
related results. A number of new results concerning the structure of the
volume-preserving averaging operators and the class of proper coordi-
nate systems are given. It is shown, in particular, that such operators
are defined on an arbitrary n-dimensional differentiable metric mani-
fold with a volume n-form up to the freedom of (n1) arbitrary functions
of n arguments and 1 arbitrary function of (n1) arguments. All the re-
sults given in this paper are also valid whenever appropriate for affine
connection manifolds including (pseudo)-Riemannian manifolds.

6. Montani, G. and Ruffini, R. and Zalaletdinov, R.; “Gravitating macro-
scopic media in general relativity and macroscopic gravity”; Nuovo Ci-
mento B, 115, 1343 (2000).

The problem of construction of a continuous (macroscopic) matter model
for a given point-like (microscopic) matter distribution in general rela-
tivity is formulated. The existing approaches are briefly reviewed and a
physical analogy with the similar problem in classical macroscopic elec-
trodynamics is pointed out. The procedure by Szekeres in the linearized
general relativity on Minkowski background to construct a tensor of
gravitational quadruple polarization by applying Kaufman’s method of
molecular moments for derivation of the polarization tensor in macro-
scopic electrodynamics and to derive an averaged field operator by uti-
lizing an analogy between the linearized Bianchi identities and Maxwell
equations, is analyzed. It is shown that the procedure has some incon-
sistencies, in particular, it has only provided the terms linear in per-
turbations for the averaged field operator which do not contribute into
the dynamics of the averaged field, and the analogy between electro-
magnetism and gravitation does break upon averaging. A macroscopic
gravity approach in the perturbation theory up to the second order on
a particular background space-time taken to be a smooth weak gravita-
tional field is applied to write down a system of macroscopic field equa-
tions: Isaacson’s equations with a source incorporating the quadruple
gravitational polarization tensor, Isaacson’s energy-momentum tensor
of gravitational waves and energy-momentum tensor of gravitational
molecules and corresponding equations of motion. A suitable set of
material relations which relate all the tensors is proposed.
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7. Montani, G. and Ruffini, R. and Zalaletdinov, R.; “Modelling self-gravitating
macroscopic media in general relativity: Solution to Szekeres’ model of
gravitational quadrupole”; Nuovo Cimento B, 118, 1109 (2003).

A model for the static weak-field macroscopic medium is analyzed and
the equation for the macroscopic gravitational potential is derived. This
is a biharmonic equation which is a non-trivial generalization of the
Poisson equation of Newtonian gravity. In case of the strong grav-
itational quadrupole polarization it essentially holds inside a macro-
scopic matter source. Outside the source the gravitational potential
fades away exponentially. The equation is equivalent to a system of the
Poisson equation and the nonhomogeneous modified Helmholtz equa-
tions. The general solution to this system is obtained by using Green’s
function method and it does not have a limit to Newtonian gravity. In
case of the insignificant gravitational quadrupole polarization the equa-
tion for macroscopic gravitational potential becomes the Poisson equa-
tion with the matter density renormalized by the factor including the
value of the quadrupole gravitational polarization of the source. The
general solution to this equation obtained by using Green’s function
method has a limit to Newtonian gravity.

8. Montani, G. and Ruffini, R. and Zalaletdinov, R.; “Gravitating macro-
scopic media in general relativity and macroscopic gravity”; Nuovo Ci-
mento B, 115, 1343 (2002).

The problem of construction of a continuous (macroscopic) matter model
for a given point-like (microscopic) matter distribution in general rela-
tivity is formulated. The existing approaches are briefly reviewed and a
physical analogy with the similar problem in classical macroscopic elec-
trodynamics is pointed out. The procedure by Szekeres in the linearized
general relativity on Minkowski background to construct a tensor of
gravitational quadruple polarization by applying Kaufman’s method of
molecular moments for derivation of the polarization tensor in macro-
scopic electrodynamics and to derive an averaged field operator by uti-
lizing an analogy between the linearized Bianchi identities and Maxwell
equations, is analyzed. It is shown that the procedure has some incon-
sistencies, in particular, it has only provided the terms linear in per-
turbations for the averaged field operator which do not contribute into
the dynamics of the averaged field, and the analogy between electro-
magnetism and gravitation does break upon averaging. A macroscopic
gravity approach in the perturbation theory up to the second order on
a particular background space-time taken to be a smooth weak gravita-
tional field is applied to write down a system of macroscopic field equa-
tions: Isaacson’s equations with a source incorporating the quadruple
gravitational polarization tensor, Isaacson’s energy-momentum tensor
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of gravitational waves and energy-momentum tensor of gravitational
molecules and corresponding equations of motion. A suitable set of
material relations which relate all the tensors is proposed.

9. Zalaletdinov, R. M.; “Towards a theory of macroscopic gravity”; Gen-
eral Relativity and Gravitation, 25, 673 (1993).

By averaging out Cartan’s structure equations for a four-dimensional
Riemannian space over space regions, the structure equations for the
averaged space have been derived with the procedure being valid on
an arbitrary Riemannian space. The averaged space is characterized by
a metric, Riemannian and non-Rimannian curvature 2-forms, and corre-
lation 2-, 3- and 4-forms, an affine deformation 1-form being due to the
non-metricity of one of two connection 1-forms. Using the procedure
for the space-time averaging of the Einstein equations produces the av-
eraged ones with the terms of geometric correction by the correlation
tensors. The equations of motion for averaged energy momentum, ob-
tained by averaging out the contracted Bianchi identities, also include
such terms. Considering the gravitational induction tensor to be the
Riemannian curvature tensor (the non-Riemannian one is then the field
tensor), a theorem is proved which relates the algebraic structure of
the averaged microscopic metric to that of the induction tensor. It is
shown that the averaged Einstein equations can be put in the form of the
Einstein equations with the conserved macroscopic energy-momentum
tensor of a definite structure including the correlation functions. By
using the high-frequency approximation of Isaacson with second-order
correction to the microscopic metric, the self-consistency and compati-
bility of the equations and relations obtained are shown. Macrovacuum
turns out to be Ricci non-flat, the macrovacuum source being defined
in terms of the correlation functions. In the high-frequency limit the
equations are shown to become Isaacson’s ones with the macrovauum
source becoming Isaacson’s stress tensor for gravitational waves.
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1. R Benini, A A Kirillov and Giovanni Montani; “Oscillatory regime in
the multidimensional homogeneous cosmological models induced by a
vector field”; Classical and Quantum Gravity, 22, 1483 (2005).

We show that in multidimensional gravity, vector fields completely de-
termine the structure and properties of singularity. It turns out that in
the presence of a vector field the oscillatory regime exists in all spatial
dimensions and for all homogeneous models. By analyzing the Hamil-
tonian equations we derive the Poincaré return map associated with the
Kasner indexes and fix the rules according to which the Kasner vectors
rotate. In correspondence to a four-dimensional spacetime, the oscilla-
tory regime here constructed overlaps the usual Belinski-Khalatnikov-
Liftshitz one.

2. Nakia Carlevaro and Giovanni Montani; “On the gravitational collapse
of a gas cloud in the presence of bulk viscosity; Classical and Quantum
Gravity, 22, 4715 (2005).

We analyse the effects induced by the bulk (or second) viscosity on the
dynamics associated with the extreme gravitational collapse. The aim
of the work is to investigate whether the presence of viscous correc-
tions to the evolution of a collapsing gas cloud influences the top-down
fragmentation process. To this end, we generalize the approach pre-
sented by Hunter (1962 Astrophys. J. 136 594) to include in the dynam-
ics of the (uniform and spherically symmetric) cloud the negative pres-
sure contribution associated with the bulk viscosity phenomenology.
Within the framework of a Newtonian approach (whose range of va-
lidity is outlined), we extend to the viscous case either the Lagrangian
or the Eulerian motion of the system addressed in Hunter (1962 As-
trophys. J. 136 594) and we treat the asymptotic evolution. We show
how the adiabatic-like behaviour of the gas is deeply influenced by vis-
cous correction when its collapse reaches the extreme regime toward
the singularity. In fact, for sufficiently large viscous contributions, den-
sity contrasts associated with a given scale of the fragmentation process
acquire, asymptotically, a vanishing behaviour which prevents the for-
mation of sub-structures. Since in the non-dissipative case density con-
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trasts diverge (except for the purely adiabatic behaviour in which they
remain constant), we can conclude that in the adiabatic-like collapse
the top-down mechanism of structure formation is suppressed as soon
as enough strong viscous effects are taken into account. Such a feature
is not present in the isothermal-like collapse because the sub-structure
formation is yet present and outlines the same behaviour as in the non-
viscous case. We emphasize that in the adiabatic-like collapse the bulk
viscosity is also responsible for the appearance of a threshold scale (de-
pendent on the polytropic index) beyond which perturbations begin to
increase; this issue, absent in the non-viscous case, is equivalent to deal-
ing with a Jeans length. A discussion of the physical character that the
choice n = 5/6 takes place in the present case is provided.

3. Carlevaro, N. and Montani, G.; “Bulk Viscosity Effects on the Early Uni-
verse Stability”; Modern Physics Letters A, 20, 1729 (2005).

We present a discussion of the effects induced by the bulk viscosity
on the very early Universe stability. The matter filling the cosmologi-
cal (isotropic and homogeneous) background is described by a viscous
fluid having an ultrarelativistic equation of state and whose viscosity
coefficient is related to the energy density via a power-law of the form
ζ = ζ0ρν. The analytic expression of the density contrast (obtained for
ν = 1/2) shows that, for small values of the constant ζ0, its behavior is
not significantly different from the non-viscous one derived by Lifshitz.
But as soon as ζ0 overcomes a critical value, the growth of the density
contrast is suppressed forward in time by the viscosity and the stabil-
ity of the Universe is favored in the expanding picture. On the other
hand, in such a regime, the asymptotic approach to the initial singular-
ity (taken at t = 0) is deeply modified by the apparency of significant
viscosity in the primordial thermal bath, i.e. the isotropic and homo-
geneous Universe admits an unstable collapsing picture. In our model
this feature also regards scalar perturbations while in the non-viscous
case it appears only for tensor modes.

4. Lattanzi, M. and Montani, G.; “On the Interaction Between Thermal-
ized Neutrinos and Cosmological Gravitational Waves above the Elec-
troweak Unification Scale”; Modern Physics Letters A, 20, 2607 (2005).

We investigate the interaction between the cosmological relic neutri-
nos, and primordial gravitational waves entering the horizon before
the electroweak phase transition, corresponding to observable frequen-
cies today ν0 > 10−5Hz. We give an analytic formula for the traceless
transverse part of the anisotropic stress tensor, due to weakly interact-
ing neutrinos, and derive an integro-differential equation describing the
propagation of cosmological gravitational waves at these conditions.
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We find that this leads to a decrease of the wave intensity in the fre-
quency region accessible to the LISA space interferometer, that is at the
present the most promising way to obtain a direct detection of a cos-
mological gravitational wave. The absorbed intensity does not depend
neither on the perturbation wavelength, nor on the details of neutrino
interactions, and is affected only by the neutrino fraction fν. The trans-
mitted intensity amounts to 88% for the standard value fν = 0.40523.
An approximate formula for non-standard values of fν is given.

5. Carlevaro, Nakia and Montani, Giovanni; “Study of the Quasi-isotropic
Solution near the Cosmological Singularity in Presence of Bulk-Viscosity”;
International Journal of Modern Physics D, 17(6), 881 (2008).

We analyze the dynamical behavior of a quasi-isotropic Universe in the
presence of a cosmological fluid endowed with bulk viscosity. We ex-
press the viscosity coefficient as a power-law of the fluid energy density:
ζ = ζ0εs. Then we fix s = 1/2 as the only case in which viscosity plays
a significant role in the singularity physics but does not dominate the
Universe dynamics (as requested by its microscopic perturbative ori-
gin). The parameter ζ0 is left free to define the intensity of the viscous
effects. Following the spirit of the work by E.M. Lifshitz and I.M. Kha-
latnikov on the quasi-isotropic solution, we analyze both Einstein and
hydrodynamic equations up to first and second order in time. As a re-
sult, we get a power-law solution existing only in correspondence to a
restricted domain of ζ0.

6. O.M. Lecian, G. Montani; “Implications of non-analytical f(R) gravity at
Solar-System scales”; Class.Quant.Grav.26:045014,2009. e-Print: arXiv:0807.4428
[gr-qc]

We motivate and analyze the weak-field limit of a non-analytical La-
grangian for the gravitational field. After investigating the parameter
space of the model, we impose constraints on the parameters charac-
terizing this class of theories imposed by Solar-System data, i.e. we
establish the validity range where this solution applies and refine the
constraints by the comparison with planetary orbits. As a result, we
claim that this class of models is viable within different astrophysical
scales.

7. G. Montani, M.V. Battisti, R. Benini and G. Imponente; “Classical and
Quantum Features of the Mixmaster Singularity”; International Journal
of Modern Physics A,23, 2353 (2008).

This review article is devoted to analyze the main properties charac-
terizing the cosmological singularity associated to the homogeneous
and inhomogeneous Mixmaster model. After the introduction of the
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main tools required to treat the cosmological issue, we review in de-
tails the main results got along the last forty years on the Mixmaster
topic. We firstly assess the classical picture of the homogeneous chaotic
cosmologies and, after a presentation of the canonical method for the
quantization, we develop the quantum Mixmaster behavior. Finally,
we extend both the classical and quantum features to the fully inho-
mogeneous case. Our survey analyzes the fundamental framework of
the Mixmaster picture and completes it by accounting for recent and
peculiar outstanding results.

8. Carlevaro N. and Montani G.; “Jeans instability in presence of dissipa-
tive effects”; International Journal of Modern Physics D, 18, 1257 (2009).

An analysis of the gravitational instability in presence of dissipative ef-
fects is addressed. In particular, the standard Jeans Mechanism and
the generalization in treating the Universe expansion are both analyzed
when bulk viscosity affects the first-order Newtonian dynamics. As re-
sults, the perturbations evolution is founded to be dumped by dissipa-
tive processes and the top-down mechanism of structure formation is
suppressed. In such a scheme, the Jeans Mass remain unchanged also
in presence of viscosity.

9. O. M. Lecian, G. Montani; “Exponential Lagrangian for the gravita-
tional field and the problem of vacuum energy”; International Journal
of Moder Physics A, 23(8), 1248 (2008).

We will analyze two particular features of an exponential gravitational
Lagrangian. On the one hand, while this choice of the Lagrangian den-
sity allows for two free parameters, only one scale, the cosmological
constant, arises as fundamental when the proper Einsteinian limit is to
be recovered. On the other hand, the vacuum energy arising from f (R)
theories such that f (0) 6= 0 needs a cancellation mechanism, by which
the present value of the cosmological constant can be recast.

10. O. M. Lecian, G. Montani; “Dark energy as a relic of the vacuum-energy
cancellation?” International Journal of Moder Physics D, 17, 111-133,(2008).

We analyze the dynamical implications of an exponential Lagrangian
density for the gravitational field, as referred to an isotropic FRW Uni-
verse. Then, we discuss the features of the generalized deSitter phase,
predicted by the new Friedmann equation. The existence of a consis-
tent deSitter solution arises only if the ratio between the vacuum-energy
density and that associated with the fundamental length of the theory
acquires a tantalizing negative character. This choice allows us to ex-
plain the present universe dark energy as a relic of the vacuum-energy
cancellation due to the cosmological constant intrinsically contained in
our scheme. The corresponding scalar-tensor description of the model
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is addressed too, and the behavior of the scalar field is analyzed for
both negative and positive values of the cosmological term. In the first
case, the Friedmann equation is studied both in vacuum and in pres-
ence of external matter, while, in the second case, the quantum regime
is approached in the framework of ”repulsive” properties of the grav-
itational interaction, as described in recent issues in Loop Quantum
Cosmology. In particular, in the vacuum case, we find a pure non-
Einsteinian effect, according to which a negative cosmological constant
provides an accelerating deSitter dynamics, in the region where the se-
ries expansion of the exponential term does not hold

11. I. Milillo, M. Lattanzi and G. Montani; “On the coupling between spin-
ning particles and cosmological gravitational waves”; International Jour-
nal of Moder Physics A, 23(8), 1248 (2008).

The influence of spin in a system of classical particles on the propa-
gation of gravitational waves is analyzed in the cosmological context
of primordial thermal equilibrium. On a flat Friedmann-Robertson-
Walker metric, when the precession is neglected, there is no contribu-
tion due to the spin to the distribution function of the particles. Adding
a small tensor perturbation to the background metric, we study if a
coupling between gravitational waves and spin exists that can modify
the evolution of the distribution function, leading to new terms in the
anisotropic stress, and then to a new source for gravitational waves. In
the chosen gauge, the final result is that, in the absence of other kind
of perturbations, there is no coupling between spin and gravitational
waves.

12. R. Benini, M. Lattanzi and G. Montani; “Signatures of the neutrino ther-
mal history in the spectrum of primordial gravitational waves’; Gen.
Rel. Grav., in press

The stochastic background of primordial gravitational waves is a tar-
get for several experiments, spanning many orders of magnitude in fre-
quency. At large wavelengths, it can be detected in the B-modes of the
cosmic microwave background. At small scales, it is the target of de-
tectors like LISA and can be probed by Pulsar Timing Arrays. Gravi-
tational waves interact with the anisotropic stress of the cosmological
fluid, mainly given by its neutrino component. While at the large scales
this is effectively collisionless, in the small-scale limit, the collisions be-
tween neutrinos should be properly taken into account for the compu-
tation of the anisotropic stress. In this talk we will present the results of
the integration of the Einstein-Boltzmann system of differential equa-
tions for the coupled gravitational wave-neutrino system, and we will
discuss how this will affect the expected signal of stochastic gravita-
tional waves.
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13. G. Montani and R. Benini; “Linear Two-Dimensional MHD of Accre-
tion Disks: Crystalline structure and Nernst coefficient”; to appear on
Modern Physics Letters A (2009)

We analyse the two-dimensional MHD configurations characterising
the steady state of the accretion disk on a highly magnetised neutron
star. The model we describe has a local character and represents the
extension of the crystalline structure outlined in Coppi (2005), dealing
with a local model too, when a specific accretion rate is taken into ac-
count. We limit our attention to the linearised MHD formulation of the
electromagnetic back-reaction characterising the equilibrium, by fixing
the structure of the radial, vertical and azimuthal profiles. Since we
deal with toroidal currents only, the consistency of the model is en-
sured by the presence of a small collisional effect, phenomenologically
described by a non-zero constant Nernst coefficient (thermal power of
the plasma). Such an effect provides a proper balance of the electron
force equation via non zero temperature gradients, related directly to
the radial and vertical velocity components. We show that the obtained
profile has the typical oscillating feature of the crystalline structure, rec-
onciled with the presence of viscosity, associated to the differential ro-
tation of the disk, and with a net accretion rate. In fact, we provide
a direct relation between the electromagnetic reaction of the disk and
the (no longer zero) increasing of its mass per unit time. The radial
accretion component of the velocity results to be few orders of magni-
tude below the equatorial sound velocity. Its oscillating-like character
does not allow a real matter in-fall to the central object (an effect to be
searched into non-linear MHD corrections), but it accounts for the out-
coming of steady fluxes, favourable to the ring-like morphology of the
disk.
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H.1 Dissipative Cosmology

With respect to this line of research, peculiar topics concerning the dynamics
of the gravitational collapses are developed both in the Newtonian approach
and in the pure relativistic limit, including dissipative effects mainly reas-
sumed by the presence of viscosity. The physical interest in dealing with dis-
sipative dynamics is related to thermodynamical properties of the analyzed
system. In fact, both the extreme regime of a gravitational collapse and the
very early stages of the Universe evolution are characterized by a thermal
history which can not be regarded as settled down into the equilibrium. At
sufficiently high temperatures, the cross sections of the micro-physical pro-
cesses are no longer able to restore the thermodynamical equilibrium. Thus,
stages where the expansion and collapse induce non-equilibrium phenom-
ena are generated. The average effect of having such kind of micro-physics
results into dissipative processes appropriately described by the presence of
bulk viscosity ζ, phenomenologically described as a function of the energy
density ρ in terms of a power-law as

ζ = ζ0ρs , ζ0, s = const . (H.1.0.1)

In this approach, this kind of viscosity affects the form of the energy-momentum
tensor with a corrective term:

Tµν = ( p̃ + ρ)uµuν − p̃ gµν , p̃ = p− ζ uρ
; ρ , (H.1.0.2)

where p denotes the usual thermostatic pressure.
The analysis is focused on three main models:

(i) Perturbed FRW-Universe
We present a discussion of the effects induced by the bulk viscosity on the
very early Universe stability Carlevaro and Montani (2005a), Carlevaro and
Montani (2007). The matter filling the cosmological isotropic and homoge-
neous background is described by a viscous fluid having an ultra-relativistic
equation of state (i.e., p = ρ/3). The analytic expression of the density con-
trast, obtained for s = 1/2 (i.e., in order to deal with the maximum effect
that bulk viscosity can have without dominating the dynamics), shows two
different dynamical regimes characterized by intensity of the viscous effects
related to the critical value

ζ∗0 = 2
9
√

3
. (H.1.0.3)

In the case 0 6 ζ0 < ζ∗0 , perturbations increase forward in time. This behav-
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H.1 Dissipative Cosmology

ior corresponds qualitatively to the same picture of the non-viscous Universe
(obtained setting ζ0 = 0) in which the expansion can not imply the gravi-
tational instability. In the case ζ∗0 < ζ0, the density contrast is suppressed
since it behaves like negative powers of the time variable. When the density
contrast results to be increasing, the presence of viscosity induces a damping
of the perturbation evolution in the direction of the expanding Universe. In
this regime, density fluctuations decrease forward in time, but the most inter-
esting result is the instability that the isotropic and homogeneous Universe
acquires in the direction of the collapse toward the Big-Bang: the density
contrast diverges approaching the cosmological singularity, thus scalar per-
turbations destroy asymptotically the primordial Universe symmetry.

The dynamical implication of these issues is that an isotropic and homo-
geneous stage of the Universe can not be generated, from generic initial con-
ditions, as far as the viscosity becomes smaller than the critical value, i.e.,
ζ0 < ζ∗0 .

(ii) Quasi-isotropic model
In 1963, E.M. Lifshitz and I.M. Khalatnikov first proposed this model which
is based on the idea that, as a function of time, the 3-metric is expandable
in powers of t, i.e., a Taylor expansion of the spatial metric is addressed. In
Carlevaro and Montani (2008) we propose a generalization of the line element
in order to include dissipative effects:

γαβ = tx aαβ + ty bαβ , γαβ = t−x aαβ − ty−2x bαβ , (H.1.0.4)

where x > 0 (constraint for the space contraction) and y > x (consistence
of the perturbation scheme). In this approach, the pure Friedmann model
becomes a particular case of a larger class of solutions existing only for space
filled with matter. In the analysis, the viscous exponent is fixed s = 1/2 as the
only case in which viscosity plays a significant role in the singularity physics.
The parameter ζ0 is left free to define the intensity of the viscous effects.

Following the spirit of the LK’s work, both Einstein and hydrodynamic
equations, up to first- and second-order in time, are analyzed. A power-law
solution exists only in correspondence to a restricted domain of ζ0. In fact,
the consistence of the perturbation scheme, i.e., y > x, yields the validity
constraint

ζ0 < 3 ζ∗0 , (H.1.0.5)

in agreement with the results obtained for the pure isotropic model.
(iii) Extreme gravitational collapse of a gas cloud

Aim of this analysis Carlevaro and Montani (2007), Carlevaro and Montani
(2005b) is to investigate whether the presence of viscous corrections to the
evolution of a collapsing gas cloud can influence the top-down fragmenta-
tion process. To this end, a generalization of the approach firstly presented
by C. Hunter is developed in order to include the negative pressure contri-
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bution associated to the bulk viscosity phenomenology in the dynamics of
the (uniform and spherically symmetric) cloud. Within the framework of a
Newtonian approach, both the Lagrangian, and the Eulerian equation of mo-
tion of the system are extended to the viscous case. We construct such an
extension requiring that the asymptotic dynamics of the collapsing cloud is
not qualitatively affected by the presence of viscosity: in this respect, we can
assume the viscous exponent as s = 5/6.

The adiabatic-like behavior of the gas (i.e., when the politropic index γ
takes values 4/3 < γ 6 5/3) is deeply influenced by viscous corrections
when its collapse reaches the extreme regime towards the singularity. In fact,
for sufficiently large viscous contributions, density contrasts acquire, asymp-
totically, a vanishing behavior that prevents the formation of sub-structures.
Since, in the non-dissipative case, density contrasts diverge (except for the
purely adiabatic behavior γ = 5/3 in which they remain constant), in the
adiabatic-like collapse the top-down mechanism of the structure formation is
suppressed as soon as enough strong viscous effects are taken into account.
Such a feature is not present in the isothermal-like case (i.e., 1 6 γ < 4/3).

In the adiabatic-like collapse the bulk viscosity is also responsible for the
appearance of a threshold scale (dependent on the politropic index),

k2
C = f (γ) ρ1/6

0 / ζ0 , (H.1.0.6)

beyond which perturbations begin to increase; this issue, absent in the non-
viscous case, is equivalent to deal with a Jeans length.

(iv) Lemaitre-Tolman-Bondi Solution
If the Lemaitre-Tolman-Bondi Solution is addressed, we deal with anisotropic
corrections to the pure FRW model:

ds2 = dt2 − e2α(r,t) dr2 − e2β(r,t) (dθ2 − sin2 θ dϕ2) . (H.1.0.7)

In this picture, using comoving coordinates, the energy-momentum tensor
assumes a more complicated form since we are also in presence of shear vis-
cosity related to such anisotropies:

Tν
µ = ε (w + 1) uµuν − w ε δν

µ + (ζ − 2
3 η) uρ

; ρ (δ
ν
µ − uµuν)+

+η (u ; ν
µ + uν

; µ − uνuρuµ; ρ − uµuρuν
; ρ) , (H.1.0.8)

where w = p/ε and p is the thermostatic pressure while ε the energy density.
The viscosity coefficients are expressed by: ζ = ζ0 εs and η = η0 εq. A system
for the Einstein equations can be found and our purpose is to integrate such
e system in correspondence of the asymptotic limit:

ε→ ∞ : 0 ≤ s < 1/2 , q ≥ 1/2 + s (H.1.0.9)
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and
ε→ 0 : s ≥ 1 q ≥ 1 . (H.1.0.10)

Effects of matter creation Another specific research line deals with the stu-
dy of the early cosmological singularity proposed in the scheme of matter cre-
ation (Montani and Nescatelli, 2008). A wide number of different proposals
exist about the extreme physics characterizing early cosmology. Among such
proposals, the attention is focused on those scenarios for which it is expected
that the Universe has been created as a vacuum fluctuation, thus the study of
the particle creation should be added for a complete analysis of its dynam-
ics. The aim of the research line is to include in the work by E.M. Lifshitz
and I.M. Khalatnikov on the gravitational stability a term of matter creation
to study how it influences the Universe dynamics and its stability near the
cosmological singularity.

A reliable framework to describe such a phenomenon was provided by Y.
Prigogine, who proposed to apply the thermodynamics of the open systems
to deal with the variation of particle number. Successively, this theory was
extended to the case of flat or negative FLRW Universe by fixing a suitable
ansatz for the particle creation rate (Montani, 2001). In this scheme, the ef-
fect of dealing with a time varying particle number is summarized by an
additional negative pressure term, having the form of a power-law in the en-
ergy density. This negative pressure term leads to a re-interpretation of the
stress-energy tensor. Particle creation, which comes out from the rapid time
variation of the gravitational field, can explain both an increase of the en-
tropy of the Universe and a remarkable stability compared with the one of
the Cosmological Standard Model.

In order to analyze the Universe stability, it is necessary to start studying
a cosmological fluid with an “ad hoc” choice of the parameter β, which con-
trols the rate of particle creation (i.e., β = 1/2) and this way a complete phe-
nomenological scheme can be addressed. The advantage to use such special
value of β consists in the analytical integrability of the (zeroth-order) Fried-
mann equation. The general case for the ansatz is furthermore considered,
retaining only the zeroth-order term of an expansion in the energy density.
Both cases indicate that the Universe is clearly stable in the direction of ex-
pansion as in the Standard Model. On the other hand, we find, as a crucial
result, an instability backward in time which does not appear in the Lifshitz
model.

We can conclude that the Universe cannot be created like an isotropic sys-
tem and only after a certain time it becomes close to our usual conception of
isotropy. In this respect, this analysis encourages the idea of an early Uni-
verse as characterized by a certain degree of anisotropy and inhomogeneity.
The natural backward evolution of the model here presented is expected to
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be that of the so called Mixmaster Universe. Such a homogeneous model is
characterized by an oscillatory regime which, on the horizon scale, survives
also in the generic inhomogeneous solution.
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H.2 On the Jeans instability of
gravitational perturbations

The Universe is uniform at big scales but many concentrations at small scales
are presented, i.e., galaxies and clusters, where the mass density is larger than
the Universe mean density. These mass agglomerates are due to the gravita-
tional instability: if density perturbations are generated in a certain volume,
the gravitational forces act contracting this volume allowing a gravitational
collapse. The only forces which contrast such gravitational contraction are
the pressure ones which act in order to maintain uniform the energy density.
The Jeans Mechanism analyzes what are the conditions for which perturba-
tions become unstable to the gravitational collapse.

The Jeans Model describes the time evolution of small fluctuation in a static
homogeneous and isotropic fluid. This model is based on a Newtonian ap-
proach and the effects of the expanding Universe are neglected. As a result,
density perturbations are found to follow an exponential collapse or a pure
oscillatory regime depending on their initial scale (or their mass), if an ideal
fluid is addressed. The transition between such two different regimes is reg-
ulated by a threshold value of the perturbation mass: the Jeans Mass.

We are aimed Carlevaro and Montani (2009) to consider dissipative effect in
the fluid dynamics. In particular we introduce in the first-order analysis the
so-called bulk viscosity (we neglect the shear viscosity since we are dealing
with homogeneous model and no internal frictions arise). Such a viscosity
can be expressed in terms of the thermodynamical parameters of the fluid. In
the homogeneous models, this quantity depends only on time, and therefore
we may consider it as a function of the Universe energy density ρ: ζ = ζo ρ s

where s = const and ζo is a parameter which defines the intensity of viscous
effects.

If homogeneous matter is treated, a viscous fluid is described by the system

∂ρ

∂t
+∇ · (ρv) = 0 , (H.2.0.1)

∂v
∂t

+ (v · ∇)v +
∇p
ρ

+∇φ− ζ

ρ
∇(∇ · v) = 0 , (H.2.0.2)

∇2φ = 4πGρ . (H.2.0.3)

This is the starting point to analyze the evolution of the density perturba-
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H.2 On the Jeans instability of gravitational perturbations

tions and the gravitational instability. Zeroth-order solutions are supposed
uniform and static (v = 0, ρ = cost, p = cost, φ = cost, “Jeans swindle”)
and such solutions are not affected by viscosity.

Let us now perform a perturbation theory by adding small fluctuations
(ρ + δρ, p + δp, φ + δφ, v + δv) to the zeroth-order solutions and for the
bulk viscosity perturbations we use the expansion ζ → ζ + δζ where

ζ = ζ(ρ) = const., δζ = δρ (∂ζ/∂ρ) + ... = ζo s ρ s−1 δρ + ... . (H.2.0.4)

With some little algebra, one can obtain an unique equation for density
perturbations

∂2

∂t2 δρ− v2
s∇2 δρ− ζ

ρ

∂

∂t
∇2 δρ = 4πGρ δρ , (H.2.0.5)

where the adiabatic sound speed is defined as v2
s = δp/δρ. Using the lin-

earity of the equation above, a decomposition in Fourier expansion can be
performed and we can address plane waves solutions: δρ (r, t) = Aeiωt−ik·r.
Substituting this expression in Eq (H.2.0.5), a dispersion relation for the an-
gular frequency ω and the wave number k =| k | is obtained:

ω2 − i
ζ k2

ρ
ω + (4πGρ− v2

s k2) = 0 . (H.2.0.6)

The nature of the angular frequency is responsible of two regimes for δρ:
if ω is pure imaginary, we deal with an exponential behavior of the pertur-
bations and the collapse is addressed. On the other hand, if ω is complex,
an oscillatory regime occurs and we do not obtain structure formation. The
dispersion relation has the solution

ω = i
ζk2

2 ρ
±
√

ω̄ , ω̄ = −k4ζ2

4ρ2 + v2
s k2 − 4πGρ , (H.2.0.7)

thus we obtain the exponential regime for ω̄ 6 0: δρ ∼ e−zt and a dumped
oscillatory regime for ω̄ > 0: δρ ∼ e−yt cos x. It’s worth noting that the pure
oscillatory regime of the ideal fluid Jeans Model is lost.

The solutions of the equation ω̄ = 0 are

K1 =
√

2
(

1−
√

1− K2
J z2

) 1
2

/ z , K2 =
√

2
(

1 +
√

1− K2
J z2

) 1
2

/ z ,
(H.2.0.8)

where z = ζ / ρvs, and KJ =
√

4πGρ/v2
s is the well-known Jeans length

and the relations K1, K2 > 0, K1 < K2 holds. The existence of the square
root in such solutions give rise to a constraint on the viscosity coefficient:
ζ 6

√
v4

s ρ/4πG = ρvs/KJ = ζc. An estimation in the recombination era,
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after decoupling yields to the value ζc = 7.38 · 104 g cm−1 s−1 and confronting
this threshold with usual viscosity (e.g. Hydr. = 8.4 · 10−7g cm−1 s−1) we can
conclude that the range ζ 6 ζc is the only of physical interest.

We study now the δρ exponential solutions in correspondence of ω̄ 6 0

δρ = Ae−ik·x ew t , w = −ζk2

2ρ
∓

√
k4ζ2

4ρ2 − v2
s k2 + 4πGρ , (H.2.0.9)

obtaining the structure formation, i.e., an exponential collapse for t→ ∞ for

w > 0 iff k < KJ =

√
4πGρ

v2
s

, (KJ < K1 < K2) . (H.2.0.10)

As result we show how the structure formation occurs if

M > MJ = λ3
J ρ =

(
2π

KJ

)3

ρ = π
3
2

v3
s√

G3ρ
(H.2.0.11)

thus the viscous effects do not alter the threshold value of the Jeans Mass, but
they change the behavior of the perturbation, in particular the pure oscilla-
tory regime is lost. In fact, in the standard Jeans Model for ζ = 0, we obtain
K1, K2 → ∞ and, in the case k > KJ , δρ behave like two progressive sound
waves, of constant amplitude, propagate in the directions ±k with velocity

cs = vs

√
1− (λ/λJ)

2.
As shown above, since the pure oscillatory regime does not occurs, we deal

with a decreasing exponential or a damped oscillatory evolution of perturba-
tions. This allows to perform a qualitative analysis of the top-down fragmen-
tation scheme, i.e., the comparison between the evolution of two structures:
one collapsing agglomerate with M � MJ and an internal non-collapsing
sub-structure with M < MJ . If this picture is addressed, the sub-structure
mass must be compared with a decreasing Jeans Mass since the latter is in-
versely proportional to the collapsing agglomerate background mass. This
way, as soon as such a Jeans Mass reaches the sub-structure one, the latter be-
gins to condense implying the fragmentation. In the standard Jeans Model,
this mechanism is always allowed since the amplitude for perturbations char-
acterized by M < MJ remains constant in time. On the other hand, the pres-
ence of decreasing fluctuations in the viscous model, requires a discussion on
the effective damping and an the efficacy of the top-down mechanism. Of
course, such an analysis contrasts the hypothesis of a constant background
density, but it can be useful to estimate the strength of the dissipative ef-
fects. In this scheme, a perturbation validity limit has to be set: we suppose
δρ/ρ ∼ 0.01 as the limit of the model and we use recombination era param-
eters with no expansion ρ = const. As a result, in correspondence of a very
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H.2 On the Jeans instability of gravitational perturbations

small viscosity coefficient, we show how the sub-structure survives in the os-
cillatory regime until the end of the approximation scheme, since the viscous
dumping is small. On the other hand, if we deal with consistent viscous ef-
fects, the top-down mechanism is strongly suppressed. In fact, the dumping
becomes very strong and the sub-structure vanish during the agglomerate
evolution.

Expanding Universe generalization We here calculate Carlevaro and Mon-
tani (2009) the behavior of small fluctuations, using Newtonian equations,
but now taking into account the expansion of the Universe. In this case, no
“Jeans swindle” must be addressed: the zeroth-order solutions are derived
by the motion equations of the isotropic and homogeneous Universe and we
don not treat the static and constant solution. In particular, we deal with
the matter-dominated era where very small energy density are involved: this
way, we are able to neglect the bulk viscosity effects in the unperturbed dy-
namics since ζ = ζo ρs. It must be underline that we can safely employ New-
tonian mechanic (perturbation theory) to deal with astronomical problems
in which the energy density is dominated by non-relativistic particles and in
which the linear scales involved are small compared with the characteristic
scale of the Universe.

The zeroth-order dynamics is described by the Friedmann Equations for
an homogeneous and isotropic Universe. In the matter-dominated era we
assume p� ρ obtaining the following background solutions:

ρ = ρ0

( a3
0

a3

)
, v = r

ȧ
a

, ∇φ = r
4πGρ

3
, (H.2.0.12)

where a(t) is the scale factor. Using these expressions, we are now able to
perform a perturbation theory starting from equations (H.2.0.1), (H.2.0.2) and
(H.2.0.3). Neglecting second order terms, we get the perturbed system

∂

∂t
δρ + 3

ȧ
a

δρ +
ȧ
a
(r · ∇)δρ + ρ ∇ · δv = 0 , (H.2.0.13)

∂

∂t
δv +

ȧ
a

δv +
ȧ
a
(r · ∇)δv +

v2
s

ρ
∇ δρ +∇ δφ− ζ

ρ
∇ (∇ · δv) = 0 , (H.2.0.14)

∇2δφ = 4πGδρ . (H.2.0.15)

The equations above are spatially homogeneous so we expect to find plane
waves solutions: δρ(r, t)→ δρ(t) eir·q/a(t) and likewise for δv and δφ. Assum-
ing now the condition for the validity of the Newtonian approximation, i.e.,
r � a , r/a ∼ 0, it is now convenient to decompose δv into parts normal and
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parallel to q:

δv = δv⊥ + iq ε , with q · δv⊥ = 0 , ε = − i
q2 (q · δv) . (H.2.0.16)

With these assumption, we finally get (setting δρ = ρ(t) δ)

∂

∂t
δv⊥ +

ȧ
a

δv⊥ = 0 , ε̇ +
( ȧ

a
+

ζ q2

ρ a2

)
ε =

(4πGρa
q2 − v2

s
a

)
δ , δ̇ =

q2

a
ε .

(H.2.0.17)
Inspection of these equations shows that there are two quite different types

of normal mode in the scheme. The rotational modes, governed by the first of
the equations above, are not affected by the presence of viscosity:

δv⊥(t) ∼ a−1(t) , (H.2.0.18)

i.e., the velocity perturbations normal to q decay as 1/a during the Universe
expansion.

On the other hand, the compressional modes are governed by the equation

δ̈ +
(

2
ȧ
a
+

ζq2

ρ a2

)
δ̇ +

(v2
s q2

a2 − 4πGρ
)

δ = 0 , (H.2.0.19)

where we indicate the physical wave vector as k = q/a. In our scheme,
we assume a(t) � a0 (ȧ2 , 8πρa2/3 � 1) and we can use the zero curvature
solution of the Friedmann equation, i.e.,

a ∼ t
2
3 , ρ =

1
6πGt2 , p ∼ ργ , vs =

(
γp
ρ

) 1
2

⇒ vs ∼ t1−γ ,

(H.2.0.20)
and we obtain ζ = ζ̄o t−2s , ζ̄o = ζo/(6πG)s for the bulk viscosity coefficient.
The main equation rewrites now

δ̈ +

[
4

3 t
+

χ

t2(s−1/3)

]
δ̇ +

[
Λ2

t2γ−2/3 −
2

3 t2

]
δ = 0 , (H.2.0.21)

where χ and Λ are two constants:

χ =
t2(s−1/3) ζq2

ρ a2 , Λ2 =
t2γ−2/3 v2

s q2

a2 . (H.2.0.22)

This equation can not be analytically solved in general. But setting s = 5/6
we can get the solutions

δ(t) = t−
1
6−

χ
2

[
C1 Jn

(Λt−γ̄

γ̄

)
+ C2 Yn

(Λt−γ̄

γ̄

)]
, (H.2.0.23)
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where J e Y denotes the Bessel functions of first and second species respec-
tively and

n = −
√

25 + 6χ + 9χ2 / (6 γ̄) , γ̄ = γ− 4
3 . (H.2.0.24)

Bessel functions behave like power-laws or oscillate in the asymptotic limits
for their argument. In particular the threshold value which characterize the
transition between the two regimes is determined by

Λ t−γ̄/γ̄ < 1 ⇒ t < Λ1/γ̄/γ̄1/γ̄ . (H.2.0.25)

In correspondence of an adiabatic Universe (i.e., γ > 4/3), we get the thresh-
old value

k < K̄J =

√
6πGρ

γ̄2 v2
s

, (H.2.0.26)

which is substantially the same as the Jeans condition: KJ =
√

4πGρ/v2
s . This

solution will apply for a matter-dominated Universe after recombination and,
in the pure adiabatic case for γ = 5/3, the density contrast behaves like

δ ∼ t−1/6− χ/2 ∓ n/3 , (H.2.0.27)

and it can be shown that the exponent of such an expression is positive ∀χ,
yielding gravitational collapse.

Confronting now this result with the non-viscous case, δ ∼ t2/3 (χ = 0)
we can conclude that the viscous effects are summarized by a damping of the
density contrast evolution while the threshold Jeans mass can be addressed
also in presence of viscosity.
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H.3 Extended Theories of Gravity

The main interesting proposals to interpret the presence of Dark Energy can
be divided into two classes: those theories, that make explicitly presence of
matter and the other ones, which relay on modifications of the Friedmann
dynamics. We address a mixture of these two points of view, with the aim
of clarifying how the “non-gravitational” vacuum energy affects so weakly
the present Universe dynamics. In particular, we study (Lecian and Montani,
2008) the modified gravitational action

SG = − c3

16πG

∫
d4x
√
−g f (R). (H.3.0.1)

It is possible to demonstrate that the non-linear gravitational Lagrangian
(H.3.0.1), in the Jordan frame, can be cast in a dynamically-equivalent form,
i.e., the action for a scalar field φ in GR (with a rescaled metric), in the Ein-
stein frame, by means of the conformal transformation gµν → eφgµν, which
provides the on-shell condition φ ≡ − ln f ′(R).
Within the scheme of modified gravity, an exponential Lagrangian density
was considered, i.e., f (R) = 2Λexp (R/2Λ), and the corresponding scalar-
tensor description was addressed for both positive and negative values of
the cosmological constant.
We determined the Friedmann equation corresponding to an exponential form
for the gravi-tational-field Lagrangian density. The peculiar feature of our
model is that the geometrical components contain a cosmological term too,
whose existence can be recognized as soon as we expand the exponential
form in Taylor series of its argument. An important feature of our model
arises when taking a Planckian value for the fundamental parameter of the
theory (as requested by the cancellation of the vacuum-energy density). In
fact, as far as the Universe leaves the Planckian era and its curvature has
a characteristic length much greater than the Planckian one, then the corre-
sponding exponential Lagrangian is expandible in series, reproducing Gen-
eral Relativity to a high degree of approximation. As a consequence of this
natural Einsteinian limit (which is reached in the early history of the Uni-
verse), most of the thermal history of the Universe is unaffected by the gener-
alized theory. The only late-time effect of the generalized framework consists
of the relic cosmological term actually accelerating the Universe. Indeed, our
model is not aimed at showing that the present Universe acceleration is a con-
sequence of non-Einsteinian dynamics of the gravitational field, but at out-
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lining how it can be recognized from a vacuum-energy cancellation. Such a
cancellation must take place in order to deal with an expandable Lagrangian
term and must concern the vacuum-energy density as far as we build up the
geometrical action only by means of fundamental units. The really surpris-
ing issue fixed by our analysis is that the deSitter solution exists in presence
of matter only for a negative ratio between the vacuum-energy density and
the intrinsic cosmological term, εvac/εΛ. We can take the choice of a negative
value of the intrinsic cosmological constant, which predicts an accelerating
deSitter dynamics. Nevertheless, in this case, we would get a vacuum-energy
density greater than the modulus of the intrinsic term. This fact looks like
a fine-tuning, especially if we take a Planckian cosmological constant. The
vacuum-energy density is expected to be smaller than the Planckian one by a
factor O(1)× α4, where α < 1 is a parameter appearing in non-commutative
formulations of the relativistic particle, and , in particular, it is linked to the
modified commutation relations

[ x, p ] = ih̄
(

1 +
1
α2

G
c3h̄

p2
)

. (H.3.0.2)

The analysis of the corresponding scalar-tensor model helped us to shed light
on the physical meaning of the sign of the cosmological term. In fact, for neg-
ative values of the cosmological term, the potential of the scalar field exhibits
a minimum, around which scalar-field equations can be linearized. The study
of the deSitter regime shows that a comparison with the modified-gravity de-
scription is possible in an off-shell region, i.e., in a region where the classical
equivalence between the two formulations is not fulfilled.

The small value of the present curvature of the Universe leads us to believe
that, independently of its specific functional form, the f (R) term must be re-
garded as a lower-order expansion in the Ricci scalar. On the other hand, it
is easily understood that the peculiarities of such an expansion will be ex-
tremely sensitive of the morphology of the deformed Lagrangian.
The most immediate generalization is of course to deal with a function of the
Ricci scalar analytical in the point R = 0, so that its Taylor expansion holds.
This approach is equivalent to deal with a polynomial form, whose free pa-
rameters are available to fit the observed phenomena on different sectors of
investigation. Despite the appealing profile of such a choice, it is extremely
important to observe that it could not be the most general case, since real
(non-integer) exponent of the Ricci scalar are in principle on the same footing
as the simplest case. We concentrate our attention on such an open issue,and
we will develop a modified theory of the form

f (R) = R+ γRβ, (H.3.0.3)

where γ and β are two free parameters to be constrained on a physical level.
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In particular, β is dimensionless and γ has the dimensions of length 2β−2. We
can define the characteristic length scale of our model as Lγ ≡ γ1/(2β−2). It is
straightforward to verify that (H.3.0.3) is non-analytical in R = 0 for rational,
non-integer β. Furthermore, for 2 < β < 3, Einstein equations are solved in
the weak-field limit up to the proper approximation order.
For this model, the parameter space is constrained according to several crite-
ria.
In the Einstein frame, those configurations are selected, for which the poten-
tial of the scalar field admits a minimum, since such a minimum becomes,
sooner or later, an attractive stable configuration for the system.
In the Jordan frame, the solution of Einstein equations is illustrated to con-
sist of a Newtonian part and a post-Newtonian one. The most suitable arena
where to evaluate the reliability and the validity range of the weak-field so-
lution is, of course, the Solar System. To this end, we impose that the post-
Newtonian term be a small correction with respect to the Newtonian one at
Solar-System scales, and then evaluate the maximum distance at which the
weak-field approximation holds. As a result, the validity range of the model
is found. Further constraints are obtained by the request that Solar-System
data be reproduced within experimental errors. As a compelling example,
we evaluate the correction to the Keplerian period of a given planet, compare
it with experimental data and uncertainties, and then impose that the correc-
tion be smaller than the experimental uncertainty.
To provide proper estimations, we choose a typical (non-peculiar) value of
the parameter β, say β = 8/3 and then collect all the constraints together.
High-precision measurements are nowadays available for the distances be-
tween Solar-System planets and the Sun, so that the relative error in the
orbital period is extremely small. According to this fact, we specify our
analysis for example for the Earth. We find a lower bound for Lγ, Lγ >
1.147466382 · 1011Km, according to which the post-Newtonian term is a small
correction tot he Newtonian one up to ∼ 1.6 · 1010km, and that the weak-field
approximation holds up to ∼ 1.5 · 1012km, in perfect agreement with Solar-
System scales. Even though Solar-System experiments take place in vacuum,
also an interior solution (for the model of a dust central mass). Matching
the exterior solution (and its derivatives) with the interior solution (and its
derivatives) allows one to establish the relation between the matter density
of the central mass, its mass (through the Schwarzschild radius), its radius
and the parameter β.
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H.3.1 Cosmological expansion and the effects of a
non-analytic f(R)

The same form (H.3.0.3) of f (R) is, moreover, analyzed in a pure cosmologi-
cal context facing its influence on the dynamics of a FRW isotropic Universe.
We start from the usual gravitational action (H.3.0.1) and we set χ = 8πG/c3

(the signature is [ +,−,−,− ]). Furthermore, we use the following notation

f (R) = R + qRn . (H.3.1.1)

Variations of the total action Stot = S + SM (where SM denotes the matter
term) wrt the metric give, after manipulations and modulo surface terms:

f ′Rµν − 1
2 gµν f − f ′′[∇µ∇ν R− gµν∇ρ∇ρ R]−
− f ′′′[∇µR∇ν R− gµν∇ρR∇ρ R] = 1

c χ Tµν . (H.3.1.2)

where (′) indicates the derivative wrt R and Tµν is the Energy-Momentum
Tensor (EMT).

We assume now the standard FLRW line element in the synchronous ref-
erence system and we indicate with a(t) the scale factor and with K the cur-
vature constant. In this scheme, the 00-component of Eq.(H.3.1.2) results, for
symmetry, the only independent one and it writes

f ′R00 − 1
2 f + 3(ȧ/a) f ′′ Ṙ = χ T00/c , (H.3.1.3)

where ( ˙ ) denotes the time derivative. As matter source, we assume a perfect-
fluid EMT which writes usually as:

Tµν = (p + ρ) uµuν − pgµν , (H.3.1.4)

in a comoving reference system (T00 = ρ), where p is the thermostatic pres-
sure, ρ the energy density and uµ denotes the 4-velocity. The Continuity
Equation, i.e., Tν

µ; ν = 0, assuming the Equation of State (EoS) p = Wρ, gives
the following expression for the energy density

ρ = ρ0 a−3(1+W) . (H.3.1.5)

We are now able to explicitly write the 00-component of gravitational equa-
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tions, i.e. Eq.(H.3.1.3), using the expressions set above. It reads as follows

2 χ̃ a1−3W + 6 a3 ä
[

1 + 6n−1 n q a2(1−n) (−K− ȧ2 − a ä)n−1] +
+ a2 [− 6K− 6 ȧ2 − 6 a ä + 6n q a2(1−n) (−K− ȧ2 − a ä)n] + (H.3.1.6)

+ 6n(n− 1)n q ȧ a2(2−n) (−K− ȧ2 − a ä)n−2×
×
[
− 2 ȧ3 − 2K ȧ + a ȧ ä + a2 ...a

]
= 0 ,

where χ̃ = χρ0/c.

H.3.1.1 Power-law scale factor

Using a power-law like: a = a0 tx, for the scale factor, Eq.(H.3.1.6) rewrites

A t4x−2
[

1 + nq
(

B t−2x + D t−2
)n−1]

+

+ t2x−2
[

E t2 − a4
0 t2x

(
F− qt2

(
B t−2x + D t−2

)n )]
+ (H.3.1.7)

− G t6x
(

B t−2x + D t−2
)n (K t2 + L t2x)

(K t2 + xL t2x)2+

+ 2χ̃a1−3W
0 tx(1−3W) = 0 ,

with the following identifications

A = 6 a4
0 x (x− 1) , B = −6 K/a2

0 , D = 6x (1− 2x) ,
(H.3.1.8a)

L = −Da2
0 /6x , E = −6 K a2

0 , F = −D , G = 2 a6
0 (n− 1) n q x2 .

(H.3.1.8b)

A. Radiation-dominated Universe Let us now assume the usual radiation-
dominated Universe EoS as: W = 1/3 (ρ = ρ0 a−4). In the following, we study
the two distinct regimes for x < 1 and x > 1 separately, in the asymptotic
limit for t→ 0. We then discuss the case x = 1.
(i) Case x < 1. In Eq.(H.3.1.7), all terms containing explicitly the curvature
K results to be negligible for t → 0 and x < 1 (x 6= 1). In such an asymptotic
limit, Eq.(H.3.1.7) reduces as follows:

[ nqADn−1 + qa4
0 Dn − 6GDn−1/x ] t4x−2n = 0 . (H.3.1.9)

This equation admits asymptotic solutions if and only if x 6 n/2 which,
in our case, is always satisfied by the condition x < 1, since the following
constraint 2 < n < 3 holds. Furthermore, the existence of solutions leads
to the condition n = (2m + 1)/` (where, here and in the following, m and
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` denotes integer numbers) if x > 1/2, while, for x 6 1/2 all n-values are
allowed.

The solutions (for x 6= 0) are given by (nqA + qa2
0 D + 6G/x) = 0 and

furthermore D = 0. Solving these equations, we get, in the limit t → 0 and
for x < 1 (x 6= 1 and x 6= 0),

x = 1/2 , x = (n + 2a2
0 n− 2a2

0 n2 − 1)/(n− 2) . (H.3.1.10)

The second solution give us a constraint on the a0 parameter in correspon-
dence of the restricted range 2 < n < 3. In fact, to obtain 0 < x < 1, a0 must
satisfy the inequality:√

1/(2n(n− 1)) < a0 <
√

1/(2n) . (H.3.1.11)

(ii) Case x > 1. In this regime, the consistence of the leading order (for t→ 0
and K 6= 0) of Eq.(H.3.1.7) leads to the condition n = (2m + 1)/` for positive
curvature K, while, if K < 0 all n-values are allowed. Eq.(H.3.1.7) asymptoti-
cally rewrites t4x−2xn(a4

0 qBn) = 0, and power-law solutions are not allowed.
If we now set, in the asymptotic limit as t→ 0, the value x = 1, Eq.(H.3.1.7)

reads ( a6
0 q(12n(n− 1)− 1)

6(K + a2
0 )

)(
− 6K

a2
0

− 6
)n

t4−2n = 0 , (H.3.1.12)

which does not admits power-law solution for the scale factor (for permitted
n-values), also if we set K = 0: in fact, we get a0 = 0 and n < 1.

Analysis of the case K=0: In the case x > 1, Eq.(H.3.1.7) reduces to the same
Eq.(H.3.1.9), i.e.,

[ nqADn−1 + qa4
0 Dn − 6GDn−1/x ] t4x−2n + 2χ̃ = 0 , (H.3.1.13)

and the existence of solutions leads to the same constraint n = (2m+ 1)/` for
x > 1/2 and ∀n for x 6 1/2. Three distinct regimes have to be discussed. For
x > n/2, the leading order of the equation above does not admit solutions
since it writes simply 2χ̃ = 0. For x < n/2, the solutions of Eq.(H.3.1.13) are
given by (nqA + qa2

0 D + 6G/x) = 0 and, as the case of Eq.(H.3.1.10), we get
x = (n + 2a2

0 n− 2a2
0 n2 − 1)/(n− 2). Indeed, the condition x < n/2 leads to

the unphysical one a2
0 < (n− 2)/4(1− n) and we can conclude that power-

law solutions are not allowed in this case. For x = n/2, Eq.(H.3.1.13) rewrites

[ nqA + qa4
0 D− 6GDn−1/x ] Dn−1 = −2χ̃ , (H.3.1.14)

and, also in this regime, power-law solutions are not allowed.
It is worth noting that, if we assume K = 0 in Eq.(H.3.1.7), we get that

2382



H.3.1 Cosmological expansion and the effects of a non-analytic f(R)

the radiation-dominated solution for W = 1/3 and x = 1/2 is an exact (non-
asymptotic and allowed for all n-values) solution setting the a0 parameter as

3a4
0 = 4χ̃ ⇒ a0 =

√
2 aR(FLRW)

0 , aR(FLRW)
0 = (

χ

3c
ρ0)

1/4 . (H.3.1.15)

Furthermore, we have seen that all terms in K can be neglected for t → 0
(if x < 1) and we get the asymptotic solutions (H.3.1.10) for 0 < x < 1.

B. Matter-dominated Universe We assume now the matter-dominated Uni-
verse EoS: W = 0 (ρ = ρ0 a−3). Let us study the two distinct regimes for x < 1
and x > 1 separately, in the asymptotic limit for t → ∞. We then discuss the
case x = 1.
(i) Case x < 1. If we assume K 6= 0, the leading-order of Eq.(H.3.1.7) in the
limit t→ ∞ results to be

(6 K a2
0 ) t2x = 0 , (H.3.1.16)

i.e., the curvature term dominates the dynamics and the consistence of the
leading order leads to the condition n = (2m + 1)/` for positive curvature
K, while, if K < 0 all n-values are allowed. In the regime x < 1, power-law
solutions for the scale factor do not exist since the equation above admits the
only unphysical solution a0 = 0.
(ii) Case x > 1. In this case, all terms proportional to K of Eq.(H.3.1.7) are
negligible in the limit t → ∞ and, furthermore, the existence of solutions
leads to the condition n = (2m + 1)/`, since D < 0. In this regime, we get
the following lading-order equation

[A + a4
0 D] t4x−2 = 0 . (H.3.1.17)

This equation can be rewritten as (6 x2 a4
0 ) t4x−2 = 0 and, like in the previous

case, power-law solutions for the scale factor are not admitted.
Let us now briefly discuss the case x = 1. For all K-value, Eq.(H.3.1.7)

reduces, in the asymptotic limit as t→ ∞, to (6 a4
0 ) t2 = 0 and, as the previous

regimes, it does not admit any power-law solutions (also for the permitted n-
values).

Analysis of the case K=0: In this case, the x > 1 regimes admit only the
already obtained results and power-law solutions do not exist.

On the other hand, for x < 1 and assuming zero curvature in Eq.(H.3.1.7),
we get the following asymptotic expression for t→ ∞:

[ A + a4
0 D ] t4x−2 + 2χ̃a0 tx = 0 , (H.3.1.18)

and the existence of solutions leads to the condition n = (2m + 1)/` in the
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case x > 1/2, while, for x 6 1/2 all n-values are allowed. The equation
above admits three distinct regimes: x < 2/3, x > 2/3 and x = 2/3. Both the
cases for x 6= 2/3 do not admit solutions. In fact, for x < 2/3, Eq.(H.3.1.18)
asymptotically reduces to 2χ̃a0 = 0 and for x > 2/3, the same results of
Eq.(H.3.1.17) are obtained.

The case x = 2/3 is the only one that admit an asymptotic solution for
t→ ∞. In fact, Eq.(H.3.1.18) reduces to

− 8a3
0 + 6χ̃ = 0 , (H.3.1.19)

and the FLWR matter-dominated power-law a = a0 t2/3 is reached setting

x = 2/3 , a0 = (3
2)

2/3 aM(FLRW)
0 , aM(FLRW)

0 = (
χ

3c
ρ0)

1/3 . (H.3.1.20)

Concluding, we can infer that for f (R) = R + qRn the FRW behavior of the
scale factor a = a0 t2/3 is the only asymptotic (as t → ∞) power-law solution
with the constraint n = (2m + 1)/`.

H.3.1.2 Exponential scale factor

Using an exponential-law like: a = a0 est, for the scale factor (where s > 0)
Eq.(H.3.1.6) rewrites as

a4
0 e4st× (H.3.1.21)

×
[
q
(
− 6K

a2
0

e−2st − 12 s2
)n

+ s2
(
− 6 + 6nq

(
− 6K

a2
0

e−2st − 12 s2
)n−1)]

+

− 2Ka2
0 e2st

[
3 +

a4
0 (n− 1) nqs2

(K + 2a2
0 s2 e2st)2

e4st
(
− 6K

a2
0

e−2st − 12 s2
)n]

=

= −2χ(a0 est)1−3w .

In the equation above, all terms containing explicitly the curvature K results
to be negligible for t→ ∞. In such an asymptotic limit, Eq.(H.3.1.21) reduces
as follows:

a4
0 e4st

[
q(−12)n s2n(1− n/2)− 6s2

]
+ 2χ(a0 est)1−3w = 0 . (H.3.1.22)

It easy to see that, in the limit t → ∞, the second term of the equation above
is negligible for all W > −1 and, furthermore, for phantom matter W < −1 no
exponential scale-factor solutions are allowed.

For all type of ordinary matter, in particular in the case of matter-dominated
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Universe (i.e., W = 0), we get the asymptotic solution for q 6= 0

s =
[ (−12)n

6
q(1− n/2)

]1/(2−2n)
, (H.3.1.23)

and the solution for q = 0 results to be, of course, s = 0. The solution above
exist if and only if n can be written as n = (2p + 1)/(2l + 1) and it can be
plotted as follow

0.5 1 1.5 2 2.5 3
q

0.2

0.4

0.6

0.8

1

1.2

1.4

s

Figure H.3.1: The lines represent the values n = 7/3, n = 13/5, n = 14/5 and n = 38/13, in a decreasing
order, respectively.
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H.4 The interaction between relic
neutrinos and primordial
gravitational waves

The presence in the Universe today of a stochastic background of gravita-
tional waves (GWs) is a quite general prediction of several early cosmology
scenarios. In fact, the production of gravitons is the outcome of many pro-
cesses that could have occurred in the early phases of the cosmological evo-
lution. Notable examples of this kind of processes include the amplification
of vacuum fluctuations in inflationaryand pre-big-bang cosmology scenarios,
phase transitions, and finally the oscillation of cosmic strings loops. In most
of these cases, the predicted spectrum of gravitational waves extends over a
very large range of frequencies; for example, inflationary expansion produces
a flat spectrum that spans more than 20 orders of magnitude in frequency, go-
ing from 10−18 to 109 Hz.

The detection of such primordial gravitational waves, produced in the early
Universe, would be a major breakthrough in cosmology and high energy
physics. This is because gravitons decouple from the cosmological plasma
at very early times, when the temperature of the Universe is of the order of
the Planck energy. In this way, relic gravitational waves provide us a “snap-
shot” of the Universe near the Planck time, in a similar way as the cosmic
microwave background radiation (CMBR) images the Universe at the time of
recombination.

The extremely low frequency region (ν0 . 10−15Hz) in the spectrum of pri-
mordial gravitational waves can be probed through the anisotropies of the
CMBR. In particular, gravitational waves leave a distinct imprint in the so-
called magnetic or B-modes of its polarization field. The amplitude of the pri-
mordial spectrum of gravitational waves is usually parameterized through
the tensor-to-scalar ratio r, i.e., the ratio between the amplitudes of the ini-
tial spectra of the tensor and scalar perturbations in the metric. The Planck
satellite, scheduled for launch in July 2008, is expected to be sensitive to
r ≥ 0.05 . The lower limit corresponds to a density parameter ΩGW(ν) ≡
(1/ρc)dρGW/d log ν as faint as ∼ 3× 10−16h−2 (h is the dimensionless Hub-
ble constant) in the low frequency range. Although this value looks incredi-
bly small, it should be noted that, in order to produce such an amount in the
framework of inflationary models (that at present time represent the most
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promising way to produce a signal in the region under consideration), a very
early (starting at t ∼ 10−38 sec) inflation is required, and this possibility looks,
from a theoretical point of view, quite unnatural. Polarization dedicated ex-
periments will enhance the sensitivity of one and maybe two orders of mag-
nitude .

On the other hand the planned large scale interferometric GW detectors,
although designed with the aim to detect astrophysical signals, can possibly
also detect signals of cosmological origin. They give complementary infor-
mation with respect of the CMBR polarization field since, even if their sensi-
tivity is by no means comparable to the one than can be reached by CMBR
polarization experiments, nevertheless they probe a different region in the
frequency domain that would not be accessible to those ones. In particular
the ground-based interferometers, such as the LIGO, VIRGO, GEO600and
TAMA300experiments, operate in the range 1 Hz < ν0 < 104 Hz, and are ex-
pected to be sensitive to ΩGWh2 ≥ 10−2. Even more interesting is the LISA
space interferometer, that will probably operate from 2013 to 2018. Not being
hampered by the Earth seismic noise, it will probe the frequency region be-
tween 10−4 and 1 Hz and will in principle be able to detect ΩGWh2 ≥ 10−12 at
ν0 = 10−3 Hz. According to theoretical predictions, a large enough GW signal
at this frequencies can be produced, with the appropriate choice of parame-
ters, by a pre-big-bang accelerated expansion, by the oscillation of cosmic
strings, or by the electroweak phase transition occurring at T = 300 GeV.

In order to compare the theoretical predictions with the expected instru-
ment sensitivities, one needs to evolve the GWs from the time of their pro-
duction to the present. It is usually assumed that gravitons propagate in
vacuum, i.e., they freely stream across the Universe. In this case, the only
effect on a propagating GW is a change in frequency (corresponding to the
usual redshift of the graviton energy caused by the expansion of the Uni-
verse), while the intensity of the wave remains the same. However, GWs
are sourced by the anisotropic stress part of the energy-momentum tensor of
matter, so that the vacuum approximation is well-motivated only when this
can be neglected. The relevant equation describing a GW propagating on a
Friedmann-Robertson-Walker metric is :

∂2
t hij +

(
3
a

da
dt

)
∂thij −

(
∇2

a2

)
hij = 16πGπij , (H.4.0.1)

where a(t) is the cosmological scale factor, hij is a small tensor perturbation
representing the GW, and πij is the anisotropic stress part of the energy-
momentum tensor Tµ

ν.
It is already known that the anisotropic stress of free streaming relic neu-

trinos acts as an effective viscosity, absorbing gravitational waves in the ex-
tremely low frequency region, thus resulting in a damping of the B-modes
of CMBR. We have studied the generalization of this phenomenon to other
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regions of the frequency domain (Lattanzi and Montani, 2005). In particu-
lar, we have considered GWs that enter the horizon before the electroweak
phase transition (EWPT). This corresponds to an observable frequency today
ν0 & 10−5 Hz, i.e., to all waves possibly detectable by interferometers.

In order to study this issue, one has to solve the Boltzmann equation for
the phase space density f of cosmological neutrinos:

L̂[ f ] ≡ d f
dλ

= Ĉ[ f ], (H.4.0.2)

where λ is some affine parameter over the neutrino word line, and the col-
lision operator Ĉ takes into account the interaction between neutrinos and
other particles. The two equations (H.4.0.1) and (H.4.0.2) are coupled by the
following expression relating the energy momentum tensor and the phase
space density:

Ti
j =

1√−g

∫
f (xi, pj, t)

pi pj

p0 dp1 dp2 dp3. (H.4.0.3)

Manipulation of the above equation leads to an integro-differential equation
for the normalized amplitude χ(t) ≡ hij(t)/hij(t = 0) of the gravitational
wave. In the limit of very short neutrino mean free path, valid in the very
early Universe and relevant for waves well below a frequency of 108 Hz, this
equation can be cast in purely differential form:

χ̈ +
2
u

χ̇ + χ = − 8 fν

5u2 (χ− 1) (H.4.0.4)

where u is a time variable related to conformal time, and fν is the fraction of
the total density of the Universe provided by neutrinos. In the standard cos-
mological scenario, f ν ' 0.4, although non-standard processes can change
this value. Thus, a numerical solution to Eq. (H.4.0.4) can be sought with
standard methods. It is found that the intensity of GWs is reduced to ∼ 90%
of its value in vacuum (see Fig H.4.1), its exact value depending only on one
physical parameter, namely the density fraction of neutrinos. Neither the
wave frequency nor the detail of neutrino interaction affect the value of the
absorbed intensity, resulting in an universal behaviour in the frequency range
considered. A fitting formula for the transmitted intensity T∞ given by:

T∞ = 1− 0.32 fν + 0.05 f 2
ν (H.4.0.5)

The importance of our results relies in the fact that the damping affects
GWs in the frequency range where the LISA space interferometer and future,
second generation ground-based interferometers can possibly detect a signal
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Figure H.4.1: (Left panel) Time evolution of the gravitational wave amplitude
χ(u). Solid line represents a GW propagating in neutrino matter. Dashed line
represents a GW propagating in vacuum. (Right panel) Time evolution of the
transmitted wave intensity T.

of cosmological origin. This effect is roughly of the same order of magni-
tude as the one affecting GWs detectable through the B-modes of CMB po-
larization. The damping is not so severe to make the detection of cosmolog-
ical waves unfeasible by interferometers. However it should be taken into
account when testing the theoretical predictions of early Universe scenarios
against observations. Moreover, the dependence of T∞ on fν can be exploited
to measure the latter, and to constrain models of non-standard physics. This
even more important in view of the fact that in this way we could measure
the value of fν at very early times, while available constraints regard the neu-
trino fraction at the time of cosmological nucleosynthesis or at the time of
matter-radiation decoupling.

In fact, recently we have extended this work in order to take into account
the thermal history of the neutrino fluid Benini et al. (2009). First of all we
have used a different formalism that is more suitable for numerical integra-
tion, namely we have multipole expanded the perturbation to the distribu-
tion function .

Let us write the Boltzmann equation in the form:

Ḟν + i(~k · n̂)Fν + 2ḣijninj =
4π

a4ρ̄

∫
dqq3

(
∂ f
∂τ

)
C

, (H.4.0.6)

having defined

Fν(~k, n̂, τ) ≡
∫

dqq3 f0(q)Ψ(~k, q, n̂, τ)∫
dqq3 f0(q)

, (H.4.0.7)

where Ψ is the fractional perturbation to the distribution function, i.e. f =
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f0(1 + Ψ). In general we follow the notation of Ma and Bertschinger (1995).
Since we are interested in tensor modes, we take hij to be transverse and
traceless, i.e. hii = 0 and hijk j = 0. The perturbation hij evolves according to
the Einstein equation:

ḧij + 2Hḣij + k2hij = 16πGa2Πij, (H.4.0.8)

where H is the conformal Hubble constant’ H = ȧ/a.
The anistropic stress tensor is given by Πij:

Πij ≡ Ti
j − P̄δij = a−4

[∫
dΩninjFν

] [∫
dqq3 f0

]
=

ρ̄ν

4π

∫
dΩninjFν.

(H.4.0.9)
Then we define

Gij(~k, µ, τ) =
∫ 2π

0
ninjFνdφ, (H.4.0.10)

where φ is the polar angle, i.e. dΩ = sin θdθ dφ. By multiplying Eq.(H.4.0.6)
by ninj and integrating in dφ, we obtain (µ ≡ k̂ · n̂):

Ġij + ikµ Gij + 2ḣ`m

∫ 2π

0
n`nmninjdφ =

∫ 2π

0
ninj(RHS)dφ. (H.4.0.11)

For the moment let us consider a collisionless gas: RHS ∝ (∂ f /∂τ)C = 0.
Then we expand Gij in in Legendre polynomials:

Gij(~k, µ, τ) =
∞

∑
`=0

(−i)`(2`+ 1)G(`)
ij (~k, τ)P`(µ). (H.4.0.12)

With this definition, it can be shown that the Boltzmann Eq. (H.4.0.11) with
vanishing RHS is equivalent to the following infinite “tower” of first order
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differential equations for the moments G(`)
ij :

Ġ(0)
ij = −k G(1)

ij −
8π

15
ḣij −

G(0)
ij

τ
, (H.4.0.13)

Ġ(2)
ij = − k

5

[
3G(3)

ij − 2G(1)
ij

]
− 16π

105
ḣij −

G(2)
ij

τ
, (H.4.0.14)

Ġ(4)
ij = − k

9

[
5G(5)

ij − 4G(3)
ij

]
− 8π

315
ḣij −

G(4)
ij

τ
, (H.4.0.15)

Ġ(`)
ij = − k

2`+ 1

[
(`+ 1)G(`+1)

ij − ` G(`−1)
ij

]
−

G(`)
ij

τ
(` 6= 0, 2, 4).

(H.4.0.16)

The evolutive equation for hij [Eq. (H.4.0.8)] reduces to:

ḧij + 2Hḣij + k2hij = 4Ga2ρ̄νG(0)
ij . (H.4.0.17)

Numerically solving the above system of differential equations, we can cal-
culate how much a gravitational wave with a given frequency is damped
due to the interaction with neutrinos [we remember that in the absence of
anisotropic stress hij ∝ sin (kτ)/(kτ).] and thus obtain a “transfer function”
for primordial gravitational waves. It can be shown that, for waves entering
the horizon during the radiation dominated era, the amount of damping does
not depend on the frequency of the wave. It is found that in this regime the
damping actually depends just on the neutrino fraction fν = ρν/(ρrad + ρν),
that basically controls the magnitude of the source term on the right-hand
side of Einstein equation for hij. An important feature is that fν has a sharp
decrease at a temperature of ∼ 1 MeV due to creation of photons following
the annihilation of relic electrons and positrons. This leads to a feature’ in the
transfer function at a frequency f ∼ 10−9 Hz, corresponding to a wavelength
equal to the comoving size of the horizon at T ∼ 1 MeV. This is shown in
Fig H.4.2. This feature is potentially very interesting from the observational
point of view because the nano-Hertz region will be probed by Pulsar Timing
Arrays (Verbiest et al., 2009).

The next step will be to account for the weak interactions between neutrinos,
electrons and positros at T ' 1 MeV, by adding a suitable collision term in
the right-hand side of the Boltzmann equation.
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Figure H.4.2: Damping in the wave intensity χ2/χ2
0 as a function of frequency.

The curve labeled “standard” refers to the usual case of 3 neutrino families.
The curve labeled “Nν = 5” refers to the case of an additional energy density
of decoupled species, equivalent to two more neutrino specise. The curve
labeled “Extreme” refers to the case where ρν � ργ and thus fν is constant
and equal to1.
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H.5 On the coupling between Spin
and Cosmological
Gravitational Waves

We are interested in studying the influence of spin on the dynamics of par-
ticles and on their interaction with gravitational waves, in a cosmological
framework (Milillo et al., 2008). The equations of motion of spinning par-
ticles in the framework of general relativity were derived by Papapetrou in
1951: through a multipole expansion for the energy-momentum tensor he
found that, at dipole order, a deviation from geodetic motion and an equa-
tion describing spin precession are obtained. These equations are:

D
Ds

pµ = −1
2

Rµ
νρσSρσuν ; (H.5.0.1)

D
Ds

Sµν = pµuν − pνuµ, (H.5.0.2)

where ds is the affine parameter, the vector pµ is the generalized momen-
tum, the antisymmetric tensor Sµν is the angular momentum (Spin) and uµ =
dxµ/ds. In order to close the system we impose a supplementary condition
which determines the center of mass of the spinning particles: Sµνuν = 0 (Pi-
rani condition).
In our work we consider the case of absence of precession, so that the right-
hand side of H.5.0.2 is zero and the generalized momentum is equal to the
standard momentum. In this case, solving the Papapetrou equations we ob-
tain the temporal dependence of Sij through the cosmological scale factor a:

Sij =
1
a2 Σij, (H.5.0.3)

in which Σij is a constant.

Since we are interested in the application of this formalism in a cosmolog-
ical framework, we consider a fluid of collisionless spinning particles in a
Friedmann-Robertson-Walker (FRW) background. We find that, due to the
symmetry proprieties of the metric tensor, the Boltzmann equation for the
evolution of the distribution function of the spinning particles, remains un-
changed by the presence of the spin. Then we add a small tensor perturbation
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H.5 Coupling between Spin and Gravitational Waves

hij in the metric, representing a gravitational wave, looking for a coupling be-
tween it and the spin of the particles in the fluid. The resulting Boltzmann
equation gives a first order variation of the distribution function that is pro-
portional to the product between the spin tensor and the time derivative of
hij. The form of the distribution function up to the first order in metric per-
turbation allows us to calculate the anisotropic stress arising by the presence
of spin:

π
(S)
ij =

i
2

n
∫ u

0
du′K(u− u′)kmΣlm(kiḣjl + k jḣil), (H.5.0.4)

where u is the conformal time, ki are the components of the wave vector of
the gravitational wave, n is the number density of the spinning particles and
the integral kernel K is defined as:

K(s) ≡ 1
64

∫ 1

−1
eixs(1− x2)x2dx. (H.5.0.5)

Even if this shows that the spin alters some components of the anisotropic
stress tensor, the final result is that these components are those that don’t cou-
ple directly with the evolution of hij. This is easily understood considering
the differential equation for tensorial perturbations:

ḧij(u) +
2ȧ(a)
a(u)

ḣij = 16πG(π
(0)
ij (u) + π

(S)
ij (u)) (H.5.0.6)

and fixing the gauge such that hi3 = 0,~k = (0, 0, 1).(π(0)
ij (u) is the part of the

anisotropic stress that does not depend on the spin).

The final result is that there is no coupling between spin and cosmological
gravitational waves, if only tensor perturbations are present.

We have also studied the generalization of this result when also scalar and
vector perturbations are present (Lattanzi et al., 2009). In this case we find
that the presence of the spin couples the different kinds of perturbations be-
tween them. The next step will be to study if this modified cosmological
evolution could possibly have any observational consequence.
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H.6 The role of Plasma Physics in
Accretion disk morphology

Let us fix here the basic statements concerning the steady MHD regime for
the specific case of an accretion disk configuration around a compact astro-
physical object (a mass over the critical value to have a neutron star within
a radius of few kilometres), which is also strongly magnetised (a dipole-like
field of about 1012Gauss). Thus, we deal with a typical pulsar, accreting ma-
terial from a binary companion via a thin disk structure made up of rotating
plasma in equilibrium.

To adapt the MHD equations to the disk symmetry, we introduce cylindri-
cal coordinates {r , φ , z}. The gravitational potential of the pulsar takes, in
this coordinates, the form

χ(r , z) = − GM√
r2 + z2

, (H.6.0.1)

where G denotes the Newton’s constant and M the mass of the spherical
central object, while the self-gravitation of the disk is regarded as a negligible
effect.

To describe the magnetic field, we take the potential vector in the form

~A = ∂rΠ~er + ψ~eφ + ∂zΠ~ez , (H.6.0.2)

where Π(r , z) and ψ(r , z2) are arbitrary functions, but only the last one is a
physical degree of freedom, since the magnetic field reads

~B = −1
r

∂zψ~er +
1
r

∂rψ~ez . (H.6.0.3)

The flux function has to be decomposed as ψ = ψ0 + ψ1, where ψ0 accounts
for the dipole-like magnetic field of the pulsar (i.e. ψ0 = µr2(r2 + z2)−3/2,
with µ = const.), while ψ1 is a contribution due to the toroidal currents rising
in the disk configuration. Recalling that the axial symmetry prevents any
dependence on the azimuthal angle φ of all the quantities involved in the
problem, the continuity equation, associated to the mass density ε and to the
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H.6 The role of Plasma Physics in Accretion disk morphology

velocity field ~v, takes the explicit form

1
r

∂r (rεvr) + ∂z (εvz) = 0 , (H.6.0.4)

which admits the solution

ε~v = −1
r

∂zΘ~er + εω(r , z)r~eφ +
1
r

∂rΘ~ez , (H.6.0.5)

Θ = Θ(r , z) being a generic function, but for its odd symmetry in the z-
coordinate. This property has to be required in order to ensure that the accre-
tion rate of the disk, as averaged over the vertical direction, be non-vanishing,
i.e.

Ṁd = −2πr
∫ z0

−z0

εvrdz = 4πΘ(r , z0) ≡ 2π I 6= 0 , (H.6.0.6)

where z0 is the half depth of the disk and we recall that vr < 0 on the vertical
average, to ensure a real accretion of the disk.

The different symmetry of the functions ψ and Θ with respect to the z-
dependence, prevents to fix a priori a relation between them. The angular
velocity ω(r , z2), describing the differential rotation of the disk, is an even
function of z and, by virtue of the corotation theoremFerraro (1937), can be
taken as a function of the flux surfaces, i.e. ω = ω(ψ).

The momentum transfer through the disk structure is characterised by an
azimuthal friction between the radial layers, properly described by a viscos-
ity coefficient η, responsible for the corresponding non-vanishing stress ten-
sor components. The coefficient η can be decomposed as η = η0 + η1, where
the η1 component is associated with the additional effects arising from the
toroidal currents. The necessity to include the electromagnetic back-reaction
terms in the viscosity coefficient, is a consequence of the specific coupling
such back-reaction establishes. In fact, it was demonstratedCoppi (2005b)
that the currents induced in the plasma of the disk, provide an intrinsic lo-
cal coupling between the radial and the vertical equilibrium, absent in the
lowest-order approximation.

Local configuration of the thin disk Let us now specialise our model to the
case of a thin disk, i.e. z0/r � 1 over the whole configuration. On average,
the dominant contribution to the angular velocity of the plasma particles, is
then the (equatorial) Keplerian value ωK ≡ (GM/r3)

1
2 .

For a thin disk, the z-component of the velocity can be properly identified
(see Shakura (1973) Shakura (1973)) with the sound velocity vs ≡

√
2KBT/mi

(KB denoting the Boltzmann constant, T the plasma temperature, and mi the
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ion mass), entering the fundamental inequality

z0

r
∼ vs

vφ
� 1 , (H.6.0.7)

which ensures the possibility to neglect the vertical motion with respect to
the azimuthal one.

To estimate on average the ratio between the radial velocity and the az-
imuthal one, we can follow the simple equilibrium condition to fix the asymp-
totic radial velocity of a plasma element falling into the disk

νcvr ∼ ω2r = ωvφ ⇒ vr

vφ
∼ ω

νc
, (H.6.0.8)

νc being a characteristic frequency of particle collision. A rough estimation
provides νc ∼ vsn1/3, where n denotes the number density. Taking vs ∼
10−3c and n ∼ 1010cm−3, we get νc ∼ 109Hz, a value much greater than the
typical Keplerian frequency. Thus, we conclude that vφ ∼ ωKr is, in practice,
responsible for the main matter flow within the disk, despite its stationary
accretion takes place along the radial direction.

In this limit of approximation, the MHD condition on the balance of the
Lorenz force has dominant radial and vertical components, providing the
electric field in the form expected by the corotation theorem, i.e.

~E = −~v
c
∧ ~B = −dΦ

dψ
~∇ψ = −ω

c
(∂rψ~er + ∂zψ~ez) , (H.6.0.9)

Φ denoting the electrostatic potential. However, the axial symmetry prevents
a dependence of Φ on the azimuthal angle and hence, the corresponding
φ-component of the electric field vanishes identically. This fact requires an
additional effect to be included into the problem, able to balance the non-
vanishing Lorenz force in the azimuthal direction, due to the velocity com-
ponents vr and vz. We will address this crucial question in Section 6, in the
limit of a linear theory.

In the thin disk approximation, the strength of the gravitational field ~G
reads as

~G = −ω2
Kr~er −ω2

Kz~ez . (H.6.0.10)

We see that a thin disk configuration is justified only in the presence of a
sufficiently high rotation to deal with a confining vertical gravitational force
(for the linear scheme, here addressed, the Lorenz force can not affect this
statementCoppi and Rousseau (2006)).

According to the analysis in Coppi (2005b), we now develop the disk con-
figuration around a given value of the radial coordinate r0, limiting our at-
tention to a narrow enough interval to express the local angular velocity field

2399
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in the form

ω ' ωK + δω ' ωK +
dω

dψ0
ψ1 ≡ ωK + ω′0ψ1 , (H.6.0.11)

where ψ1 = ψ1(r0 , z2 , r− r0). We approximate the dipole surface function, at
r0, as ψ0(r0) ' µ

r0
. We drop the relic z-dependence in view of the thin nature

of the disk.
In what follows, the analysis is performed by addressing the drift ordering

approximation that fixes the dominant character of the second spatial deriva-
tives of ψ1. In particular, the profile of the disk, so outlined, will include
viscous features, as in Shakura (1973), but making account for the crystalline
structure derived in Coppi (2005b). Indeed, reconciling the accretion feature
of the disk with the plasma effects, as described in a bidimensional MHD ap-
proach, we will need a significant deviation from the standard mechanism of
angular momentum transfer, in the sense that the azimuthal equation holds
at the level of electromagnetic back-reaction only.

Configuration Equations In order to fix the profile of the disk around the
configuration at r0, we have to provide the equations governing the radial,
the vertical and the tangential equilibrium in the presence of the toroidal cur-
rents. The radial and the vertical configurations are not significantly affected
by the viscosity, since its presence mainly concerns the differential rotation of
the diskShakura (1973). Therefore, these systems stand in the same form as
in Coppi (2005b), while the implications due to a non-zero viscous stress are
summarised by the azimuthal equilibrium.

In order to cast the whole system, we split the energy density and the pres-
sure in the form

ε = ε̄(r0, z2) + ε̂(r0, z2, r− r0) , p = p̄(r0, z2) + p̂(r0, z2, r− r0) ,
(H.6.0.12)

where the barred quantities are the contributions existing in absence of the
toroidal currents, while the terms denoted with a hat are induced by such
an electromagnetic reaction. According to the framework we outlined, the
vertical equilibrium is governed by the two relations

D(z2) ≡ ε̄

ε0(r0)
= exp

− z2

H2
0 , ε0(r0) ≡ ε(r0, 0) , H2

0 ≡
2KBT̄
miω

2
K

, (H.6.0.13)

∂z p̂ + ω2
Kzε̂ +

1
4πr2

0

(
∂2

zψ1 + ∂2
r ψ1

)
∂zψ1 = 0 (H.6.0.14)

The radial equation underlying the equilibrium of the rotating layers of the
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disk, takes the form

ω ' ωK + δω ' ω0(ψ0) +
dω0

dψ0
ψ1 , (H.6.0.15)

2ωKr0(ε̄ + ε̂)
dω0

dψ0
ψ1 −

1
4πr2

0

(
∂2

zψ1 + ∂2
r ψ1

)
∂rψ1 =

= ∂r

[
p̂ +

1
8πr2

0
(∂rψ1)

2

]
+

1
4πr2

0
∂rψ1∂2

zψ1 (H.6.0.16)

The azimuthal equation exactly reads

εvr∂r(ωr) + εvz∂z(ωr) + εωvr =
1
r2 ∂r

(
ηr3∂rω

)
+ ∂z [η∂z(ωr)] . (H.6.0.17)

Accounting for the corotation theorem ω = ω(ψ) we can restate the spatial
derivatives of ω, in terms of the corresponding ones taken on ψ. Recalling the
expression η = η0 + η1, we can now make the reasonable assumption that the
viscosity correction η1 be written as

η1(r0 , ψ1) ∼
(

dη1

dψ1

)
ψ1=0 ,r=r0

ψ1 ≡ η′0ψ1 , (H.6.0.18)

we recall that for vanishing ψ1, the correction η1 vanishes too. In the work
Shakura (1973), a valuable proposal for the expression describing the viscos-
ity coefficient η0(r0) is provided, i.e.

η0(r0) ≡
2
3

αε0vs0z0 , (H.6.0.19)

where vs0 denotes the sound velocity on the equatorial plane and α is a pa-
rameter, whose value must be assigned. Since we have ∂r0η0 ∼ η0/r0, the
first term on the right-hand-side is negligible in comparison to the term con-
taining second derivatives. Furthermore, the request η1 � η0 implies that
η′0 � η0/ψ1, ensuring that also the quadratic terms in the derivatives of ψ1
are much smaller than the remaining ones.

Therefore the form taken by the azimuthal equation for the steady state of
the disk reads as

− ∂zΘ (∂r0ψ0 + ∂rψ1) + ∂rΘ∂zψ1 −
2
r0

∂zΘ
ω0

ω′0
=

r0

[
∂rψ1η′0∂r0ψ0 + η0(r0)

(
∂2

r ψ1 + ∂2
zψ1

)]
. (H.6.0.20)

This equation provides a differential relation between the flux surface ψ1 and
the function Θ characterising the radial and vertical matter fluxes.
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Configuration in the linear approximation Let us analyse the compatibil-
ity between the radial and the azimuthal equations, in the limit when the
induced z-field B1

z is much smaller than the source one Bz0, i.e.

B1
z

B0z
∼ k0r0

ψ1

ψ0
� 1 , (H.6.0.21)

where the magnetic surface ψ1 admits the explicit dependence

ψ1 = ψ1

(
r0, k0(r− r0),

z2

∆2

)
. (H.6.0.22)

Here, we set k2
0 = 3ω2

K/v2
A0, with v2

A0 = B2
z0/4πε0 being the Alfvén velocity

in the plasma. Furthermore, ∆ denotes a narrow interval for the localisation
of the z-dependence. Under these hypotheses, the radial equation rewrites

∂2
r ψ1 + ∂2

zψ1 = −k2
0D(z2)ψ1 . (H.6.0.23)

At lowest orders in z, we take the following expansion D(z2) ' 1− z2/H2
n,

Hn being of the same order of magnitude of H0. In this limit, the radial equa-
tion admits the solution discussed in Coppi (2005b) which oscillates as a sin
function along the radial direction, while it exponentially decays in z2 along
the vertical configuration, i. e. ψ1 reads as

ψ1 = ψ0
1 sin [k(r− r0)] exp{−k0z2

Hn
} , (H.6.0.24)

where we set k ≡ k0

√
1− 1

k0Hn
and we obtained the identification ∆2 ≡

Hn/k0. Such a structure is the linear feature of the crystalline morphology
induced in the disk by the toroidal currents.

In the approximation where k0r0 � 1, we can require that the contribution
due to the currents on the viscosity coefficient be sufficiently small to neglect
the term in η′0 of (H.6.0.20), i. e. by virtue of the inequality

η′0ψ0

η0
� k0r0 . (H.6.0.25)

Thus, the final form we address for the azimuthal equation is as follows

− ∂zΘ
(

∂r0ψ0 +
2ω0

r0ω′0
+ ∂rψ1

)
+ ∂rΘ∂zψ1 = r0η0(r0)

(
∂2

r ψ1 + ∂2
zψ1

)
.

(H.6.0.26)
We use this equation to complete the configuration scheme of our thin disk
equilibrium. Let us now assume that the term containing the derivative ∂rΘ
be negligible (this is natural because it is multiplied by the small r-component
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of the magnetic field) and then divide the equation by ∂r0ψ0. Observing that
ω′0∂r0ψ0 = ∂r0ω0 = −3ω0/2 (where ω0 ≡ ωK), we arrive to the relation

ε0(r0)vr = −
1
r0

∂zΘ = 3η0k0Y , (H.6.0.27)

in which we made use of the definition of the dimensionless function Y ≡
k0ψ1/∂r0ψ0. Comparing the two equations, we neglected the factor D(z2)
with respect to the z-dependence of ψ1, because Hn � δ, i.e. k0Hn � 1.

Such an accreting profile provides a net increasing of the disk mass, accord-
ing to the relation

Ṁd = −2πr
∫ ∞

−∞
εvrdz ' 6

√
2π3/2η0(k0r0)

2 ∆ψ0
1

µ
r sin k(r− r0) , (H.6.0.28)

where we made use of the dipole-like expression for ψ0 and we extended the
integration over the vertical coordinate up to infinity.

It is worth noting that, despite the radial velocity oscillates, the radial mat-
ter flux is, on average, an in-falling one. In fact, averaging the expression
above between two nodes around r0, we get

〈Ṁd〉 = 12
√

2π5/2η0(k0r0)
2 ∆ψ0

1
µk2 . (H.6.0.29)

Equation (H.6.0.27) can be easily solved for Θ in agreement with the adopted
approximation of neglecting the term containing ∂rΘ, as follows

Θ = −3η0k0r0

∫
Ydz . (H.6.0.30)

Hence we get the vertical velocity in the form

vz =
1

ε0r0
∂rΘ = −3η0k0k

ε0

∫
Ydz . (H.6.0.31)

We see that, in the linear approximation, the azimuthal equation ensures the
existence of a non-zero accretion rate, which is modulated by the oscillating
profile of the disk configuration.

The Electron Force Balance Equation Despite we have properly argued
that the radial and vertical components of the fluid velocity are significantly
smaller than the φ-component of the velocity, nevertheless, the MHD electron
force balance, restated here

~E +
~v
c
∧ ~B = 0 , (H.6.0.32)
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requires (~v ∧ ~B)φ = 0, because of Eφ ≡ 0, by virtue of the axial symme-
try. For instance, this feature arises naturally if the corotation theorem is ad-
dressed. More simply, this request comes out from the independence of φ
characterising the electrostatic potential. Thus, on the left-hand side of equa-
tion (H.6.0.32) an additional term has to appear in order to save the model
consistence. In the limit of the linear theory, the most natural term to be in-
cluded in the analysis, preserving the MHD scenario we addressed, is a weak
collisional effect, as phenomenologically described by a non-zero constant
Nernst coefficient. However, to introduce this hypothesis we need to give up
the idea, pursued above, that the plasma in the disk be perfectly isothermal.
Thus, we now introduce temperature gradientsCoppi (2008) in the spirit that
they do not affect significantly the three configuration equations developed in
the previous sections. We discuss only the implications for the electron force
balance when a Nernst coefficient is present and then we fix the restriction on
the model parameters to get full consistence.

According to this idea, we split the temperature as T = T0 + T1(r, z2), with
T0 = const. and T1 � T0. In the presence of a non-zero Nernst coefficient N,
the equation (H.6.0.32) takes the form

~E +
~v
c
∧ ~B = N~B ∧ ~∇T . (H.6.0.33)

Assuming that the gradients of the temperature are negligible in the radial
and vertical component of this equation, its φ-component provides

vr = −Nc∂rT1 , vz = −Nc∂zT1 . (H.6.0.34)

We now have to observe that the temperature of the plasma in the static MHD
framework, must obey the equation

~v · ~∇T +
2
3

T~∇ ·~v = 0 . (H.6.0.35)

Expressing the gradients of the temperature by the relation (H.6.0.34), the
equation above takes the form

1
r

∂r(rvr) + ∂zvz =
3

2NT0c

(
v2

r + v2
z

)
. (H.6.0.36)

It is easy to see that this equation is automatically satisfied in the linear regime,
by virtue of the expressions for the radial and vertical velocity (H.6.0.27) and
(H.6.0.31) respectively.

The complete consistence of our linear model is then guaranteed by re-
quiring that the radial temperature gradient be negligible in the correspond-
ing configuration equation. Such gradients arise in the radial equation from
the spatial variation of the pressure p = 2εKBT/mi (from which we get

2404



p̂ = 2KBT0ε̂/mi + 2ε0KBT1/mi). The condition for the negligibility of this
term, can be stated, by virtue of equations (H.6.0.27) and (H.6.0.34), in the
form

∂r0ψ0 � r0

√
6η0KB

miNc
, (H.6.0.37)

To get this result, we made account for the fact that obtaining equation (H.6.0.23),
we divided the original radial equation by the term ∂r0ψ0/r2

0. By making
use of the expression (H.6.0.19) for η0, we can rewrite the condition above
in terms of the Alfvén and equatorial sound velocities as vA � δvs0, with

δ ≡
√

αH0vs0
4πNT0c (we approximated everywhere the sound velocity with its value

on the equatorial plane and we have taken z0 ≡ H0). Furthermore we implic-
itly required that the radial variation of ε̂ be smaller or, at most, equal to the
term with the temperature gradient.

Finally, the vertical equation, in the linear approximation reads as

∂z p̂ + ω2
Kzε̂ = 0 , (H.6.0.38)

which easily rewrites as an equation for ε̂, i. e.

KBT0

mi
∂zε̂ +

ω2
K

2
zε̂ +

3KBη0k0k
miNc

∫
Ydz = 0 . (H.6.0.39)

Such an equation fixes the following form for the perturbed mass density
ε̂ = ε̄(z2) sin k(r− r0), where the z-dependence comes from the ordinary dif-
ferential equation

KBT0

mi

dε̄

dz
+

ω2
K(r0)

2
zε̄ +

3KBη0k0k
miNc

Y0
∫

exp
{
−k0z2

Hn

}
dz = 0 , (H.6.0.40)

having defined Y0 ≡ k0ψ0
1/∂r0ψ0. The above equation, using the expression

(H.6.0.19) for η0, can be rewritten in the dimensionless form

ξ1
dD̄
dz̄

+
z̄
2

D̄ + ξ2erf
(

z̄√
2

)
= 0 , (H.6.0.41)

ξ1 =
KBT0

miω
2
K∆2

> 1 , ξ2 =
2KBαvs0z0k0k

miNcω2
K

Y0
√

π

2

where we defined z̄ ≡ z/∆, D̄ ≡ ε̄/ε0 and erf is the error function:
√

πerf(z) ≡
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H.6 The role of Plasma Physics in Accretion disk morphology

2
∫

exp(−z2)dz. This equation admits the formal solution

D̄ = e−
z̄2

4ξ1

D̄(z̄ = 0)− ξ2

∫ z̄

0

e
u2
4ξ1 erf( u√

2
)

ξ1
du

 (H.6.0.42)

which is plotted in fig H.6.1 for several values of ξ1 and ξ2
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Figure H.6.1: Behaviour of D̂ for several values of ξ1 and ξ2. The figure out-
lines an increasing behaviour of the function D̄, and a maximum sometimes
arises in the range of validity for the linear approximation.

We conclude this analysis, by stressing that, because of (H.6.0.19), the ex-
pression (H.6.0.27) provides the following estimation for vr

vr ∼ 2αvs0k0H0O(Y0) . (H.6.0.43)

We see that the accretion velocity is few orders of magnitude less than the
sound velocity on the equatorial plane. In this respect, we observe that the
parameter α can be taken in the range 10−3− 1, while the dimensionless term
k0H0 ∼ k0Hn ∼

√
β can be even much greater than unity and the linear

approximation requires Y0 � 1.
Despite the picture we fixed above is well-grounded in the linear approx-

imation, it is well-known that the Nernst coefficient is obtained in a kinetic
theory via an expansion in the inverse powers of the cyclotronic frequency
and it corresponds to a first order approximation scheme. Thus, this effect
is, in principle, small and we can expect that it be the proper explanation to
the accretion features of a crystalline disk, in the weak field limit only, i.e. we
have to require β > 1, to ensure the model reliability.
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H.7 On the gravitational
polarizability of black holes

In Newtonian gravity, the quantitative theory of the “gravitational polariz-
ability” of elastic, self-gravitating bodies was pioneered by Love Love (1911),
who introduced two dimensionless measures of the response of an elastic
body to an external tidal solicitation. To define them, let us first decompose
the external tidal potential into multipolar components, say Uext = ∑ Ul =
∑ TlrlPl(cos θ), where the coefficient Tl measures the strength of the l-th mul-
tipolar component of the external tidal field. The first “Love number”, hl,
measures, essentially, the ratio between the l-th multipolar component of the
distortion of the shape of the considered elastic body and Tl, while the sec-
ond “Love number”, kl, measures the ratio between the l-th order multipole
moment induced in the elastic body and Tl.
In the membrane approach to black holes (BH’s) Damour (1978); Znajek (1978);
Damour (1979, 1982); Macdonald and Suen (1985); Thorne et al. (1986), BH’s
are treated as elastic objects, endowed with usual physical properties. This
raises the issue of defining and determining the BH analog of the Love num-
bers hl and kl. However, there are subtleties inherent in any definition of the
multipole moments of BH’s, so that there is currently no unambiguous deter-
mination of the kl Love number of BH’s (see, e.g., Fang and Lovelace (2005)
and Damour and Nagar (2009) for discussions of the various ambiguities in
the definition of the multipole moments of BH’s). We shall not try to address
these subtleties, and we shall, instead, focus on the computation of hl, i.e. on
the quantitative measure of the tidal distortion of the shape of a BH. By con-
trast to kl, we shall see that there is no ambiguity in the computation of the
first Love number hl of a BH.
We compute (in the linear approximation to tidal effects) the “shape distor-
tion” Love numbers hl of a BH, for all values of l ≥ 2. The sequence of hl’s
is a way of parameterizing the tidal effects due to a disturbing mass m lo-
cated far away from the considered BH. We are also interested in studying the
distortion of the shape of a BH when a disturbing test mass gets very near
the surface of the BH. In this respect, it is useful to compare and contrast the
gravitational polarizability of BH’s to their electric polarizability properties.
Let us recall that Hanni and Ruffini Hanni and Ruffini (1973) pioneered the
study of the electric polarizability properties of BH’s, and introduced the no-
tion of the charge density, σ, induced on the BH horizon by an external charge
q. [This concept of induced charge density was one of the origins of the mem-
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H.7 On the gravitational polarizability of black holes

brane approach to BH physics Damour (1978); Znajek (1978); Damour (1979,
1982); Macdonald and Suen (1985); Thorne et al. (1986).] We use the concept
of induced charge density to define electric analogs of the hl Love numbers,
which we compare to the gravitational ones. Then, we also compare the evo-
lution of the gravitational, or electric, induced effects as the external tidally-
influencing (test) mass m, or charge q, approach the horizon.
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H.8 Activities

H.8.1 Book

H.8.1.1 Primordial Cosmology

- Authors: G. Montani, M.V. Battisti, R. Benini and G. Imponente

- Editors: World Scientific (Singapore)

This book faces fundamental topics in very Early Cosmology. After a brief
review of the fundamental tools associated with the General Relativity frame-
work, we provide a general analysis of the Friedmann-Robertson-Walker Uni-
verse, presenting both its kinematical and dynamical properties. The Infla-
tion paradigm is treated at the ground level of its fundamental ideas, analyz-
ing those components of the model which appear as the most well grounded
ones. After discussing the quasi isotropic solution in some details, the main
properties characterizing the cosmological singularity associated to the ho-
mogeneous and inhomogeneous Mixmaster model are presented. We firstly
assess the classical picture of the homogeneous chaotic cosmologies and, after
a presentation of the canonical method for the quantization, we develop the
quantum Mixmaster behavior. Our survey analyzes the fundamental frame-
work of the Mixmaster picture and completes it by accounting for recent and
peculiar outstanding results.

Contents:

- Historical Picture

The concept of Universe through the centuries

The XIX century knowledge

The genesis of the hot Big-Bang

- Fundamental Tools

Einstein Equations

Matter Fields

Hamiltonian Formulation of the Dynamics

Synchronous Reference System
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Tetradic Formalism

Gauge-like Formulation of GR

Singularity Theorems

- The structure and dynamics of the Isotropic Universe

Features of the observed Universe

The Robertson-Walker geometry

The Robertson-Walker Cosmology

Dissipative cosmology

Inhomogeneous fluctuations in the Universe

- The theory of Inflation

The shortcomings of the Standard Cosmology

The Inflation Paradigm

Presence of a Self-interacting scalar Field

Inflationary Dynamics

Solution to the Horizon and Flatness Paradoxes

The generation of density perturbations: the problem of classical
limit

- Inhomogeneous Quasi-isotropic Cosmologies

Quasi-isotropic solution

The presence of ultra-relativistic matter

The role of a massless scalar field

The role of an electromagnetic field

Quasi-isotropic Inflation

Quasi-isotropic viscous solution

- Homogeneous Universes

Homogeneous Space-Times

Kasner Solution

The Dynamics of the Bianchi Models

Bianchi types VIII and IX models

Dynamical System approach

Multidimensional Homogeneous Universes
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- Hamiltonian formulation of the Mixmaster

Hamiltonian Formulation of the Dynamics

Misner variables and the Mixmaster model

Misner-Chitrélike variables

The Invariant Liouville Measure

Invariant Lyapunov Exponent

Chaos covariance

Cosmological Chaos as a dimensional and matter dependent phe-
nomenon

Isotropization Mechanisms

- The Generic Cosmological Solution

Formulation of the generic cosmological problem

The fragmentation process

Hamiltonian formulation

Dynamics of inhomogeneities of metric in the vicinity of a singular
point

Multidimensional oscillatory regime

- Quantum Cosmology

Quantum Geometrodynamics

The Problem of Time

What is quantum cosmology?

Path integral in minisuperspace

Scalar field as a relational time

Wave function of the Universe

Boundary conditions

Quantization of the FRW model filled with a scalar field

Quantum dynamics of the Taub Universe

Quantization of the Mixmaster model in the Misner picture

The Spectrum of the Mixmaster

Loop Quantum Gravity

Loop Quantum Cosmology

Mixmaster Universe in LQC

Snyder-deformed quantum cosmology
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GUP and polymer quantum cosmology: the Taub Universe

Mixmaster Universe in the GUP approach

H.8.2 Seminars and Workshops

H.8.2.1 “The directions of moderm cosmologies” meeting

Barcellona, March 2 marzo 2009.

- Title: “An example of f(R) model passing Solar-System tests”

Authors: O. M. Lecian and G. Montani

Abstract: The wak-field limit of a f(R) model consisting in the Ricci
scalar plus a non-analytic function of it will be proposed, and the pa-
rameter space of the model will be constrained by means of the validity
range of the weak-field limit approximantion and of the planetary mo-
tion. These results will be compared with those obtained for the analyt-
ical case.

6th Italian-Sino Workshop

Pescara, June 29th - July 1st 2009.

- Title: “MHD Features of Stellar Accretion Disks”

- Authors: G. Montani and R. Benini

- Abstract: We present a discussion on the accretion disk configurations
around compact magnetized stars, as described in a two-dimensional
MHD framework. The problem of balancing the azimuthal Lorentz
force, acting on the electrons, is properly addressed, both in terms of a
non-zero Nernst coefficient, as well as when the resistivity of the plasma
in the disk is taken into account. The morphology of the accretion mech-
anism in the linear regime and the phenomenological implications of
the model are eventually analyzed.

H.8.2.2 II Italian-Pakistani Workshop on Relativistic
Astrophysics

Pescara, July 8 - 10, 2009
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- Title: “The role of plasma resistivity in MHD Configurations of Accre-
tion Disks”

Authors: G. Montani and R. Benini

Abstract: We present a discussion of two-dimensional MHD configura-
tions concerning the equilibrium of accretion disks of a strongly magne-
tized astrophysical object. The role of the plasma resistivity in solving
the puzzle of the electron force balance along the azimuthal direction
is investigated. The linear features of the addressed model are analyti-
cally developed and the non-linear configuration problem is addressed
by studying the plasma instabilities associated to the resistivity term.

- Title: “On the Propagation of Gravitational Waves across the Universe:
Interaction with the Neutrino Component”

Authors: R. Benini, M. Lattanzi and G. Montani

Abstract: The stochastic background of primordial gravitational waves
is a target for several experiments, spanning many orders of magnitude
in frequency. At large wavelengths, it can be detected in the B-modes
of the cosmic microwave background. At small scales, it is the target of
detectors like LISA. Gravitational waves interact with the anisotropic
stress of the cosmological fluid, mainly given by its neutrino compo-
nent. While at the large scales this is effectively collisionless, in the
small-scale limit, the collisions between neutrinos should be properly
taken into account for the computation of the anisotropic stress. In
this talk we will present the results of the integration of the Einstein-
Boltzmann system of differential equations for the coupled gravitational
wave-neutrino system, and we will discuss how this will affect the ex-
pected signal of stochastic gravitational waves.

H.8.2.3 XII Marcel Grossman meetings

Paris, July 12-18, 2009.

- Title: “Gravitational instability in presence of bulk viscosity: the Jeans
Mass and the Quiasi-Isotropic Solution”.

Authors: N. Carlevaro and G. Montani

Abstract: The talk focuses on the analysis of the gravitational instability
in presence of dissipative effects both in the Newtonian regime and in
the fully-relativistic approach. In particular, the standard Jeans Mecha-
nism and the so-called Quasi-Isotropic Solution are treated when bulk
viscosity enters the dynamics. We express the viscosity coefficient ζ as
a power-law of the fluid energy density ρ: ζ = z0ρs and we analyze
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the dynamics up to first- and second-order in time. In the Newtonian
regime, the perturbation evolution is founded to be damped by bulk
viscosity and the top-down mechanism of structure fragmentation is
suppressed. In such a scheme, the value of the Jeans Mass remains un-
changed also in presence of viscosity. On the other hand, in the rela-
tivistic approach, we get, as a result, a power-law solution existing only
in correspondence to a restricted domain of z0.

- Title: “2-D MHD Configurations for Accretion Disks around Magne-
tized Stars”.

Authors: R. Benini, B. Coppi and G. Montani

Abstract: The description of an accretion disk around a compact and
strongly magnetized star within the framework of two-dimensional lo-
cal MHD profiles is presented. After a brief review of the crystalline
structure the disk acquires because of the coupling of the radial and
vertical equilibria (as shown by B. Coppi in 2005), we face the ques-
tion of making account for a non-zero accretion rate. In particular, the
puzzle of a self-consistent configuration, for which the electron force
balance holds in the azimuthal direction, is addressed. In the limit of
a linearized perturbation theory, the accretion characteristics, as com-
ing out of the two-dimensional MHD, are discussed either in the case
of a non-zero Nernst coefficient of the plasma, and when resistivity is
involved in the model. In both these cases, we will deal with an oscil-
lating radial matter in-fall. The possible implication of non-linear resis-
tivity features, in view of the growth of plasma instabilities are even-
tually presented within the ring-morphology preservation. Results and
perspectives are given. In particular, we stress that one of us (B.C.) is
investigating an accretion scenario involving very low relative values
of the plasma resistivity.

- Title: “On the Propagation of Gravitational Waves across the Universe:
Interaction with the Neutrino Component”

Authors: R. Benini, M. Lattanzi and G. Montani

Abstract: The stochastic background of primordial gravitational waves
is a target for several experiments, spanning many orders of magnitude
in frequency. At large wavelengths, it can be detected in the B-modes
of the cosmic microwave background. At small scales, it is the target of
detectors like LISA. Gravitational waves interact with the anisotropic
stress of the cosmological fluid, mainly given by its neutrino compo-
nent. While at the large scales this is effectively collisionless, in the
small-scale limit, the collisions between neutrinos should be properly
taken into account for the computation of the anisotropic stress. In

2414



H.8.2 Seminars and Workshops

this talk we will present the results of the integration of the Einstein-
Boltzmann system of differential equations for the coupled gravitational
wave-neutrino system, and we will discuss how this will affect the ex-
pected signal of stochastic gravitational waves.

- Title: “The last ten years of the Mixmaster model”

Authors: “R. Benini and G. Montani”

Abstract: From the first analyses of BKL and Misner, the Mixmaster
model has attracted a lot of interest because of its intrinsic complexity
and physical relevance. After a brief description of the ideas and of
formalisms of these classical works, we present a review of the latest
developments and results obtained mainly facing the dynamical prop-
erties of such a cosmological model. In particular we will discuss some
crucial questions concerning the definition of chaos with respect to the
Mixmaster model. The main results we obtained over the last ten years
in this field are presented and compared with the relevant issues of the
complementary literature. Finally we will focus on the covariance of
the inhomogeneous Mixmaster chaos and on the open issues concern-
ing the final fate of this model toward the initial singularity.
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A.1 Birth and Development of the
Generic Cosmological Solution

In 1968-1975 the question of existence of the cosmological singularity in the
general solution of Einstein equations have been solved and the theory of
the chaotic oscillatory behaviour of gravitational field and matter in vicinity
of this singularity have been created by V. Belinski, I. Khalatnikov and E.
Lifschitz (BKL).

This problem appeared around 85 years ago when the first exactly solvable
cosmological models revealed the presence of the Big Bang singularity. Since
that time the fundamental question has arisen whether this phenomenon is
due to the special simplifying assumptions underlying the exactly solvable
models or if a singularity is a general property of the Einstein equations. The
BKL showed that a singularity is an unavoidable property of the general cos-
mological solution of the gravitational equations and not a consequence of
the special symmetric structure of exact models. Most importantly they were
able to find the analytical structure of this generic solution and showed that
its behaviour is of a complex oscillatory character of chaotic type.

The detailed theory of the oscillatory cosmological regime can be found in
the following papers:

- V. Belinski and I. Khalatnikov On the Nature of the singularities in the Gen-
eral Solution of the Gravitational Equations,Sov. Phys. JETP, 29, 911, (1969).
This was the first investigation of the homogeneous cosmological model
of Bianchi IX type and it was the first discovery of the new type of cos-
mological singularity - oscillating cosmological regime. In the subse-
quent literature this model has been given the second name ”Mixmaster
Universe”.

- V. Belinski and I. Khalatnikov General Solution of the Gravitational Equa-
tions with a physical Singularity,Sov. Phys. JETP,30, 1174, (1970).
In this paper was made the first statement that the oscillating cosmo-
logical regime of Bianchi IX model is the paradigm of the behaviour of
the General cosmological Solution near singularity and that the General
Solution with singularity really exists. Paper investigated a number of
analytical properties of this Solution.

- V. Belinski, I. Khalatnikov and E. Lifshitz Oscillatory Approach to a Sin-
gular Point in the Relativistic Cosmology,Adv. in Phys., 19, 525, (1970).
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A.1 Birth and Development of the Generic Cosmological Solution

The properties of the General Cosmological Solution near singularity
was described. It was constructed the method for qualitative descrip-
tion of the oscillating cosmological evolution in terms of successively
changing ”Kasner epochs”. It was described the statistical properties of
the chaotic oscillating regime in ultra asymptotic region near singular-
ity.

- V. Belinski and I. Khalatnikov Effect of scalar and Vector Fields on the na-
ture of the cosmological singularity, Sov. Phys. JETP, 36, 591, (1973).
The effect of scalar and vector fields on the character of the cosmological
singularity is investigated. The fields may either be gravitational (in the
sense of the Brans-Dicke ideas) or extraneous physical fields which are
sources of an ordinary gravitational field. It is shown that in the pres-
ence of only a scalar field the gravitational equations possess a mono-
tonic power-law asymptotic for the general solution near the singular
point in place of an oscillating form. However, if a vector field is in-
cluded on the basis of five-dimension geometry concepts, the general
solution becomes oscillatory again.

- V. Belinski and I. Khalatnikov, On the influence of matter and Physical
Fields upon the Nature of Cosmological Singularities,Soviet Physics Reviews,
Harwood Acad. Publ., 3, 555, (1981).
It was investigated the influence of Yang-Mills fields and perfect liquid
matter with unusual equations of state on cosmological singularities. It
was shown that Yang-Mills fields do not change qualitatively the oscil-
lating regime near singular point. The same is correct for perfect liquid
in a wide range of equations of state with only one exception, namely,
the stiff matter equation of state. In this case the asymptotic near sin-
gularity changes to the smooth Kasner-like (similar to the scalar field
case) behaviour. For this case we constructed the general Cosmological
Solution near the singularity in analytical form.

- V. Belinski, I. Khalatnikov and E. Lifshitz, A general solution of the Ein-
stein equations with a time singularity, Adv. in Phys., 31, 639, (1982).
This paper is a concluding review exposition of the investigations aimed
at the construction of a general cosmological solution of the Einstein
equations with a singularity in time (including the description of the
new phenomenon of the rotations of Kasner axes). Thus it is a direct
continuation of the previous (1970) paper by the authors in this Jour-
nal. A detailed description is given of the analysis which leads to the
construction of such a solution, and of its properties.

These results have a fundamental significance not only for Cosmology but
also for evolution of collapsing matter forming a black hole. The last stage of
collapsing matter in general will follow the BKL regime.
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The BKL analysis provides the description of intrinsic properties of the Ein-
stein equations which can be relevant also in the quantum context. Recently
(T.Damour, M.Henneaux, H. Nicolai et al., 2000-2007) it has been shown that
the BKL regime is inherent not only to General Relativity but also to more
general physical theories, such as the string models. This discovery has cre-
ated an important field of research which has been continuously active. Dur-
ing the last three decades the BKL theory of the cosmological singularity has
attracted the active attention of the scientific community. The developments
of this theory made by many researches between 1980 and 2007 (among them
Ya. Sinai, J. Barrow, B.K. Berger, A.A. Kirillov, V. Moncrief, G. Montani, J.
Wainwright, D. Garfinkle, H. Ringstrom, L. Andersson, A. Rendall, C. Uggla,
M. Henneaux, T. Damour, H. Nicolai) was dedicated to the foundation of its
rigorous statistical description, to the numerical confirmation of its principal
statements, to the quest of its more deep hidden mathematical structure and
to its extension to the multidimensional space and to the string theories. The
last reviews are:

- J.M.Heinzle, C.Uggla, N.Rohr, The cosmological billiard attractor,
gr-qc/0702141

- L.Andersson On the relation between mathematical and numerical relativ-
ity,Class. Quant. Grav. 23, S307 (2006), gr-qc/0607065

- A.Rendall, The nature of spacetime singularities,100 Years of Relativity, Space-
Time Structure: Einstein and Beyond, A. Ashtekar (ed.); gr-qc/0503112.

- T. Damour, M. Henneaux, H. Nicolai, Cosmological billiards, Class. Quant.
Grav. 20, R145 (2003), hep-th/0212256

- T. Damour and S. de Buyl, Describing general cosmological singularities in
Iwasawa variables, gr-qc/0710.5692.

Early Cosmology. ICRANet Activity In the ICRANET group the research
on the oscillatory regime near the cosmological singularity has been one of
the principal research field starting from 1992 . The most important papers
made in this group are

- G.Montani On the general behaviour of the Universe near the cosmological
singularity, Class. Quant. Grav. 12, 2505 (1995)

- G.P. Imponente and G.Montani, On the Covariance of the Mixmaster Chaotic-
ity, Phys. Rev. D63, 103501 (2001)

- R. Benini and G. Montani,Frame independence of the inhomogeneous mix-
master chaos via Misner-Chitre-like variables, Phys. Rev. D70, 103527-1
(2004).
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- G. Montani, M.V. Battisti, R. Benini and G. Imponente, Classical and
Quantum Features of the Mixmaster Singularity, to appear on Int. J. Mod.
Phys. A (2008)

The research on the properties of oscillatory behaviour of the gravitational
field and matter near the cosmological singularity is still in progress in this
group, the main topics are: the multidimensional generalization, influence
of viscosity, influence of quantum effects. The group is working under the
leadership of G. Montani.
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A.2 Appendix: Classical Mixmaster

A.2.1 Chaos covariance of the Mixmaster model

The study of the subtle question concerning the covariance chaoticity of the
Bianchi type VIII and IX model, led to important issues favourable to the in-
dependence of the “chaos” with respect to the choice of the temporal gauge in
terms of positive Lyapunov numbers. Such analysis found its basis either on
the standard approach using the Jacobi metric (a scheme allowed by the exis-
tence of an energy-like constant of motion), either by a Statistical Mechanics
approach in which the Mixmaster evolution is represented as a billiard on a
Lobatchevski plane and therefore admitting a Microcanonical ensemble asso-
ciated to such an energy-like constant.

A detailed discussion was pursued in view of clarifying the peculiarity ex-
isting to characterize chaos in General Relativity; in particular, we critically
analyzed the predictability allowed by the fractal basin boundary approach
in qualifying the nature of the Mixmaster dynamics, getting the numerical ap-
proximations limits when treating iterations of irrational numbers and over-
all on the potential methods commonly adopted in the dynamical systems ap-
proach. The description of chaos finds its ambiguity also in terms of geodesic
deviation when the background metric is a pseudo-Riemannian one; a cor-
rect characterization of the Lyapunov exponents required a projection of the
connecting vector over a Fermi basis.

We develop the Hamiltonian formulation of the cosmological problem show-
ing how it can be reduced to the dynamics of a billiard-ball (IMPONENTE
and MONTANI, 2005).
In particular an original reformulation of the Bianchi type IX dynamics is
studied by using a set of Misner–Chitre-like variables with a generic func-
tion of one coordinate, thus overcoming the ambiguities of many assessments
found in the literature, due to the dependence of the choice of the time pa-
rameter (Imponente and Montani, 2001).

Our reformulation is not affected by such a possibility and permits to dis-
cuss the dynamics via a standard Arnowitt-Deser-Misner (ADM) approach
in the reduced phase space. The Jacobi metric obtained induces the deriva-
tion of an invariant formulation of the Liouville measure (Imponente and
Montani, 2002) within the microcanonical ensemble framework (Imponente and
Montani, 2005b).
This new approach permits to derive, within the potential approximation, an
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analytic expression for the Lyapunov exponents (Imponente and Montani,
2001), independently of the choice of the temporal gauge and a discussion
about a correct formulation of the same problem in General Relativity (Impo-
nente and Montani, 2004).

A.2.2 Chaos covariance of the generic
cosmological solution

In the homogeneous Mixmaster model, it was shown that chaos is a property
of the Einsteinian dynamics because it is not induced by particular choices of
the temporal variables as previously argued in literature. This result was ex-
tended to the more general case of the generic cosmological solution (Benini
and Montani, 2004).

The complex dynamics of the generic cosmological solution was analyzed
by means of the Hamiltonian formulation of General Relativity; in this frame-
work, the gravitational degrees of freedom are twelve, the six components
of the three dimensional metric tensor hij and their conjugate momenta Πij.
Among these variables, only four are physical, while the remaining concern
with the diffeomorphism invariance of the theory. The ”embedding vari-
ables“ can be eliminated solving the four constraints, the super-Hamiltonian
and the supermomentum ones, that emerge when the Legendre transforma-
tion is performed to pass from the Lagrangian to the Hamiltonian framework.

The analysis of the Ricci scalar (that in vacuum behaves as a potential term
that couples the space points) showed how the time evolution of the space
points dynamically decouple from each other while reaching the Big Bang
(in accordance with the previous results of Belisnkii et al. in the field equa-
tions framework); in each space point, a Mixmaster like evolution takes place.
Here, the physical meaning of ”space point“ is that of a cosmological horizon,
and the obtained decoupling corresponds to deal with ”super-horizon“ sized
perturbation. This fact is also known as long wave length approximation,
that mathematically corresponds to the result that the spatial gradients in the
Ricci scalar grow slower in time than the time derivatives.

We succeeded in applying the ADM technique to the embedding variables
without choosing any particular form for the lapse function N or for the shift
vector Ni; this was done with a particular but quite general choice of the
coordinates for the space-time, and using an infinite potential well structure
for the Ricci scalar. The resulting dynamics consists of the sum of infinite
Mixmaster model, and the previous discussion on the covariance of the chaos
in the homogeneous case was extended to the generic cosmological solution.

2422



A.2.3 Inhomogeneous inflationary models

A.2.3 Inhomogeneous inflationary models

The investigation performed about a quasi-isotropic inflationary solution (Im-
ponente and Montani, 2005c) showed how there is no chance for classical
inhomogeneous perturbations to survive after the de Sitter phase, strongly
supporting the idea that only quantum fluctuations of the scalar field can
provide a satisfactory explanation for the observed spectrum of inhomoge-
neous perturbations, when requiring the matter to dominate the first order of
the solution (Imponente and Montani, 2005a).

We consider the inflationary scenario as the possible way to interpolate the
rich and variegate Kasner dynamics of the Very Early Universe discussed so
far with an inflationary scenario (Imponente and Montani, 2004), in order
to reach the present state observable FLRW Universe, via a bridge solution.
The Einstein-Hamilton-Jacobi equation is solved in presence of a real self-
interacting scalar field.

Hence we show how it is possible to have a quasi-isotropic solution of the
Einstein equations in presence of the ultrarelativistic matter and a real self-
interacting scalar field. In this case, the spatial distributions of both admit
an arbitrary form but such a small inhomogeneity is incompatible with struc-
tures formation of classical origin (Imponente and Montani, 2003).
Furthermore, a generic inhomogeneous solution has been provided concern-
ing the dynamics of a real self interacting scalar field minimally coupled to
gravity in a region of the configuration space where it performs a slow rolling
on a plateau of its potential. During the generic inhomogeneous deSitter
phase the scalar field which dominates zero- and first-order of approxima-
tion is a function of the spatial coordinates only. This solution specialized
nearby the Friedmann-Lemaitre-Robertson-Walker (FLRW) model allows a
classical origin for the inhomogeneous perturbation spectrum.

A.2.4 The Role of a Vector Field

The effects of an Abelian vector field on the dynamics of a generic (n + 1)-
dimensional homogeneous model has been investigated in the BKL scheme;
the chaos is restored for any number of dimensions, and a BKL-like map,
exhibiting a peculiar dependence on the dimension number, is worked out
(Benini et al., 2005). These results have also been inserted in more general
treatment by Damour and Hennaux.

A generic (n + 1)-dimensional space-time coupled to an Abelian vector
field Aµ = (ϕ, Aα), with α = (1, 2, . . . , n) in the ADM framework is described
by the action

S =
∫

dnxdt
(

Παβ ∂

∂t
hαβ + Πα ∂

∂t
Aα + ϕDαΠα − NH − NαHα

)
, (A.2.4.1)
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where

H =
1√
h

[
Πα

βΠβ
α −

1
n− 1

(Πα
α)

2 +
1
2

hαβΠαΠβ + h
(

1
4

FαβFαβ − (N)R
)]

,

(A.2.4.2a)

Hα = −∇βΠβ
α + ΠβFαβ , (A.2.4.2b)

denote the super-Hamiltonian and the super-momentum respectively, while
Fαβ is the spatial electromagnetic tensor, and the relation Dα ≡ ∂α + Aα holds.
Moreover, Πα and Παβ are the conjugate momenta to the electromagnetic
field and to the n-metric, respectively, which result to be a vector and a tenso-
rial density of weight 1/2, since their explicit expressions contain the square
root of the spatial metric determinant. The variation with respect to the lapse
function N yields the super-Hamiltonian constraint H = 0, while with re-
spect to ϕ it provides the constraint ∂αΠα = 0.
We will deal with a source-less Abelian vector field and in this case one can
consider the transverse (or Lorentz) components for Aα and Πα only. There-
fore, we choose the gauge conditions ϕ = 0 and DαΠα = 0, enough to prevent
the longitudinal parts of the vector field from taking part to the action.
It is worth noting how, in the general case, i.e. either in presence of the
sources, or in the case of non-Abelian vector fields, this simplification can
no longer take place in such explicit form and the terms ϕ(∂α + Aα)Πα must
be considered in the action principle.

A BKL-like analysis can be developed Benini et al. (2005) as well as done
previously, following some steps: after introducing a set of Kasner vectors~la
and the Kasner-like expanding factors exp(qa), the dynamics is dominated by
a potential of the form ∑ eqa λ̃2

a, where λ̃a are the projection of the momenta
of the Abelian field along the Kasner vectors. With the same spirit of the
Mixmaster analysis, an unstable n-dimensional Kasner-like evolution arises,
nevertheless the potential term inhibits the solution to last up to the singular-
ity and, as usual, induces the BKL-like transition to another epoch. Given the
relation exp(qa) = tpa , the map that links two consecutive epochs is

p′1 =
−p1

1 + 2
n−2 p1

, p′a =
pa +

2
n−2 p1

1 + 2
n−2 p1

, (A.2.4.3a)

λ̃′1 = λ̃1 , λ̃′a = λ̃a

(
1− 2

(n− 1) p1

(n− 2) pa + np1

)
. (A.2.4.3b)

An interesting new feature, resembling that of the inhomogeneous Mixmas-
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ter (as we will discuss later), is the rotation of the Kasner vectors,

~̀ ′
a = ~̀ a + σa~̀ 1 , (A.2.4.4a)

σa =
λ̃′a − λ̃a

λ̃1
= −2

(n− 1) p1

(n− 2) pa + np1

λ̃a

λ̃1
. (A.2.4.4b)

which completes our dynamical scheme.
The homogeneous Universe in this case approaches the initial singularity

described by a metric tensor with oscillating scale factors and rotating Kasner
vectors. Passing from one Kasner epoch to another, the negative Kasner in-
dex p1 is exchanged between different directions (for istance ~̀ 1 and ~̀ 2) and,
at the same time, these directions rotate in the space according to the rule
(A.2.4.4b). The presence of a vector field is crucial because, independently of
the considered model, it induces a dynamically closed domain on the config-
uration space.
In correspondence to these oscillations of the scale factors, the Kasner vec-
tors~̀ a rotate and the quantities σa remain constant during a Kasner epoch to
lowest order in qa; thus, the vanishing of the determinant h approaching the
singularity does not significantly affect the rotation law (A.2.4.4b).
There are two most interesting features of the resulting dynamics: the map
exhibits a dimensional-dependence, and it reduces to the standard BKL one for
the four-dimensional case.
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A.3 Perturbation Theory in
Macroscopic Gravity: On the
Definition of Background

1. The notion of background metric adopted in the perturbation theory in
general relativity is analysed. A new definition of background is proposed.
An existence theorem for a metric tensor which serves as the background
metric for a specific scale has been proven. (G Montani and Zalaletdinov,
2003). Let us consider the covariant volume averaging procedure adopted
in macroscopic gravity (Zalaletdinov, 1992)− (Mars and Zalaletdinov, 1997).
The average value of a metric tensor is defined

gαβ(x) =
1

VΣ

∫
Σ

gµ′ν′(x′)Aµ′
α (x′, x)Aν′

β (x′, x)
√
−g′d4x′ . (A.3.0.1)

Here VΣ is 4-volume of a compact 4-region Σ, Aµ′
α (x′, x) is the averaging op-

erator which is idempotent, Aα
β′(x, x′)Aβ′

γ′′(x′, x′′) = Aα
γ′′(x, x′′), and hence

factorized (Zalaletdinov, 1997),(Mars and Zalaletdinov, 1997) in general as
A

µ′
α (x′, x) = eµ′

i (x′)e−1i
α(x) where eµ

i (x) is a vector basis with constant anholo-
nomicity coefficients Ck

ij, i = 1, 2, 3, 4. Note that the Brill-Hartle procedure
belongs to the same class of linear averagings under some additional restric-
tions on the structure of space-time (Zalaletdinov, 1992). The volume aver-
ages (A.3.0.1) possess the property of idempotency (Zalaletdinov, 1992), (Mars
and Zalaletdinov, 1997), that is gαβ(x) = gαβ(x). This is a fundamental prop-
erty which means geometrically that the average value of a tensor field re-
mains invariant under action of the same averaging operator. Such an aver-
aging procedure on a space-time manifold provides a natural criterium for a
definition of background metric.

Definition. Given an averaging space-time procedure (A.3.0.1) with an
idempotent averaging kernel, a metric tensor gαβ(x) is called a background
metric if

gαβ(x) = gαβ(x). (A.3.0.2)

Such a background metric is invariant with respect to the class of averag-
ings, and it works in the framework of the perturbation theory as described
above. An averaged metric is always the background one according to the
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definition (A.3.0.2).
The following important theorem considers the existence of a metric tensor

which serves as the background metric for a specific scale.
Theorem.Given an averaging space-time procedure (A.3.0.1) with an idem-

potent averaging kernel of the class of bounded and continuous functions
on a space-time manifold M, there always exists a continuous and bounded
background metric gαβ(x) (A.3.0.2) for a characteristic scale d = VΣ where Σ
is a compact 4-region of M.
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A.4 On Schouten’s Classification
of the non-Riemannian
Geometries with an
Asymmetric Metric

Application of non-Riemannian geometries with an asymmetric metric ten-
sor to the problem of geometric unification is discussed. An approach to a
classification for such kind of geometries in spirit of Schouten is proposed
(Casanova et al., 1999). By adopting Schouten’s classification approach to the
affine connection geometries with an asymmetric metric the structure and va-
riety of such geometries can be investigated in a fully geometrical formalism
without adopting a variational principle. It may also give the possibility to
generalize the scheme to more general geometries including spinor fields on
manifolds.

In the case of an asymmetric metric tensor gµν, gµν 6= gνµ, similar to the
case of the symmetric metric, analysis of the incompatibility between metric
and connection gµν|ρ = Nµνρ brings about the following expression for the
connection Πθ

κλ

Πθ
κλ(δ

σ
θ δκ

νδλ
ρ + gσλδκ

ρ aθν + gσκδλ
ν aρθ) = Γσ

νρ + ∆σ
νρ + Cσ

νρ −Dσ
νρ , (A.4.0.1)

with the standard metric connection coefficients Γσ
νρ, the metric asymmetric-

ity object ∆σ
νρ = 1

2 sσµ(aµν,ρ + aρµ,ν − aνρ,µ), the generalized contorsion tensor

Cσ
νρ = 1

2

[
sσµ(Tε

νµgερ + Tε
ρµgεν) + Tε

νρg.σ
ε

]
and the non-metricity tensor Dσ

νρ =
1
2 sσµ(Nµνρ + Nρµν−Nνρµ). The determinant of the ”hypercubic” structure ma-
trix Jσκλ

θνρ = δσ
θ δκ

νδλ
ρ + gσλδκ

ρ aθν + gσκδλ
ν aρθ is related to the existence of solutions

of the system of inhomogeneous linear algebraic equations (A.4.0.1) for the un-
knowns Πα

βγ similar to the case of usual quadratic matrixes. When the deter-
minant is not equal to zero the system has non-trivial solutions which can be
expressed through the inverse structure matrix J̃ανρ

σβγ = (J−1)
ανρ
σβγ, J̃ανρ

σβγ Jσβγ
µελ =

δα
µδν

ε δ
ρ
λ. The espression of the Riemannian curvature tensor Mα

βρσ from M̃α
βρσ

is given by

Rα
βρσ = Mε

νρλ J̃ανλ
εβσ + Σα

βρσ(Ãα
βσ, ∆α

βσ, J̃ανρ
σβγ), (A.4.0.2)
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where Σα
βρσ is a tensor constructed from generalised affine deformation ten-

sor, metric asymmetricity object and the inverse structure matrix and their
derivatives. The determinant of Jσκλ

θνρ has been calculated in a perturbation
expansion in terms of small asymmetric metric, | aµν |�| sµν |. Then in
linear approximation the matrix Jσκλ

θνρ = δσ
θ δκ

νδλ
ρ + sσλδκ

ρ aθν + sσκδλ
ν aρθ has its

inverse as J̃ανρ
σβγ = δα

σδν
βδ

ρ
γ − sανδ

ρ
βaγσ − sαρδν

γaσβ. The expressions (A.4.0.1) and
(A.4.0.2) are the main relations describing the structure of the affine connec-
tion geometries with asymmetric metric.
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A.5 Approximate Symmetries,
Inhomogeneous Spaces and
Gravitational Entropy

The problem of finding an appropriate geometrical/physical index for mea-
suring a degree of inhomogeneity for a given space-time manifold is posed.
Interrelations with the problem of understanding the gravitational/informational
entropy are pointed out. An approach based on the notion of approximate
symmetry is proposed (Zalaletdinov, 2000),(Montani et al., 2000). A num-
ber of related results on definitions of approximate symmetries known from
literature are briefly reviewed with emphasis on their geometrical/physical
content. A definition of a Killing-like symmetry is given and a classification
theorem for all possible averaged space-times acquiring Killing-like symme-
tries upon averaging out a space-time with a homothetic Killing symmetry is
proved.

The main idea of the Killing-like symmetry is to consider the most general
form of deviation from the Killing equations. Let us consider the equation for
a Killing-like vector ξα(xµ)

ξα;β + ξβ;α = 2εαβ (A.5.0.1)

where a symmetric tensor εαβ(xµ) measures deviation from the Killing sym-
metry. The tensor can be small in order to enable a continuous limit to the
case εαβ → 0.

The equation (A.5.0.1) covers the cases of semi-Killing, almost-Killing and
almost symmetries with additional equations for the tensor εαβ(xµ). Also
covered are standard generalizations of Killing symmetry such as conformal
and homothetic Killing vectors The algebraic classification of the symmetric
tensor εαβ gives an invariant way to introduce a set of scalar indexes measur-
ing the degree of inhomogeneity of the space-time with (A.5.0.1) compared
with that with isometries, or even weaker symmetry, for example, conformal
Killing’s. For the most general case A1[111, 1] in Segre’s notationεαβ has the
form

εµν = λgµν + ρxµxν + σyµyν + τzµzν (A.5.0.2)

where gµν if the space-time metric, λ(xµ), ρ(xµ), σ(xµ) and τ(xµ) are eigen-
values of εαβ and

{
tµ, xµ, yµ, zµ

}
is the eigentetrad . If all eigenvalues vanish
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the space-time has an isometry (A.5.0.1), if ρ = σ = τ = 0 then there is a
conformal Killing vector for λ(x) 6= 0 and a homothetic Killing vector for
λ = const. For other algebraic types of Killing-like symmetry the space-time
has the following sets of eigenvalues: two complex conjugated to each other
and two real scalars for A2[11, ZZ∗], three real scalars for A3[11, 2] and two
real scalars for B[1, 3].
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A.6 Gravitational Polarization in
General Relativity: Solution to
Szekeres’ Model of
Gravitational Quadrupole

A model for the static weak-field macroscopic medium is analyzed and the
equation for the macroscopic gravitational potential is derived (Montani et al.,
2003). This is a biharmonic equation which is a non-trivial generalization of
the Poisson equation of Newtonian gravity. In case of the strong gravita-
tional quadrupole polarization it essentially holds inside a macroscopic mat-
ter source. Outside the source the gravitational potential fades away expo-
nentially. The equation is equivalent to a system of the Poisson equation and
the nonhomogeneous modified Helmholtz equations. The general solution
to this system is obtained by using Green’s function method and it does not
have a limit to Newtonian gravity. In case of the insignificant gravitational
quadrupole polarization the equation for macroscopic gravitational poten-
tial becomes the Poisson equation with the matter density renormalized by
the factor including the value of the quadrupole gravitational polarization of
the source. The general solution to this equation obtained by using Green’s
function method has a limit to Newtonian gravity.

Calculation of the equation for the macroscopic gravitational potential ϕ

from the macroscopic gravity equations for the macroscopic tensor g(0)µν brings
the equation

∆ϕ = 4πGµ +
4πGεg

3c2 ∆2ϕ (A.6.0.1)

where ∆2ϕ ≡ ∆(∆ϕ) is the Laplacian of the Laplacian of ϕ. This is a non-
trivial generalization of the Poisson equation for the gravitational potential ϕ
of Newtonian gravity. This is a biharmonic equation due the presence of the
term ∆2ϕ. The equation (A.6.0.1) involves a singular perturbation, since in
case of the vanishing gravitational dielectric constant, εg = 0, this equation
becomes the Poisson equation, but if εg 6= 0, this equations change its oper-
ator structure to be of the fourth order equation in partial derivatives of ϕ as
compared with the Poisson second order partial differential equation.
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It is convenient to introduce the factor

1
k2 =

4πGεg

3c2 (A.6.0.2)

with k having a physical dimension of inverse length,
[
k−2] = length2. Then

the equation (A.6.0.1) takes the form

∆ϕ = 4πGµ +
1
k2 ∆2ϕ. (A.6.0.3)

By using the definitions of the gravitational dielectric constant εg, the charac-
teristic oscillation frequency of molecule’s constituents ω2

0, macroscopic mat-
ter density µ = 3m/4πA3 and the average number of molecules per unit
volume N = 4πD3/3 with D as a mean distance between molecules, the
factor k−2 can be shown to have the following form

1
k2 =

1
4θ

(
A3

D3

)
A2. (A.6.0.4)

Here the dimensionless factor θ,

θ =
ω2

0
4πGµ/3

, (A.6.0.5)

reflects the nature of field responsible for bounding of discrete matter con-
stituents into molecules. If θ ≈ 1, the molecules of self-gravitating macro-
scopic medium are considered to be gravitationally bound. For instance,
considering a macroscopic model of galaxy as a self-gravitating macroscopic
medium consisting of gravitational molecules taken as double stars, θ ≈ 1 as
such galactic molecules are gravitationally bound. If one takes the molecules
to be of electron-proton type, like atoms, the factor θ ≈ 1040, which makes
the factor k−2 essentially insignificant.

The dimensionless ratio A/D reflects the structure of macroscopic medium.
If (A/D) ≈ 1, the macroscopic medium behaves itself like a liquid or solid.
If (A/D) < 1, the macroscopic medium behaves itself like a gas. For the
macroscopic galactic model for the present epoch the macroscopic medium
is like a gas, since (A/D) ≈ 10−1 − 10−2, which makes the factor A3/D3 to
be of order of 10−3 − 10−6. However, for earlier times of galaxy formulation
this factor can be expected to be of much greater order of magnitude up to
1− 10.

2434



A.7 Averaging Problem in
Cosmology and Macroscopic
Gravity

The Averaging problem in general relativity and cosmology is discussed. The
approach of macroscopic gravity to resolve the problem is presented. The
averaged Einstein equations of macroscopic gravity are modified on cosmo-
logical scales by the gravitational correlation tensor terms as compared with
the Einstein equations of general relativity. This correlation tensor satisfies
an additional set of structure and field equations. Exact cosmological solu-
tions to the equations of macroscopic gravity for spatially homogeneous and
isotropic macroscopic space-times are presented. In particular, it has been
found that for a flat geometry the gravitational correlation tensor terms in
the averaged Einstein equations have the form of a spatial curvature term
which can be either negative or positive. Thus macroscopic gravity provides
a cosmological model for a flat spatially homogeneous and isotropic Universe
which obeys the dynamical law for either open or closed Universe geometry.

For a flat spatially homogeneous, isotropic macroscopic space-time

ds2 = a2(η)(−dη2 + dx2 + dy2 + dz2) (A.7.0.1)

the averaged Einstein equations for the case of a constant macroscopic gravi-
tational correlation tensor Zα

βγ
µ

νσ = const read(
ȧ
a

)2

=
κρ

3
+

ε

3a2 , (A.7.0.2)

2
ä
a
+

(
ȧ
a

)2

= −κp +
ε

3a2 , (A.7.0.3)

or in terms of ρgrav and pgrav(
ȧ
a

)2

=
κ

3
(
ρ + ρgrav

)
, (A.7.0.4)

2
ä
a
+

(
ȧ
a

)2

= −κ
(

p + pgrav
)

. (A.7.0.5)
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with the equations of state p = p(ρ) and pgrav = −1
3 ρgrav. They look similar to

Einstein’s equations of General Relativity for either a closed or an open spa-
tially homogeneous, isotropic FLRW space-time, but they do have different
mathematical and physical, and therefore, cosmological content since

ε

3
=

κρgrava2

3
6= −k (A.7.0.6)

in general.
The macroscopic (averaged) Einstein’s equations for a flat spatially homo-

geneous, isotropic macroscopic space-time have macroscopic gravitational
correlation terms of the form of a spatial curvature term

ε

3a2 =
κρgrav

3
. (A.7.0.7)

Thus, the theory of Macroscopic Gravity predicts that constant macroscopic
gravitational correlation tensor Zα

βγ
µ

νσ = const for a flat spatially homo-
geneous, isotropic macroscopic space-time takes the form of a dark spatial
curvature term it interacts only gravitationally with the macroscopic gravita-
tional field it does not interact directly with the energy-momentum tensor of
matter it exhibits a negative pressure pgrav = −1

3 ρgrav which tends to acceler-
ate the Universe when ρgrav > 0.

Only if one requires 12Z3
23

3
32 = −ε to be ε = −3k the macroscopic (av-

eraged) Einstein’s equations become exactly Einstein’s equations of General
Relativity for either a closed or an open spatially homogeneous, isotropic
space-time for the macroscopic geometry of a flat spatially homogeneous,
isotropic space-time.

This exact solution of the Macroscopic Gravity equations exhibits a very
non-trivial phenomenon from the point of view of the general-relativistic
cosmology: the macroscopic (averaged) cosmological evolution in a flat Uni-
verse is governed by the dynamical evolution equations for either a closed or
an open Universe depending on the sign of the macroscopic energy density
ρgrav with a dark spatial curvature term κρgrav/3.

From the observational point of view such a cosmological model gives a
new paradigm to reconsider the standard cosmological interpretation and
treatment of the observational data.

Indeed, this macroscopic cosmological model has the Riemannian geome-
try of a flat homogeneous, isotropic space-time. Therefore, all measurements
and data are to be considered and designed for this geometry. The dynamical
interpretation of the obtained data should be considered and treated for the
cosmological evolution of either a closed or an open spatially homogeneous,
isotropic Riemannian space-time.
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A.8 Astrophysical Topics

- M. V. Barkov, V. A. Belinskii and G.S. Bisnovatyi-Kogan Model of ejec-
tion of matter from non-stationary dense stellar clasters and chaotic motion of
gravitating shells, Mon. Not. R.A.S., 334, 338, (2002) (astro-ph/0107051).
A model of ballistic ejection effect of matter from spherically symmetric
stellar clusters it is investigated. The problem is solved in newtonian
gravity but with cutoff fixing the minimal radius of selfgravitating mat-
ter shell by its relativistic gravitational radus. It is shown that during
the motion of two initially gravitationally bound spherical shells, con-
sisting of point particles moving along ballistic trajectories, one of the
shell may be expelled to infinity at subrelativistic expelling velocity of
the order of 0,25c. Also it is shown that the motion of two intersecting
shells in the case when they do not runaway reveal a chaotic behaviour.

- M. V. Barkov, V.A. Belinskii and G.S. Bisnovatyi-Kogan An exact General
Relativity solution for the Motion and Intersections of Self-Gravitating Shells in
the Field of a Massive Black Hole, JETP 95, 371, (2002) (astro-ph/0210296).
It is found the complete exact solution in the General Relativity for the
intersection process of two massive selfgravitating spherically symmet-
ric shells (in general with tangential pressure). It is shown how one can
calculate all shell’s parameters after intersection in terms of the param-
eters before the intersection. The result is quite new, the solution of this
kind was known only for the massless shells (Dray and t’Hooft, 1985).
The solution was applied to the analysis of matter ejection effect from
relativistic stellar clusters. It is shown that in relativistic case the matter
ejection effect is stronger than in newtonian gravity.

- G.S. Bisnovatyi-Kogan, R.V.E. Lovelace and V.A. Belinskii A cosmic bat-
tery reconsidered, ApJ 580, 380, (2002) (astro-ph/0207476).
The problem of magnetic field generation in accretion flows onto black
holes owing to the excess radiation force on electrons is revisited. This
excess force may arise from the Poynting-Robertson effect. Instead of
a recent claim of the generation of dynamically important magnetic
fields, we show only small magnetic fields are generated. A model of
the Poynting-Robertson magnetic field generation close to the horizon
of a Schwarzschild black hole is solved exactly using General Relativ-
ity, and the field is found to be dynamically insignificant. These weak
magnetic fields may however be important as seed fields for dynamos.
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- M.V.Barkov, V.A.Belinskii, G.S.Bisnovatyi-Kogan and A.I.Neishtadt Model
of Ejection of Matter from Dense Stellar Cluster and Chaotic Motion of Gravi-
tating Shells, in Galaxies and Chaos, page 357, Eds. G.Contopoulos and
N.Voglis, Lecture Notes in Physics, Springer (2003).
It is shown that during the motion of two initially gravitationally bound
spherical shells, consisting of point particles moving along ballistic tra-
jectories, one of the shells may be expelled to infinity at subrelativistic
speed of order 0.25c. The problem is solved in Newtonian gravity. Mo-
tion of two intersecting shells in the case when they do not runaway
shows a chaotic behaviour. We hope that this simple toy model can
give nevertheless a qualitative idea on the nature of the mechanism of
matter outbursts from the dense stellar clusters.

- M. V. Barkov, G. S. Bisnovatyi-Kogan, A. I. Neishtadt and V.A. Belinski
On chaotic behavior of gravitating stellar shells, Chaos, 15, 013104 (2005).
Motion of two gravitating spherical stellar shells around a massive cen-
tral body is considered. Each shell consists of point particles with the
same specific angular momenta and energies. In the case when one can
neglect the influence of gravitation of one (”light”) shell onto another
(”heavy”) shell (”restricted problem”) the structure of the phase space
is described. The scaling laws for the measure of the domain of chaotic
motion and for the minimal energy of the light shell sufficient for its
escape to infinity are obtained.
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